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@ Simple Games were introduced by (Taylor & Zwicker, 1999)

@ A simpe game is a cooperative game (N, v) such that
v:Cy — {0,1} and it is monotone.
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Simple Games

@ Simple Games were introduced by (Taylor & Zwicker, 1999)

@ A simpe game is a cooperative game (N, v) such that
v:Cy — {0,1} and it is monotone.

@ A simple game can be described by a pair (N, W):
o N is a set of players,
o W C P(N) is a monotone set of winning coalitions, those
coalitions X with v(X) = 1.

o L =Cyn\W is the set of losing coalitions those coalitions X
with v(X) = 0.
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Simple Games

@ Simple Games were introduced by (Taylor & Zwicker, 1999)

@ A simpe game is a cooperative game (N, v) such that
v:Cy — {0,1} and it is monotone.

@ A simple game can be described by a pair (N, W):
o N is a set of players,
o W C P(N) is a monotone set of winning coalitions, those
coalitions X with v(X) = 1.
o L =Cyn\W is the set of losing coalitions those coalitions X
with v(X) = 0.

@ Members of N = {1,...,n} are called players or voters.
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Simple games: Representation

Due to monotonicity, any one of the following families of coalitions
define a simple game on a set of players N:

@ winning coalitions V.
@ losing coalitions L.
e minimal winning coalitions YW™
W ={XeWVZeW,ZZ X}
o maximal losing coalitions LV
LM ={XeL,VZecLl XL}

This provides us with many representation forms for simple games.
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Weighted voting games

e Weighted voting games (WVG)
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Weighted voting games

e Weighted voting games (WVG)
A simple game for which there exists a quota g and it is
possible to assign to each i € N a weight w;, so that
XeWiff Y icxwi > q.
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Weighted voting games

e Weighted voting games (WVG)
A simple game for which there exists a quota g and it is
possible to assign to each i € N a weight w;, so that
X eWiff Y .cxw > q.

@ WVG can be represented by a tuple of integers

(qg;wa,...,wp).
as any weighted game admits such an integer realization,
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Vector weighted voting games

@ Given two simple games 'y = (N, W) and ', = (N, W1) we
can define their
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Vector weighted voting games

@ Given two simple games 'y = (N, W) and ', = (N, W1) we
can define their

e union
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Vector weighted voting games

e Given two simple games ' = (N, W) and > = (N, W1) we
can define their
e union 'y Ul = (N, Wy UW;)
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Vector weighted voting games

e Given two simple games ' = (N, W) and > = (N, W1) we
can define their
e union 'y Ul = (N, Wy UW;)
e intersection
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Vector weighted voting games

e Given two simple games ' = (N, W) and > = (N, W1) we
can define their
e union 'y Ul = (N, Wy UW;)
o intersection 'y NI = (N, Wy N W)

Both are simple games
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Vector weighted voting games

e Given two simple games ' = (N, W) and > = (N, W1) we
can define their
e union 'y Ul = (N, Wy UW;)
o intersection 'y NI = (N, Wy N W)
Both are simple games
@ A simple game I is a vector weighted voting game if there are
WVGs IMy,..., Tk, forsome k> 1,sothat T =T1N---NTg.
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Representability

@ There are simple games that are not WVGs
The game with N = {1,2,3,4} where the minimal winning
coalitions are the sets {1,2} and {3,4} is not a WVG.
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Representability

@ There are simple games that are not WVGs
The game with N = {1,2,3,4} where the minimal winning
coalitions are the sets {1,2} and {3,4} is not a WVG.

o Assume it is given by (g; wi, wa, wz, wy).
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Representability

@ There are simple games that are not WVGs
The game with N = {1,2,3,4} where the minimal winning
coalitions are the sets {1,2} and {3,4} is not a WVG.
Assume it is given by (q; wy, wa, wz, wy).
We have wy + wy > g and ws + wy > q.
Thus max{wy, wp} > q/2 and max{ws, wy} > q/2,
So, max{wy, wa} + max{ws, ws} > g which cannot be.
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@ Any simple game I is a VWVGs
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Representability

@ Any simple game I is a VWVGs

o Take a losing coalition C and consider the game in which
players in C have weight 0 and players outside C 1,
set the quote to 1.
Any set that is not contained in C wins!

AGT-MIRI Cooperative Game Theory



Simple Games Weighted voting games
Vector weighted voting games

Representability

@ Any simple game I is a VWVGs

o Take a losing coalition C and consider the game in which
players in C have weight 0 and players outside C 1,
set the quote to 1.
Any set that is not contained in C wins!

e The intersection of the above games describes I'.
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Representability

@ Any simple game I is a VWVGs

o Take a losing coalition C and consider the game in which
players in C have weight 0 and players outside C 1,
set the quote to 1.
Any set that is not contained in C wins!
e The intersection of the above games describes I'.
A winning coalition cannot be a subset of any losing coalition.
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Representability

@ Any simple game I' is a VWVGs
o Take a losing coalition C and consider the game in which
players in C have weight 0 and players outside C 1,
set the quote to 1.
Any set that is not contained in C wins!
e The intersection of the above games describes I'.
A winning coalition cannot be a subset of any losing coalition.

@ The dimension of a simple games is the minimum number of
WVGs that allows its representation as VWVG
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A representation as WVGs

The game I' with N = {1, 2, 3,4} where the minimal winning
coalitions are the sets {1,2} and {3,4} is not a WVG.
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A representation as WVGs

The game I' with N = {1, 2, 3,4} where the minimal winning
coalitions are the sets {1,2} and {3,4} is not a WVG.

@ The maximal losing coalitions are {{1,3},{1,4},{2,3}{2,4}}
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A representation as WVGs

The game I' with N = {1, 2, 3,4} where the minimal winning
coalitions are the sets {1,2} and {3,4} is not a WVG.

@ The maximal losing coalitions are {{1,3},{1,4},{2,3}{2,4}}

@ This gives four WVG, according to the previous construction

r=[1,0,1,0,1]N[1;0,1,1,0] N[L;1,0,0,1] N [L;1,0,1,0].
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Input representations

@ Simple Games
(N, W): extensive wining, (N, W™): minimal wining
(N, £): extensive losing, (N, L") maximal losing
(N, C): monotone circuit winning
(N, F): monotone formula winning,

o Weighted voting games: (q; w1, ..., w,)

@ Vector weighted voting games:

(quiwi, ... wh), oo (qus wis .o, wk)

All numbers are integers
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Problems on simple games

In general we state a property P, for simple games, and consider
the associated decision problem which has the form:

Name: IsP
Input: A simple game/WVG/VWVG T
Question: Does I satisfy property P?
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Four properties

A simple game (N, W) is
e strong if S ¢ VW implies N\ S € W.
e proper if S € W implies N\ S ¢ W.

a weighted voting game.

a vector weighted voting game.
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IsStrong: Simple Games

[ is strong if S & W implies N\ S € W
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IsStrong: Simple Games

[ is strong if S & W implies N\ S € W

The ISSTRONG problem, when T is given in explicit winning or
losing form or in maximal losing form can be solved in polynomial
time.
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IsStrong: Simple Games

[ is strong if S & W implies N\ S € W

The ISSTRONG problem, when T is given in explicit winning or
losing form or in maximal losing form can be solved in polynomial
time.

o First observe that, given a family of subsets F, we can check,
for any set in F, whether its complement is not in F in
polynomial time.

@ Therefore, the ISSTRONG problem, when the input is given in
explicit losing form is polynomial time solvable.

AGT-MIRI Cooperative Game Theory



Simple games
Problems on simple games Weighted voting games

IsStrong: Simple Games loosing forms

Iis strong if S ¢ W implies N\ S € W
@ A simple game is not strong iff

ISCN:SeL ANN\SeLl

AGT-MIRI Cooperative Game Theory



Simple games
Problems on simple games Weighted voting games

IsStrong: Simple Games loosing forms

Iis strong if S ¢ W implies N\ S € W
@ A simple game is not strong iff
ISCN:SeL ANN\SeLl
which is equivalent to

ISCN:3y,loeLM:SCly A N\SC Ly
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IsStrong: Simple Games loosing forms

Iis strong if S ¢ W implies N\ S € W
@ A simple game is not strong iff
ISCN:SeL ANN\SeLl
which is equivalent to
3SCN:3Ly,loelM:SCLy A N\SC L,

@ which is equivalent to there are two maximal losing coalitions
L; and Ly such that L; UL, = N.

AGT-MIRI Cooperative Game Theory



Simple games
Problems on simple games Weighted voting games

IsStrong: Simple Games loosing forms

Iis strong if S ¢ W implies N\ S € W
@ A simple game is not strong iff
ISCN:SeL ANN\SeLl
which is equivalent to
3SCN:3Ly,loelM:SCLy A N\SC L,

@ which is equivalent to there are two maximal losing coalitions
L; and Ly such that L; UL, = N.

@ This can be checked in polynomial time, given £M.
O]
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IsStrong: explicit winning forms

Iis strong if S ¢ W implies N\ S € W

e Given (N, W), for i € N consider the family
W; = {X \ {I} | X e W} and R = UjenyW,.

o All the coalitions in R\ W are losing coalitions.

o Furthermore for a coalition X € LM and i ¢ X, X U {i} € W.

o Thereofore, LM C R\ W and (R\ W)M = M.

@ Then, we compute £M from W in polynomial time and then
use the algoritm for the maximal losing form.

AGT-MIRI Cooperative Game Theory



Simple games
Problems on simple games Weighted voting games

IsStrong: minimal winning forms

Iis strong if S ¢ W implies N\ S € W

The ISSTRONG problem is coNP-complete when the input game is
given in explicit minimal winning form.
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IsStrong: minimal winning forms

Iis strong if S ¢ W implies N\ S € W

The ISSTRONG problem is coNP-complete when the input game is
given in explicit minimal winning form.

@ The property can be expressed as
VS[(SeW)or (S¢Wand N\S e W)

@ Observe that the property S € W can be checked in
polynomial time given S and W".

@ Thus the problem belongs to coNP.
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IsStrong: minimal winning forms

@ We provide a polynomial time reduction from the complement
of the NP-complete set splitting problem.

@ An instance of the set splitting problem is a collection C of
subsets of a finite set N. The question is whether it is possible
to partition N into two subsets P and N\ P such that no
subset in C is entirely contained in either P or N\ P.
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IsStrong: minimal winning forms

@ We provide a polynomial time reduction from the complement
of the NP-complete set splitting problem.

@ An instance of the set splitting problem is a collection C of
subsets of a finite set N. The question is whether it is possible
to partition N into two subsets P and N\ P such that no
subset in C is entirely contained in either P or N\ P.

@ We have to decide whether P C N exists such that

VSeC:SZPASZN\P
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IsStrong: minimal winning forms

@ We provide a polynomial time reduction from the complement
of the NP-complete set splitting problem.

@ An instance of the set splitting problem is a collection C of
subsets of a finite set N. The question is whether it is possible
to partition N into two subsets P and N\ P such that no
subset in C is entirely contained in either P or N\ P.

@ We have to decide whether P C N exists such that

VSeC:SZPASZN\P

We associate to a set splitting instance (N, C) the simple game in
explicit minimal winning form (N, C™).

AGT-MIRI Cooperative Game Theory



Simple games
Problems on simple games Weighted voting games

IsStrong: minimal winning form

@ C' can be computed in polynomial time, given C. Why?
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IsStrong: minimal winning form

@ C' can be computed in polynomial time, given C. Why?

@ Now assume that P C N satisfies

VSEC:SZPASZN\P
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IsStrong: minimal winning form

@ C' can be computed in polynomial time, given C. Why?

@ Now assume that P C N satisfies

VSEC:SZPASZN\P

@ This means that P and N\ P are losing coalitions in the game
(N, C™).
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IsStrong: minimal winning form

C™ can be computed in polynomial time, given C. Why?

Now assume that P C N satisfies

VSEC:SZPASZN\P

This means that P and N\ P are losing coalitions in the game
(N, C™).
So,SZPand SZ N\ P, forany S € C™.
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IsStrong: minimal winning form

@ C' can be computed in polynomial time, given C. Why?

@ Now assume that P C N satisfies

VSEC:SZPASZN\P

@ This means that P and N\ P are losing coalitions in the game
(N, C™).
@So,SZPand SZ N\ P, forany S € C™.

@ This implies S Z P and S € N\ P, for any S € C since any
set in C contains a set in C™.
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IsStrong: minimal winning form

@ C' can be computed in polynomial time, given C. Why?

@ Now assume that P C N satisfies

VSEC:SZPASZN\P

@ This means that P and N\ P are losing coalitions in the game
(N, C™).
@So,SZPand SZ N\ P, forany S € C™.

@ This implies S Z P and S € N\ P, for any S € C since any
set in C contains a set in C™.

@ Therefore, (N, C) has a set splitting iff (N, C™) is not strong.
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IsProper: winning forms

I is proper if S € W implies N\ S ¢ W.

The ISPROPER problem, when the game is given in explicit
winning or losing form or in minimal winning form, can be solved
in polynomial time.
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IsProper: winning forms

I is proper if S € W implies N\ S ¢ W.

The ISPROPER problem, when the game is given in explicit

winning or losing form or in minimal winning form, can be solved
in polynomial time.

@ As before, given a family of subsets F, we can check, for any
set in F, whether its complement is not in F in polynomial
time.

Taking into account the definitions, the ISPROPER problem is
polynomial time solvable for the explicit forms
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IsProper: winning forms

@ [ is not proper iff

ASCN:SeW A N\SeWw
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IsProper: winning forms

@ [ is not proper iff

ASCN:SeW A N\SeWw

@ which is equivalent to

ISCN:IWL,WoeW": WL CS A WL, CN\S.
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IsProper: winning forms

@ [ is not proper iff

ASCN:SeW A N\SeWw

@ which is equivalent to

ISCN:IWL,WoeW": WL CS A WL, CN\S.

@ equivalent to there are two minimal winning coalitions W; and
W5 such that W4 N Wsh = ().
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IsProper: winning forms

@ [ is not proper iff

ASCN:SeW A N\SeWw

@ which is equivalent to

ISCN:IWL,WoeW": WL CS A WL, CN\S.

@ equivalent to there are two minimal winning coalitions W; and
W5 such that W4 N Wsh = ().

@ Which can be checked in polynomial time when W™ is given.
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IsProper: maximal losing form
Iis proper if S € W implies N\ S ¢ W.

The ISPROPER problem is coNP-complete when the input game is
given in extensive maximal losing form.
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IsProper: maximal losing form
Iis proper if S € W implies N\ S ¢ W.

The ISPROPER problem is coNP-complete when the input game is
given in extensive maximal losing form.

@ A game is not proper iff
ASCN:SELANN\SEL
@ which is equivalet to

ISCN: VT, ToelM:Sg T AN\SZ T,
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IsProper: maximal losing form
Iis proper if S € W implies N\ S ¢ W.

The ISPROPER problem is coNP-complete when the input game is
given in extensive maximal losing form.

@ A game is not proper iff
ASCN:SELANN\SEL
@ which is equivalet to

ISCN: VT, ToelM:Sg T AN\SZ T,

@ Therefore ISPROPER belongs to coNP.
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IsProper: maximal losing form

To show that the problem is also coNP-hard we provide a
reduction from the IsStrong problem for games given in extensive
minimal winning form.
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IsProper: maximal losing form

To show that the problem is also coNP-hard we provide a
reduction from the IsStrong problem for games given in extensive
minimal winning form.

o If a family C of subsets of N is minimal then the family
{N\L:Le C}is maximal.

e Given a game [' = (N, W), in minimal winning form, we
construct the game " = (N, {N\ L: L € W™}) in maximal
losing form.

@ Which can be obtained in polynomial time.
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IsProper: maximal losing form

To show that the problem is also coNP-hard we provide a
reduction from the IsStrong problem for games given in extensive
minimal winning form.

o If a family C of subsets of N is minimal then the family
{N\L:Le C}is maximal.

e Given a game [' = (N, W), in minimal winning form, we
construct the game " = (N, {N\ L: L € W™}) in maximal
losing form.

@ Which can be obtained in polynomial time.

@ Besides, I is strong iff [’ is proper.
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Weighted voting games
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Weighted voting games

Some of the proofs are based on reductions from the NP-complete
problem PARTITION:
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Weighted voting games

Some of the proofs are based on reductions from the NP-complete
problem PARTITION:

Name: PARTITION

Input: n integer values, xi, ..., X,

Question: Is there S C {1,..., n} for which

Zx,- :Zx,-.

ies i¢s
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Weighted voting games

Some of the proofs are based on reductions from the NP-complete
problem PARTITION:

Name: PARTITION

Input: n integer values, xi, ..., X,

Question: Is there S C {1,..., n} for which

Zx,- :Zx,-.

ies i¢s

Observe that, for any instance of the PARTITION problem in which
the sum of the n input numbers is odd, the answer must be NO.
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Weighted voting games

The ISSTRONG and the ISPROPER problems, when the input is
described by an integer realization of a weighted game (q; w), are
coNP-complete.
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Weighted voting games

The ISSTRONG and the ISPROPER problems, when the input is
described by an integer realization of a weighted game (q; w), are
coNP-complete.

@ From the definitions of strong, proper it is straightforward to
show that both problems belong to coNP.
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Weighted voting games

The ISSTRONG and the ISPROPER problems, when the input is
described by an integer realization of a weighted game (q; w), are
coNP-complete.

@ From the definitions of strong, proper it is straightforward to
show that both problems belong to coNP.

@ Observe that the weighted game with integer representation
(2;1,1,1) is both proper and strong.
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Hardness

We transform an instance x = (xi, ..., X,) of PARTITION into a
realization of a weighted game according to the following schema

(g(x);x)  when x; +--- + xj is even,

f(x) = .
(2,1,1,1) otherwise.

AGT-MIRI Cooperative Game Theory



Simple games
Problems on simple games Weighted voting games

Hardness

We transform an instance x = (xi, ..., X,) of PARTITION into a
realization of a weighted game according to the following schema

(g(x);x)  when x; +--- + xj is even,

f(x) = .
(2,1,1,1) otherwise.

@ Function f can be computed in polynomial time provided g
does.
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Hardness

We transform an instance x = (xi, ..., X,) of PARTITION into a
realization of a weighted game according to the following schema

f(x) (q(x);x)  when x; + -+ xj is even,

X) =

(2;1,1,1) otherwise.

@ Function f can be computed in polynomial time provided g
does.

@ Independently of g, when x; + - -+ + x, is odd, x is a NO input
for partition, but f(x) is a YES instance of ISSTRONG or
ISPROPER.
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IsStrong

Assume that x; + - -- + x, is even.
Let s=(x1+---+x5)/2and N={1,...,n}.
Set g(x) =s+ 1.
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IsStrong

Assume that x; + - -- + x, is even.
Let s=(x1+---+xp)/2and N={1,...,n}.
Set g(x) =s+ 1.
o If there is S C N such that 37,5 xj = s, then ;45 xj = s,
thus both S and N\ S are losing coalitions and f(x) is not
strong.
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IsStrong

Assume that x; + - -- + x, is even.
Let s=(x1+---+x5)/2and N={1,...,n}.
Set g(x) =s+ 1.

o If there is S C N such that 37,5 xj = s, then ;45 xj = s,
thus both S and N\ S are losing coalitions and f(x) is not
strong.

e If Sand N\ S are losing coalitions in f(x).

If > iesXi < sthen} i sxi >s+1, N\S should be winning.
Thus 3 ;s X = > ;25 Xi = s, and there exists a partition of x.
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IsProper

Assume that x; + - - - + x, is even.
Let s=(x1+---+xp)/2and N={1,...,n}.
Set g(x) = s.
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Simple games
Problems on simple games Weighted voting games

IsProper

Assume that x; + - - - + x, is even.
Let s=(x1+ - +x5)/2and N={1,...,n}.
Set g(x) = s.
o If there is S C N such that 37, xj =5, then 355 x; = s,
thus both S and N\ S are winning coalitions and f(x) is not
proper.
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Simple games
Problems on simple games Weighted voting games

IsProper

Assume that x; + - - - + x, is even.
Let s=(x1+ - +x5)/2and N={1,...,n}.
Set g(x) = s.
o If there is S C N such that 37, xj =5, then 355 x; = s,
thus both S and N\ S are winning coalitions and f(x) is not
proper.

@ When f(x) is not proper

HSQNZZX,'ZS/\ZX,'ZS,

i€S i¢S

and thus ) ;.5 x; = s.
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IsWeighted

© IsWeighted
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Simple games

IsWeighted

Explicit forms

The ISWEIGHTED problem can be solved in polynomial time when
the input game is given in explicit winning or losing form.
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Simple games

IsWeighted

Explicit forms

The ISWEIGHTED problem can be solved in polynomial time when
the input game is given in explicit winning or losing form.

We can obtain W™ and £M in polynomial time.
Once this is done we write, in polynomial time, the LP

min q
subject to  w(S)>gq if Se W"
w(S)<q if SelIM
0<w for all 1<i<n
0<gq
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IsWeighted

IsWeighted: Minimal and Maximal

The ISWEIGHTED problem can be solved in polynomial time when
the input game is given in explicit minimal winning or maximal
losing form.
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IsWeighted

IsWeighted: Minimal and Maximal

The ISWEIGHTED problem can be solved in polynomial time when
the input game is given in explicit minimal winning or maximal
losing form.

@ For C C N we let xc € {0,1}" denote the vector with the i'th
coordinate equal to 1 if and only if i € C.
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IsWeighted

IsWeighted: Minimal and Maximal

The ISWEIGHTED problem can be solved in polynomial time when
the input game is given in explicit minimal winning or maximal
losing form.

@ For C C N we let xc € {0,1}" denote the vector with the i'th
coordinate equal to 1 if and only if i € C.

@ In polynomial time we compute the boolean function ®yym
given by the DNF:

Swn(x) = \/ (Niesx)
sewnm
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IsWeighted

IsWheigthed: Minimal winning

By construction we have the following:

®ym(xc) =1 < C is winning in the game given by (N, W™)
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IsWeighted

IsWheigthed: Minimal winning

By construction we have the following:
®ym(xc) =1 < C is winning in the game given by (N, W™)

o It is well known that ®yym is a threshold function iff the game
given by (N, W™) is weighted.
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IsWeighted

IsWheigthed: Minimal winning

By construction we have the following:

®ym(xc) =1 < C is winning in the game given by (N, W™)

o It is well known that ®yym is a threshold function iff the game
given by (N, W™) is weighted.
o Further ®ym is monotonic (i.e. positive)

@ But deciding whether a monotonic formula describes a
threshold function can be solved in polynomial time.
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IsWeighted

IsWheigthed: Maximal loosing

@ we can prove a similar result given (N, LM).

o The dual of game ' = (N, W) is the game 'Y = (N, W9)
where
SeWdiff N\ S¢W.

o Observe that I is weighted iff 'Y is weighted.

@ We can compute a monotone CNF formula describing the
loosing coalitions of I'. Negating this formula we get a DNF
on negated variables. Replacing Xx; by y; we get a DNF
describing W¢.

@ As the formula can be computed in polynomial time the result
follows.
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