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Overview of the session

s Detinition of Logic

® Definition of Propositional Logic
s Syntax
» Semantics

® General Concepts in Logic
» Reduction to SAT

® Parenthesis removal

°

Logical equivalences

Conversion to CNF and DNF
o Via truth table
» Via distributivity

°

#® Via Tseitin
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What is a Logic?

® Alogicisalanguage
» But any logic is non-ambiguous language

® [ogic =syntax + semantics

#® When defining a logic we have to define:

» Syntax:
& whatisaformula F?

» Semantics:
s whatis an interpretation |?

s when does an interpretation satisty a formula?

® Trade-off in every logic: expressivity vs automation

® [ots of different logics, but here only propositional logic
» Other logics: first-order, temporal, fuzzy;, ...
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Definition of Propositional Logic

SYNTAX (what is a formula?):

® Vocabulary consists of a set P of propositional variables,
usually denoted by (subscripted) p,q,r, ...
® The set of propositional formulas over P is defined as:
» Every propositional variable is a formula
o If F isa formula, —F is also a formula
s If F and G are formulas, (F A G) is also a formula
s If F and G are formulas, (F VV G) is also a formula
» Nothing else is a formula

#® Formulas are usually denoted by (subscripted) F,G,H,...
® Examples:

p -p (pvad) —(pAaq)
(PA(=pVva)) ((pAQ)V(rv—q))

t de Llenguat
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Definition of Propositional Logic (2)

SEMANTICS (what is an interpretation I, when | = F?):

® Aninterpretation | over 2 is a function | : ? — {0, 1}.
® | satisfies F (written | = F) if and only if eval| (F) = 1.

® eval| : Formulas — {0, 1} is a function defined as follows:
s eval(p)=1(p)
s eval|(—-F)=1-—eval (F)

s eval|( (FAG) ) =min{eval|(F),eval|(G)}

s eval|( (FVG) )=max{eval|(F),eval|(G)}

® If| =F wesay that
» | isa model of F or, equivalently
s Fistrueinl.
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Quick Introduction to Propositional Logic — p. 5



Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

® Let us compute eval| (F) (use your intuition first!)
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qQV-T))) =
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qv-r))) = min{eval (p), eval ((qV-r)) }
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(aVv—r))) = min{eval(p), evali((qV-r)) }
= min{ eval|(p), max{ eval(q),eval; (-r)} }
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(aVv—r))) = min{eval(p), evali((qV-r)) }
= min{ eval|(p), max{ eval(q),eval; (-r)} }

= min{ eval|(p), max{ eval|(q),1—eval|(r)} }
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qVv—r))) = min{eval(p), eval ((qV-r)) }
= min{ eval, (p), max{ eval, (q),eval, (-r)} }

a),
= min{ eval|(p), max{ eval|(q),1—eval|(r)} }
= min{1(p), max{1(q),1—1(r)}}
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qVv—r))) = min{eval(p), eval ((qV-r)) }
= min{ eval, (p), max{ eval, (q),eval, (-r)} }

q),
= min{ eval|(p), max{ eval|(q),1—eval|(r)} }

= min{1(p), max{1(q),1—1(r)}}
= min{1, max{0,1-1} }
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qVv—r))) = min{eval(p), eval ((qV-r)) }
= min{ eval, (p), max{ eval, (q),eval, (-r)} }

a).
= min{ eval|(p), max{ eval|(q),1—eval|(r)} }
= min{1(p), max{1(q),1—1(r)}}
= min{1, max{0,1-1}}
= 0
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qVv—r))) = min{eval(p), eval ((qV-r)) }
= min{ eval, (p), max{ eval, (q),eval, (-r)} }

a).
= min{ eval|(p), max{ eval|(q),1—eval|(r)} }
= min{1(p), max{1(q),1—1(r)}}
= min{1, max{0,1-1}}
= 0

® Jsthere any | such that| =F?
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Definition of Propositional Logic - Examples

EXAMPLE:

® LetF be the formula (pA(qV—r)).
® Letl besuchthat!l(p)=1(r)=1andI(q)=0.

|
® Let us compute eval| (F) (use your intuition first!)

eval| ((pA(qVv—r))) = min{eval(p), eval ((qV-r)) }
= min{ eval, (p), max{ eval, (q),eval, (-r)} }

a),
= min{eval|(p), max{ eval|(q),1—eval|(r)} }
= min{1(p), max{ 1(q),1-1(r)} }
= min{1, max{0,1-1}}
= 0
® Jsthere any | such that| =F?
YES, I(p) =1(q) =1(r) = lis a possible model.
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Definition of Prop. Logic - Examples (2)

EXAMPLE

® We have 3 pigeons and 2 holes. If each hole can hold at most
one pigeon, is it possible to place all pigeons in the holes?

® Vocabulary: pj j means i-th pigeon is in |-th hole
® Fach pigeon is placed in at least one hole:

(P1,1V P12) A (P21V P2,2) A (P31V P32)
® Each hole can hold at most one pigeon:

=(pr1AP21) A —(PL,1AP31) A —(P2,1AP3,1) A
S(p12A P2,2) A 2(P1,2AP3,2) A —(P2.2AP32) A
=(p13A P2,3) A ~(P1,3AP33) A —(P2,3AP33)

® Resulting formula has no model

® Note that we have relaxed the syntax of propositional logic

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Small Syntax Extension

® We will write (F — G) as an abbreviation for (-F vV G)

® Similarly, (F < G) is an abbreviation of ((F — G)A (G — F))

They both capture very intuitive concepts, which ones?
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Small Syntax Extension
__________________________________________________________________________________________________________________________________|
® We will write (F — G) as an abbreviation for (-F vV G)

® Similarly, (F < G) is an abbreviation of ((F — G)A (G — F))

They both capture very intuitive concepts, which ones?

® |=(F—G) iff | EFimplies|l =G
( note that if | = F then (F — G) is trivially satisfied by | )

® |IE(F—~G) iff IEFand| =Gor
| ~Fand | =G

iff eval|(F) =eval (G)
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Overview of the session

® Definition of Logic

°

Definition of Propositional Logic
s Syntax
» Semantics

s General Concepts in Logic
» Reduction to SAT

® Parenthesis removal

°

Logical equivalences

Conversion to CNF and DNF
o Via truth table
» Via distributivity

°

#® Via Tseitin
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General Concepts Iin Logic

Let F and G be arbitrary formulas. Then:
® F issatisfiable if it has at least one model
F is unsatisfiable (also a contradiction) if it has no model

>
® F isatautology if every interpretation is a model of F
>

G is a logical consequence of F, denoted F = G,
if every model of F is a model of G

°

F and G are logically equivalent, denoted F =G, if F and G
have the same models

Note that:
® All these concepts are independent of the logic.

® All definitions are based on the concept of model.
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General Concepts in Logic (2)

[P

® Circuit corresponds to formula (—=pA p)

® Formula unsatisfiable amounts to “circuit equals 0”

) >

® Circuit corresponds to formula (—pV p)

® Formula is a tautology amounts to “circuit equals 1”

Departament de Llenguatges i Sistemes Informatics
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General Concepts in Logic (3)

°

Circuit on the left corresponds to formula F := =(pAQ)
® Circuit on the right corresponds to formula G := (-pV —qQ)

® They are functionally equivalent, i.e. same inputs produce
same output

® Cheapest, fastest, less power-consumption circuit is then
chosen

® That corresponds to saying F =G

Departament de Llenguatges i Sistemes Informatics
TTTTTTTTTTTTTTTTT CNICA DE CATALUNYA
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General Concepts in Logic (4)

er < (pAg) A

& < (rvs) A

&3 «— (e1ne) A

&, < (83Ves) A o€ s
& < (esN€r) A

& < (—p) A

e <« (—-Q) }
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General concepts - Reduction to SAT

Assume we have a black-box SAT that given a formula F:
® SAT(F)=YES iff F issatisfiable
® SAT(F)=NO iff F isunsatisfiable

How to reuse SAT for detecting tautology, logical consequences, ...?

® F tautology iff SAT(—-F)=NO
® FE=G iff SAT(F A—-G)=NO
® F=G iff SAT((FA-G)V (=F AG))=NO

Hence, a single tool suffices.

COURSE GOAL: learn how to build such a black-box SAT

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Overview of the session

® Definition of Logic

°

Definition of Propositional Logic
s Syntax
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® General Concepts in Logic
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Removing parenthesis

® Formulas like ( (F1 V)V Fs) are usually written as F1 VRV 3

® Given a formula F1 V F VvV F3 we can understand it as

((FLVR)VE)or (FRV(RVE))
® But this doesn’t matter since ( (FLVR) V) = (FV (R VR))

However, what if we write FAGV H?
In this case, ((FAG)VH) # (FA(GVH) ) ...

® Similarly, take F — G — H.
Again ((F-G) —-H)# (F—-(G—H))

® Ambiguity is fixed by assigning priorities and type of
assoclativities

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Removing parenthesis (2)

® From most to least priority: - A V — <

® All connectives are left-associative

EXAMPLES

® HARVRE—-Ris
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Removing parenthesis (2)

® From most to least priority: - A V — <

® All connectives are left-associative

EXAMPLES

® FHARVE—-FRis
((((=F)AR2)VE3) — (=F4))
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Removing parenthesis (2)

® From most to least priority: - A V — <

® All connectives are left-associative

EXAMPLES

® FHARVE—-FRis
((((=F)AR2)VE3) — (=F4))

®» MHABAR— < HKis

Departament de Llenguatges i Sistemes Informatics
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Removing parenthesis (2)

® From most to least priority: - A V — <

® All connectives are left-associative

EXAMPLES

® FHARVE—-FRis
((((=F)AR2)VE3) — (=F4))

®» MHABAR— < HKis
((((FLAR)AR3) — (=F4) ) < Fs)
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Overview of the session
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Logical Equivalences

ECE _ E ~(FAG) =-FV-G
FAG = GAF ~(FVG) =-FA-G
If F is a tautology then
FVG = GVF FAG _ G
-—F = F
(FAG)AH = FA(GAH) F.VG = i
If F is unsatisfiable then
(FVG)VH = FV(GVH) EAG _ -
FA(GVH) = (FAG)V(FAH) C VG _ G
FV(GAH) = (FVG)A(FVH) -

But we want to use them not only at top level!
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Logical Equivalences - Substitution Lemma

Lemma: If we replace inside F a subformula G by G’ with G= G/,
we obtain F’ with F = F'. [exercise: prove by induction]

= =
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Logical Equivalences - Substitution Lemma

Lemma: If we replace inside F a subformula G by G’ with G= G/,
we obtain F’ with F = F'. [exercise: prove by induction]

= =
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Logical Equivalences - Substitution Lemma

Lemma: If we replace inside F a subformula G by G’ with G= G/,
we obtain F’ with F = F'. [exercise: prove by induction]

F F’
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Overview of the session

® Definition of Logic

°

Definition of Propositional Logic
s Syntax
» Semantics

® General Concepts in Logic
» Reduction to SAT

® Parenthesis removal

® [ogical equivalences

» Conversion to CNF and DNF

o Via truth table
» Via distributivity
#® Via Tseitin

Departament de Llenguatges i Sistemes Informatics

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

Quick Introduction to Propositional Logic — p. 17



CNFs and DNFs

In order to construct our SAT black-box it would simplify our job to
assume that the formula F has a given format.

9

e o 0

°

A literal is a prop. variable (p) or a negation of one (—p)
A clause is a disjunction of zero or more literals (I1 V. ..lp)
The empty clause (zero lits.) is denoted O and is unsatisfiable

A formula is in Conjunctive Normal Form (CNF) if itis a
conjunction of zero of more clauses

A formula is in Disjunctive Normal Form (DNF) if it is a
disjunction of conjunctions of literals

Examples:

PA(QV-r)A(qVpV-r)isin CNF
pV (gA—r) VvV (gA pA-r) isin DNF

TTTTTTTTTTTT CNICA DE CATALUNYA

Departament de Llenguatges i Sistemes Informatics
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CNFs and DNFs (2)

® Given a formula F there exist formulas
®» GinCNFwithF=Gand
o Hin DNFwith F =H

® Which is the complexity of checking whether F is satisfiable

s if F is an arbitrary formula?
o if Fisin CNF?
o if F isin DNEF?

#® Then, why not choosing always F in DNF?

® For all our purposes, we will assume F in CNF

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Transformation to CNF via truth table

Let us take the formula F := (pAQ) V—=( =pA(qV-r))
Its truth table is:

® [tis easy to compute a DNF for F:
(=PA-GAT) V. (pPA=GATT)
(pA—QAT) vV (PAQA-T)  V
(PAQAT)

e Ll il =l K=l =R =] o]
—_ = OO~ VRO Ol
—_ O | O = Ol =|Ofl
—_ == = OO =] O
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Transformation to CNF via truth table

Let us take the formula F := (pAQ) V—=( =pA(qV-r))
Its truth table is:

® [tis easy to compute a DNF for F:

P 9 T (=pA—QAT) VvV (PA-QA-T) V
0 0 00 (PA—=QAT) VvV (PAQA-T) V
0 0 11 (PAGAT)

0 1 00 #® Similarly a DNF for —F:

0 1 1J0 (-pA—QA-T) VvV (mpAQA-T) V
1 0 01 (~DAGAT)

1 0 1)1

1 1 01

1 1 1)1
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Transformation to CNF via truth table

Let us take the formula F := (pAQ) V—=( =pA(qV-r))

Its truth table is:

® [tis easy to compute a DNF for F:
P 9 T (=pA—QAT) VvV (PA-QA-T) V
0 0 0]0 (PA-QAT) VvV (PAQA-T)  V
0 0 1|1 (PAQAT)
0 1 00 #® Similarly a DNF for —F:
0 1T 1)0 (-pA—QA-T) VvV (mpAQA-T) V
994 (—pAgAT)
1 0 1|1
T 1 o0l1 #® Now, using deMorgan, a CNF for F is:
T 1 111 (pvagvr) A (pv—qVvr) A

(pV—-qV-r)
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—(=pA(qV-r))
1. (pAQ)V—(—pA(QV—T) ) =

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—=( =pA(qV-—r))
L. (PAQ)V—=(—pA(QV—r) )= (PAQ)V (m=pV—(qV-T)) =
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—(=pA(qV-r))

L. (pAQ)V—=(=pA(qV-r) )= (pPAQ)V(==pV=(qV-r)) =
(PAQ)V (PV (=QA=T)) =

Departament de Llenguatges i Sistemes Informatics
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—(=pA(qV-r))

L. (pAQ)V—=(=pA(qV-r) )= (pPAQ)V(==pV=(qV-r)) =
(PAQ)V (PV (mgA—==T)) = (PAQ)V (PV (—QAT))
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—(=pA(qV-r))

L. (pAQ)V—=(=pA(qV-r) )= (pPAQ)V(==pV=(qV-r)) =
(PAQ)V (PV (mgA—==T)) = (PAQ)V (PV (—QAT))

2. (pAQ)V(PV(—gAT)) =
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—(=pA(qV-r))

L. (pAQ)V—=(=pA(qV-r) )= (pPAQ)V(==pV=(qV-r)) =
(PAQ)V (PV (mgA—==T)) = (PAQ)V (PV (—QAT))

2. (pAQ)V(PV(=gAT)) = (pV PV (=gAT))A(QV PV (-gAT)) =
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ)V—=( =pA(qV-—r))
L. (pAQ)V—=(=pA(qV-r) )= (pPAQ)V(==pV=(qV-r)) =
pAd)V(PV(—~gA==T)) = (PAQ)V (PV (-CAT))

(
2. (pAQ)V(pV(=gAT)) = (pVPV(—qAT))A(QVPpV(—qAr)) =
(PVPV-a)A(PVPVI)A(QVPY-Q)A(QVPVT) =

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Tranformation to CNF via distributivity

1. Apply the three transformation rules up to completion:

®» —~F=F

® —(FAG)=-FV-G

® ~(FVG)=-FA-G

After that, the formula is in Negation Normal Form (NNF)
2. Now apply the distributivity rule up to completion:

® FV(GAH)= (FVG)A(FVH)

EXAMPLE: let F be (pAQ) V= ( =pA(qV-r) )
L. (pAQ)V—=(=pA(gQV—r) )= (pAQ)V (=—pV=(qQVr)) =
(PAQ)V(PV (-gA—==Tr)) = (PAC)V (PV (—QAT))
(PAQ)V(PV (—gAT)) = (PV PV (—gAT))A(QV PV (—gAT)) =
(PVPV-Q)A(PVPVI)A(QVPV—-Q)A(QVPVT) =
(PV-a) A(PVI)A(QVpVT)

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

Quick Introduction to Propositional Logic — p. 21



Tranformation to CNF via Tseltin

Let F be (pAQ)V—(—=pA(QV-rT))
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Tranformation to CNF via Tseltin

Let F be (pAQ)V—(—=pA(QV-rT))
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Tranformation to CNF via Tseltin

Let F be (pAQ)V—(—=pA(QV-rT))
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Tranformation to CNF via Tseltin

Let F be (pAQ)V—(—=pA(QV-rT))
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Tranformation to CNF via Tseltin
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Tranformation to CNF via Tseltin

Let F be (pAQ)V—( —pA(QV-rT))
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Tranformation to CNF via Tseltin (2)

® Variations of Tseitin are the ones used in practice
® Tseitin does not produce an equivalent CNF

® Given F, the CNF obtained has three important properties:
s [tisequisatisfiable to F

» Any model of CNF can be projected to the variables in F
giving a model of F

» Any model of F can be completed to a model of the CNF

® Hence no model is lost nor added in the conversion

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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