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Abstract

Belief propagation algorithms for constraint satisfaction problems

by

Elitza Nikolaeva Maneva

Doctor of Philosophy in Computer Science

and the Designated Emphasis in Communication, Computation, and Statistics

University of California, Berkeley

Professor Alistair Sinclair, Chair

We consider applications of belief propagation algorithmsto Boolean constraint satisfaction prob-

lems (CSPs), such as3-SAT, when the instances are chosen from a natural distribution—the uniform

distribution over formulas with prescribed ratio of the number of clauses to the number of variables.

In particular, we show that survey propagation, which is themost effective heuristic for random

3-SAT problems with density of clauses close to the conjectured satisfiability threshold, is in fact

a belief propagation algorithm. We define a parameterized distribution on partial assignments, and

show that applying belief propagation to this distributionrecovers a known family of algorithms

ranging from survey propagation to standard belief propagation on the uniform distribution over

satisfying assignments. We investigate the resulting lattice structure on partial assignments, and

show how the new distributions can be viewed as a “smoothed” version of the uniform distribution

over satisfying assignments, which is a first step towards explaining the superior performance of sur-

vey propagation over the naive application of belief propagation. Furthermore, we use this lattice

structure to obtain a conditional improvement on the upper bound for the satisfiability threshold.

The design of survey propagation is associated with the structure of the solution space of

random3-SAT problems. In order to shed light on the structure of this space for the case of general

Boolean CSPs we study it in Schaefer’s framework. Schaefer’s dichotomy theorem splits Boolean

CSPs into polynomial time solvable and NP-complete problems. We show that with respect to

some structural properties such as the diameter of the solutions space and the hardness of deciding

its connectivity, there are two kinds of Boolean CSPs, but the boundary of the new dichotomy differs

significantly from Schaefer’s.
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Finally, we present an application of a method developed in this thesis to the source-

coding problem. We use the dual of good low-density parity check codes. For the compression

step we define an appropriate distribution on partial assignments and apply belief propagation to it,

using the same technique that was developed to derive surveypropagation as a belief propagation

algorithm. We give experimental evidence that this method yields performance very close to the

rate distortion limit.
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Chapter 1

Introduction

A lot of computational problems encountered in science and industry can be cast ascon-

straint satisfaction problems(CSPs): a large number of variables have to be assigned values from

a given domain so that a large number of simple constraints are satisfied. For example, scheduling

the flights at an airport involves assigning a gate to each flight so that flights arriving or departing

from the same gate are not less than half an hour apart, unlessthey use the same plane. A particular

problem in the class of constraint satisfaction problems isspecified by the domain for the variables

and the kind of constraints that can be imposed. An instance of the problem is also called aformula.

The case that is the focus of this thesis, is that of variableswith Boolean domain{0, 1}.

In 1971 Cook proved that one of these problems, which is knownas 3-satisfiability or 3-SAT, is as

hard as any problem that can be solved by a non-deterministicTuring machine in polynomial time,

thus defining the notion of NP-completeness [Coo71]. The constraints of 3-SAT are disjunctions

of 3 variables and/or negations of variables, for example(x1 ∨ x̄2 ∨ x3) is the constraint that an

assignment withx1 = 0, x2 = 1 andx3 = 0 is not satisfying. The application of a particular

constraint to a set of variables is also called aclause.

In 1978 Schaefer determined the computational complexity of all Boolean constraint sat-

isfaction problems [Sch78]. He showed that all of these problems fall in only two classes: problems

that are NP-complete, and problems for which there is a polynomial time algorithm. He also defined

simple criteria for checking for a given problem to which of the two classes it belongs.

Both Cook’s and Schaefer’s work, as well as most of the work onconstraint satisfaction

problems that followed, focuses on the worst-case complexity of the problems. A more optimistic

view is the study of “typical” instances of constraint satisfaction problems. What constitutes a

typical instance, of course, depends on the domain of application. The question of modeling what
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is a typical instance is an interesting and important one, however even in the context of the simplest

models that we can think of, we are still at the stage of developing a toolbox for the design and

analysis of algorithms for that model. The goal of this thesis is precisely the development of such

tools.

The model that we consider here is the following: the total number of clauses is set to

αn wheren is the number of variables, andα is a positive constant that we will call thedensity(as

it can be thought of as the number of clauses per variable). Each clause is generated by choosing

a constraint independently and uniformly at random from theset of all possible constraints in the

problem and applying it to a random set of variables (of size corresponding to the constraint). For

example, in the case of the 3-SAT problem, a clause is generated by choosing 3 random variables,

negating each one independently with probability1/2, and taking their disjunction.

The first thing we need to understand about a model for generating random instances is

what is the probability that a random formula is satisfiable.In the above model it is clear that

this probability is non-increasing with respect to the density, since adding more clauses cannot

increase the number of satisfying assignments. In the case of 3-SAT, it is conjectured that there is

a particular critical densityαc such that for anyε > 0 random formulas of densityαc − ε have

satisfying assignments with high probability (i.e. probability going to 1 asn goes to infinity), and

random formulas of densityαc + ε have no satisfying assignment with high probability. A slightly

weaker statement was proved by Friedgut in 1999 [Fri99]. In particular, he showed that there exists

a functionαc(n) such that random formulas of densityαc(n) − ε have satisfying assignments with

high probability, and random formulas of densityαc(n)+ε have no satisfying assignment with high

probability. Some generalizations of this result to other random constraint satisfaction problems

have been given by Molloy [Mol03] and by Creignou and Daudé [CD04]. The precise value of the

critical density is known only for a few problems: for example for 2-SAT—which is defined the

same way as 3-SAT, but each constraint is only on two variables—the critical density isαc = 1

[Goe96, CR92, dlV92] . Generalizing this result tok-SAT for k ≥ 3 is a major challenge in this

area. Achlioptas and Peres showed that ask becomes largeαc = 2k log 2 − O(k) [AP03]. For

3-SATthe best known bounds are3.52 ≤ αc ≤ 4.51 [DBM00, KKL00].

In the last decade, in addition to the theoretical computer science community, these ques-

tions have also been tackled by the statistical physics community, albeit by very different methods.

One of the main objective of this thesis is to bridge a gap in the methods of the two communities,

and build a basis for further cross-fertilization.

In statistical physics constraint satisfaction problems represent a particular example of
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a spin system. A lot of the phenomena observed in the context of random CSPs are universal in

complex physical systems. For example, the transition froma satisfiable regime to an unsatisfiable

regime at a critical densityαc is just one example of what is known as a phase transition. More

generally, a phase transition is a change in the macroscopicproperties of a thermodynamical system

when a single parameter of the system is changed by a small amount.

Sophisticated approximation methods that have been developed in the last twenty years—

such as the cavity method and the replica ansatz [MPV87, MP03]—provide a general technique

for calculating the satisfiability threshold of random constraint satisfaction problems. In particu-

lar, the threshold for 3-SAT has been estimated to beαc ≈ 4.267 [MPZ02]. Unfortunately, this

technique has not yet been proved to yield rigorous results.There is a lot of research effort directed

towards turning these estimates into rigorous statements and the confidence in their accuracy among

researchers is growing.

The performance of classical algorithms for constraint satisfaction problems such as DPLL

[DLL62] and random walks [Pap91] in the context of random instances is also commonly analyzed

using statistical physics methods [SM04, CM04]. Their performance appears to be related to physi-

cal properties of the system, such as the existence of multiple “states” or “phases”, which is claimed

to impede random walk algorithms and to cause exponential blow-up in the search tree of DPLL.

Such multiple states are claimed to exist for example in the case of random 3-SAT formulas with

density close to the satisfiability threshold. There is no mathematical definition of a state in this

context. Informally, a system is considered to have a singlestate when the influence on a particular

site (variable or particle)v by other sites diminishes rapidly with their distance fromv. Distance

here is measured in terms of the graph of interactions, whichis known as a factor graph. In the case

of a formula this is a bipartite graph with two kinds of vertices—for variables and for clauses—such

that there is an edge between a variable node and a clause nodeif and only if the variable appears

in that clause. On the other hand, a system is said to have multiple states when there are long-range

correlations between sites that are far apart. Astatethen can be thought of as a subspace of the

space of configurations, in which the values of variables that are far away in the factor graph of the

formula are uncorrelated.

A very exciting recent algorithmic development has resulted precisely from this view of

multiple states, which in physics is known as the “replica symmetry breaking ansatz”. The ground-

breaking contribution of Mézard, Parisi and Zecchina [MPZ02], as described in an article published

in “Science”, is the development of a new algorithm for solving k-SAT problems. A particularly

dramatic feature of this method, known assurvey propagation(SP), is that it appears to remain
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effective at solving very large instances of randomk-SAT problems—even with densities very

close to the satisfiability threshold, a regime where previously known algorithms typically fail. We

will not go into the ideas behind the algorithm in depth here,but refer the reader to the physics

literature [MZ02, BMZ03, MPZ02] for details.

In physical systems with multiple states a particular stateusually consists of configura-

tions that are similar. In the case of constraint satisfaction problems this general fact has led to the

idea that the solutions belonging to a certain state are close in Hamming distance. Therefore, one

simple way to think of the transition from a single-state regime to a multiple-state regime is in terms

of the geometry of the space of solutions. In particular, themain assumption is the existence of a

critical valueαd for the density (for 3-SAT, αd ≈ 3.92), smaller than the threshold densityαc, at

which the structure of the space of solutions of a random formula changes. For densities belowαd

the space of solutions is highly connected—in particular, it is possible to move from one solution to

any other by flipping a constant number of variables at a time,and staying at all times in a satisfying

assignment. For densities aboveαd, the space of solutions breaks up into clusters, so that moving

from a satisfying assignment within one cluster to some other assignment within another cluster

requires flipping some constant fraction of the variables simultaneously. Informally, one can think

of a graph on the satisfying assignments where two assignments are connected if they are constant

distance apart. Then belowαd this graph has a single connected component, while aboveαd there

are (exponentially) many. Since this graph on satisfying assignments is not well-defined we will

continue to refer to the components as clusters. Figure 1.1 illustrates how the structure of the space

of solutions evolves as the density of a random formula increases. It is important to emphasize that

there is no precise connection between the two concepts—thecombinatorial concept of a cluster of

solutions and the probabilistic concept of a state as a subspace of the configuration space in which

there are no long-range correlations.

Within each cluster, a distinction can be made betweenfrozenvariables—ones that do not

change their value within the cluster—andfreevariables that do change their value in the cluster. A

concise description of a cluster is an assignment of{0, 1, ∗} to the variables with the frozen variables

taking their frozen value, and the free variables taking thejoker or wild-card value∗. The original

argument for the clustering assumption was the analysis of simpler satisfiability problems, such as

XOR-SAT, where the existence of clusters can be demonstrated by rigorous methods [MRTZ03].

More recently, Mora, Mézard and Zecchina [MMZ05] as well asAchlioptas and Ricci-Tersenghi

[ART06] have demonstrated via rigorous methods that fork ≥ 8 and some clause density below the

unsatisfiability threshold, clusters of solutions do indeed exist.
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001**1*0*0
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(a)0 < α < αd (b) αd < α < αc (c) αc < α

Figure 1.1. The black dots represent satisfying assignments, and whitedots unsatisfying assign-
ments. Distance is to be interpreted as the Hamming distancebetween assignments. (a) For low
densities the space of satisfying assignments is well connected. (b) As the density increases above
αd the space is believed to break up into an exponential number of clusters, each containing an expo-
nential number of assignments. These clusters are separated by a “sea” of unsatisfying assignments.
(c) Aboveαc all assignments become unsatisfying.

Before we describe the survey propagation algorithm, it is helpful to first understand

another algorithm, which is much better known, namelybelief propagation(BP) [Pea88, YFW03].

Both belief propagation and survey propagation are examples of message-passing algorithms. This

is a large class of algorithms with the common trait that messages with statistical information are

passed along the edges of a graph of interactions. The goal ofbelief propagation is to compute the

marginal distribution of a single variable in a joint distribution that can be factorized (i.e. a Markov

random field). Such a distribution is represented as a factorgraph: a bipartite graph with nodes

for the variables and for the factors, where a factor node is connected by an edge to every variable

that it depends on. The algorithm proceeds in rounds. In every round messages are sent along both

direction of every edge. The outgoing message from a particular node is calculated based on the

incoming messages to this node in the previous round from allother neighbors of the node. When

the messages converge to a fixed point or a prescribed number of rounds has passed, the marginal

distribution for every variable is estimated based on the fixed incoming messages into the variable

node. The rule for computing the messages is such that if the graph is acyclic, then the estimates

of the marginal distributions are exact. To understand these rules it is convenient to think of the

graph as a rooted tree. It is easy to verify that the marginal distribution at the root can be computed

from the marginal distributions of the roots of the subtreesbelow it, which can then be thought of

as messages coming up the tree recursively.

Little is known about the behavior of belief propagation on general graphs. However it is

applied successfully in many areas where the graphs have cycles, most notably in computer vision
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[FPC00, CF02] and coding theory [RU01, KFL01, YFW05].

Belief propagation can be applied to constraint satisfaction problems in the following

way: the uniform distribution on satisfying assignment is aMarkov random field represented by the

factor graph of the formula. Thus belief propagation can be used to estimate the probability that a

given variable is 1 or 0 in a random satisfying assignment. Suppose the estimates arep1 versusp0.

If this estimate were exact it would never be a mistake to assign a variable1 (or 0) if p1 > 0 (or

p0 > 0). Sincep0 andp1 are just estimates, the most reasonable strategy is to choose the variable

with largest value of|p0−p1| and assign it1 if p1 > p0 and 0 otherwise. After a variable is assigned,

belief propagation is applied again, and the process is repeated until all variables are assigned. This

strategy of assigning variables one by one is calleddecimation. Belief propagation with decimation

successfully finds satisfying assignments of random 3-SAT formulas with clause density lower than

approximately3.92. For formulas with higher clause density the belief propagation equations do

not converge to a fixed point. This is consistent with the hypothesis from statistical physics that in

the regime withα ≥ 3.92 there are multiple states, because, in general, belief propagation is not

expected to produce good results when there are long-range correlations present. Intuitively, the

reason is that there is an underlying assumption behind the message-passing rules of the algorithm

that the messages arriving from different neighbors of a variable are essentially independent.

Survey propagation is designed to circumvent the issue of long-range correlations. In

contrast to belief propagation, the survey propagation algorithm has been derived only for specific

problems. In the original derivation for 3-SAT [MPZ02, BMZ03], the messages are interpreted as

“surveys” taken over the clusters in the solution space, andprovide information about the fraction

of clusters in which a given variable is free or frozen. Decimation by survey propagation results

in a partial assignment to the variables, which determines aparticular cluster of assignments. An

assignment for the rest of the variables is found using an algorithm that works in the single-state

regime, such as the random-walk algorithm Walk-SAT. This strategy is successful in practice for

formulas with density of clauses very close to the satisfiability threshold (α ≤ 4.25).

Prior to the work presented here, the relationship between survey propagation and belief

propagation was not understood. We show that survey propagation can be interpreted as an in-

stantiation of belief propagation, and thus as a method for computing (approximations) to marginal

distributions in a certain Markov random field (MRF). The starting point of this thesis is precisely

creating this bridge between the two methods. The rest of theresults presented here are motivated

by this connection.
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1.1 Summary of results

Survey propagation as a belief propagation algorithm. We start by presenting a novel concep-

tual perspective on survey propagation. We introduce a new family of Markov random fields that

are associated with a givenk-SAT problem and show how a range of algorithms—including survey

propagation as a special case—can all be recovered as instances of the belief propagation algorithm,

as applied to suitably restricted MRFs within this family.

The configurations in our extended MRFs have a natural interpretation aspartial satisfy-

ing assignments(i.e. assignments in{0, 1, ∗}n) in which a subset of variables are assigned0 or 1

in such a way that the remaining formula does not contain any empty or unit clauses. These partial

assignments include as a subset the summaries of clusters illustrated in Figure 1.1. The assignments

are weighted depending on the number of unassigned variables and on the number of assigned vari-

ables that are not the unique satisfying variable of any fully assigned clause. The latter are called

unconstrained variables. The distribution has two parametersωo, ω∗ ∈ [0, 1]. The probability of

any assignmentx ∈ {0, 1, ∗}n is

Pr[x] ∝ ωno(x)
o × ω

n∗(x)
∗ , (1.1)

wheren∗(x) is the number of unassigned variables, andno(x) is the number of unconstrained

variables inx. Survey propagation corresponds to setting the parametersasω∗ = 1 andωo = 0,

whereas the original naive application of belief propagation corresponds to setting the parameters

to ω∗ = 0, ωo = 1.

To provide some geometrical intuition for our results, it isconvenient to picture these par-

tial assignments as arranged in layers depending on the number of assigned variables, so that the

top layer consists of fully assigned satisfying configurations. Figure 1.2 provides an idealized illus-

tration of the space of partial assignments viewed in this manner. For random formulas with clause

density in the regime where multiple clusters are present, the set of fully assigned configurations is

separated into disjoint clusters that cause local message-passing algorithms like belief propagation

to break down. Our results suggest that the introduction of partial satisfying assignments yields a

modified search spacethat is far less fragmented, thereby permitting a local algorithm like belief

propagation to find solutions.

We consider a natural partial ordering associated with thisenlarged space, and we refer to

minimal elements in this partial ordering ascores. We prove that any core is a fixed point of survey

propagation (ω∗ = 1, ωo = 0). This fact indicates that each core represents a summary ofone
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**********
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Figure 1.2.The set of fully assigned satisfying configurations occupy the top plane, and are arranged
into clusters. Enlarging to the space of partial assignments leads to a new space with better connec-
tivity. Minimal elements in the partial ordering are known as cores. Each core corresponds to one
or more clusters of solutions from the top plane. In this example, one of the clusters has as a core a
non-trivial partial assignment, whereas the others are connected to the all-∗ assignment.

cluster of solutions. However, our experimental results for k = 3 indicate that the solution space

of a random formula typically has only a trivial core (i.e., the empty assignment). This observation

motivates a deeper study of the full family of Markov random fields for the range0 ≤ ω∗, ωo ≤ 1,

as well as the associated belief propagation algorithms. Accordingly, we study the lattice structure

of the partial assignments, and prove a combinatorial identity that reveals how the distribution for

ω∗, ωo ∈ (0, 1) can be viewed as a “smoothed” version of the MRF with(ω∗, ωo) = (0, 1). Our

experimental results on the corresponding belief propagation algorithms indicate that they are most

effective for values of the pair(ω∗, ωo) close to and not necessarily equal to(1, 0). The near-core

assignments which are the ones of maximum weight in this case, may correspond to quasi-solutions

of the cavity equations, as defined by Parisi [Par02].

The fact that survey propagation is a form of belief propagation was first conjectured by

Braunstein et al. [BMZ03], and established independently of our work by Braunstein and Zecchina

[BZ04]. In other independent work, Aurell et al. [AGK05] provided an alternative derivation of

SP(1) that established a link to belief propagation. However, both of these papers treat only the

case(ω∗, ωo) = (1, 0), and do not provide a combinatorial interpretation based onan underlying

Markov random field. The results established here are a strict generalization, applying to the full

range ofω∗, ωo ∈ [0, 1]. Moreover, the structures intrinsic to our Markov random fields—namely

cores and lattices—place the survey propagation algorithmon a combinatorial foundation. As we

discuss later, this combinatorial perspective has alreadyinspired subsequent work [ART06] on sur-
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vey propagation for satisfiability problems.

A new method for bounding the satisfiability threshold. The family of Markov random fields on

partial assignments that we define in association with the survey propagation algorithm can also be

used to study the satisfiability threshold. In particular, the sum of their weights (where the weight

of x is defined asωn∗(x)
∗ ω

no(x)
o ) is always at least 1 when the formula is satisfiable. Therefore,

showing that the expected value of the sum of their weights vanishes implies that formulas are with

high probability unsatisfiable. This is an example of the first-moment method. Applying this idea

directly unfortunately does not yield an improvement on thebest upper bound of the satisfiability

threshold, which is currently4.51 [KKL00]. However, if we consider only assignments that have

non-trivial cores, it is possible to show that above densityα ≥ 4.46 they do not exist with high

probability.

Classifying Boolean CSPs according to connectivity of the solution space. The original deriva-

tion of survey propagation as well as our analysis of the algorithm focus on thek-SAT problem. In

fact, the replica symmetry breaking analysis can be done forother Boolean constraint satisfaction

problems, and respectively the algorithm can be derived. However, before doing the analysis and

solving approximately the corresponding distributional equations by population dynamics, there is

no way to know which problems lead to symmetry breaking, i.e.the presence of multiple states

below the satisfiability threshold. For example, it is knownthat for 2-SAT there is only a single state

for any clause density below the satisfiability threshold, whereas fork-SAT with k ≥ 3 this is not

the case. Ultimately, we would like to be able to make more general (and rigorous) statements about

phase properties and the performance of algorithms both forlarger classes of problems, as well as

larger classes of random models.

As was already mentioned, the worst-case complexity of all Boolean constraint satisfac-

tion problems was determined by Schaefer almost three decades ago. He proved a remarkable

dichotomy theoremstating that the satisfiability problem is in P for certain classes of Boolean

formulas, while it is NP-complete for all other classes. This result pinpoints the computational

complexity of all well-known variants of SAT, such as 3-SAT, HORN 3-SAT, NOT-ALL -EQUAL

3-SAT, and 1-IN-3-SAT. Much less is known about algorithms and computational hardness ofran-

dominstances of Boolean constraint satisfaction problems. Identifying common properties between

such problems is an intriguing goal, which has lead to some conjectures as well as rebuttals (e.g.

[MZK +99, ACIM01]).
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In this thesis, we explore the phenomenon of clustering of solutions in the solution space

as illustrated in Figure 1.1. To make the definition of clusters mathematically precise, we define two

solutions of a givenn-variable Boolean formulaϕ to be neighbors if and only if they differ in exactly

one variable. Under this definition, clusters are simply theconnected components of the subgraph

of then-dimensional hypercube that is induced by the solutions ofϕ. We denote this subgraph by

G(ϕ). We consider questions relating to this graph only from a worst-case viewpoint; however, even

under this condition we get a non-trivial classification of Boolean constraint satisfaction problems

into two classes with very different properties.

We address both algorithmic problems related to the solution space as well as the struc-

tural properties of Boolean satisfiability problems. We study the computational complexity of the

following problems (i) IsG(ϕ) connected? (ii) Given two solutionss andt of ϕ, is there a path from

s to t inG(ϕ)? We call these theconnectivity problemand thest-connectivity problemrespectively.

On the structural side, we study the diameter of the solutiongraph of Boolean constraint satisfaction

problems.

We identify two broad classes of relations with respect to the structure of the solution

graphs of Boolean formulas built using these relations. Theboundary between these two classes

differs from the boundary in Schaefer’s dichotomy. Schaefer showed that the satisfiability problem

is solvable in polynomial time precisely for formulas builtfrom Boolean relations all of which are

bijunctive, or all of which are Horn, or all of which are dual Horn, or all of which are affine. We

identify new classes of Boolean relations, calledtight relations, that properly contain the classes

of bijunctive, Horn, dual Horn, and affine relations. The solution graphs of formulas built from

tight relations are characterized by certain simple structural properties. On the other hand we find

non-tightsets of relations; formulas built from such sets of relations can express any solution graph.

The main step in the proof of Schaefer’s dichotomy theorem isa result of independent

interest known as Schaefer’s expressibility theorem. The crux of our results is a different express-

ibility theorem which we call theFaithful Expressibility Theorem(FET). At a high level, this theo-

rem asserts that for any Boolean relation with a solution graphG, we can construct a formula using

any non-tight set of relations, such that its solution graphis isomorphic toG after certain adjacent

vertices are merged. In addition to being an interesting structural result in its own right, the FET

implies that all non-tight relations have the same computational complexity for both the connec-

tivity and thest-connectivity problems. It also shows that the diameters ofthe solution graphs of

formulas obtainable from such relations are polynomially related.

As a consequence of the FET we establish three dichotomy results. The first is a di-
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chotomy theorem for thest-connectivity problem: we show thatst-connectivity is solvable in linear

time for formulas built from tight relations, and is PSPACE-complete in all other cases. The second

is a dichotomy theorem for the connectivity problem: it is incoNP for formulas built from tight

relations, and PSPACE-complete in all other cases. Finally, we establish a structural dichotomy

theorem for the diameter of the connected components of the solution space of Boolean formulas.

This result asserts that, in the PSPACE-complete cases, thediameter of the connected components

can be exponential, but in all other cases it is linear.

Source coding via generalized belief propagation. The methodology of partial assignments that

we developed to describe survey propagation as a belief propagation algorithm may also open the

door to other problems where a complicated landscape prevents local search algorithms from finding

good solutions. As a concrete example, we show that related ideas can be leveraged to perform lossy

data compression at near-optimal (Shannon limit) rates.

As was mentioned earlier, the belief propagation algorithmis commonly used for the

decoding of graphical error-correcting codes such as LDPC (low-density parity check) codes. It is

natural to expect that the dual problem of data compression can also be tackled using this algorithm.

However, attempts in that direction have not led to a workingalgorithm—the messages generally do

not converge. The intuition is that while in the case of error-correcting codes there is one codeword

that is most attractive, in the case of data compression there are many equally good compressions

and the messages keep oscillating between them.

Here we propose another approach that is very similar to the one that we took in the

analysis of the survey propagation algorithm. An extended MRF on{0, 1, ∗} assignments is defined

for LDGM (low-density generator matrix) codes. The belief propagation messages are derived in

the same way as for the MRF for thek-SAT problem. We implement this algorithm and present

experimental evidence that it has very promising performance, at least in the special case of a

Bernoulli source.

1.2 Organization

The next chapter contains general background that will be used throughout the thesis—in

particular, the precise definitions of constraint satisfaction problems and of the belief propagation

algorithm. The connection between survey propagation and the belief propagation algorithm is

established in Chapter 3; this chapter is based on joint workwith Elchanan Mossel and Martin
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Wainwright [MMW05]. The combinatorial structure of the newMRF and our application of the

first-moment method to it is given in Chapter 4; this chapter is based on unpublished joint work

with Alistair Sinclair, and also on work with Federico Ardila and Elchanan Mossel. In Chapter 5

we present our dichotomy results on the connectivity of the space of solutions of general Boolean

constraint satisfaction problems; this chapter is based onjoint work with Parikshit Gopalan, Phokion

Kolaitis, and Christos Papadimitriou [GKMP06]. The application of the method developed in Chap-

ter 3 to the source-coding problem is presented in Chapter 6;this chapter is based on joint work with

Martin Wainwright [WM05].
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Chapter 2

Technical preliminaries

The central theme of this thesis is the application of an inference heuristic known as

belief propagation to constraint satisfaction problems where the problem instance is chosen from a

particular probability distribution. In this chapter we introduce both the basic concepts relating to

Boolean constraint satisfaction and the general belief propagation algorithm.

2.1 Boolean constraint satisfaction problems

2.1.1 Definitions

A logical relationR of arity k ≥ 1 is defined as a non-empty subset of{0, 1}k . LetS be

a finite set of logical relations. A CNF(S)-formula over a set of variablesV = {x1, . . . , xn} is a

finite conjunctionC1 ∧ · · · ∧ Cm of clauses built using relations fromS, variables fromV , and the

constants0 and1; this means that eachCi is an expression of the formR(ξ1, . . . , ξk), whereR ∈ S

is a relation of arityk, and eachξj is a variable inV or one of the constants0, 1.

Thesatisfiability problemSAT(S) associated with a finite setS of logical relations asks:

given a CNF(S)-formulaϕ, is ϕ satisfiable? All well known restrictions of Boolean satisfiability,

such as 3-SAT, NOT-ALL -EQUAL 3-SAT (also written as NAE-3-SAT), and POSITIVE 1-IN-3-

SAT, can be cast as SAT(S) problems, for a suitable choice ofS. For instance, POSITIVE 1-IN-

3SAT is SAT({R1/3}), whereR1/3 = {100, 010, 001}. The most common of these problems is

k-SAT, which is SAT({D0,D1, . . . ,Dk}), whereDr = {0, 1}k\{(0r 1k−r)}. A CNF(Sk)-formula

is also referred to as ak-CNF formula.

We will also write the clauses of ak-CNF formula in the standard notation, for example
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(x1 ∨ x̄2 ∨ x3) corresponds toD1(x2, x1, x3).

2.1.2 Computational hardness

In 1978 Schaefer [Sch78] identified the worst-case complexity of everysatisfiability prob-

lem SAT(S). He determined several basic classes of relations that leadto polynomial time solvable

satisfiability problems:

Definition 1. LetR be a logical relation.

1. R is bijunctiveif it is the set of solutions of a 2-CNF formula.

2. R is Horn if it is the set of solutions of a Horn formula, where a Horn formula is a CNF for-

mula such that each conjunct has at most one positive literal.

3. R is dual Horn if it is the set of solutions of a dual Horn formula, where a dual Horn formula

is a CNF formula such that each conjunct has at most one negative literal.

4. R is affineif it is the set of solutions of a system of linear equations over Z2.

A set of logical relationsS is calledSchaeferif at least one of the following conditions

holds: every relation inS is bijunctive, or every relation inS is Horn, or every relation inS is dual

Horn, or every relation inS is affine.

Theorem 1. (Schaefer’s Dichotomy Theorem [Sch78])If S is Schaefer, thenSAT(S) is in P; oth-

erwise,SAT(S) is NP-complete.

Furthermore, there is a cubic algorithm for determining, given a finite setS of relations,

whether SAT(S) is in P or NP-complete (the input size is the sum of the sizes ofrelations inS).

Schaefer relations can be characterized in terms ofclosureproperties [Sch78]. A relationR is

bijunctive if and only if it is closed under themajorityoperation (ifa,b, c ∈ R, thenmaj(a,b, c) ∈

R, wheremaj(a,b, c) is the vector whosei-th bit is the majority ofai, bi, ci). A relationR is Horn

if and only if it is closed under∨ (if a,b ∈ R, thena ∨ b ∈ R, where,a ∨ b is the vector whose

i-th bit is ai ∨ bi). Similarly,R is dual Horn if and only if it is closed under∧. Finally,R is affine

if and only if it is closed undera ⊕ b⊕ c.

While Schaefer’s theorem completely identifies the worst-case complexity of all Boolean

CSP, much less is known about the hardness of finding a solution if a formula is chosen from

some natural probability distribution on CNF(S). Most of the existing work on algorithms for
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random instances of constraint satisfaction problems has been on thek-SAT problem. By Schaefer’s

theoremk-SAT is NP-complete fork ≥ 3, and in P fork ≤ 2. The most natural distribution onk-

CNF formulas, and one that has been studied the most, is the following: for a fixed constantα > 0,

choosem = αn k-clauses uniformly at random by first choosing a random set ofk variables, and

then choosing a random relation out ofSk. It is common to refer toα as thedensityof the formula.

It is clear that a random formula becomes harder to satisfy asα increases. In 1999 Friedgut proved

the following theorem:

Theorem 2. (Friedgut’s Theorem [Fri99])For everyk ≥ 2 there exists a functionαc(n) such that

for everyε > 0:

Pr[ a randomk-CNF formula of densityαc(n) − ε is satisfiable] → 1

Pr[ a randomk-CNF formula of densityαc(n) + ε is satisfiable] → 0

The functionαc(n) is thethreshold functionfor k-SAT. It is conjectured thatαc(n) does

not depend onn. For k = 2 it is known thatαc(n) = 1 [Goe96, CR92, dlV92]. For larger

k only bounds on the threshold function are known. In particular, for k = 3, it is known that

3.52 ≤ αc(n) ≤ 4.51 [KKL00, DBM00]. For generalk, it is easy to see thatαc(n) ≤ 2k ln 2, and

an almost matching lower boundαc(n) ≥ 2k ln 2 − (k+1) ln 2+3
2 was proved in [AP03].

Other random Boolean constraint satisfaction problems have also been studied. For exam-

ple for 1-IN-k-SAT the threshold has been found to be1/
(k
2

)
[ACIM01]. The same work provides

bounds for the satisfiability threshold of NAE-3-SAT.

2.2 Belief propagation

Belief propagation is a widely-used algorithm for computing approximations to marginal

distributions in general Markov random fields [YFW03, KFL01]. It has been applied widely in

statistical inference, computer vision, and more recentlyin error-correcting codes. It also has a

variational interpretation as an iterative method for attempting to solve a non-convex optimization

problem based on the Bethe approximation [YFW03].

2.2.1 Definition

Belief propagation is an inference algorithm for a particular kind of factorized joint proba-

bility distribution. The distribution is represented as a graph, and the algorithm proceeds by passing

messages along the edges of the graph according to a set of message-passing rules.
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Figure 2.1. An example of a factor graph. Round nodes correspond to variables, while square
nodes correspond to functions. The distribution corresponding to this graph is factorized as:
p(x1, x2, x3, x4) = 1

Z
Ψa(x1, x2) × Ψb(x1, x3, x4) × Ψc(x2, x4).

Let x1, x2, . . . , xn be variables taking values in a finite domainD. SubsetsV (a) ⊂

{1, . . . , n} are indexed bya ∈ C, where|C| = m. Given a subsetS ⊆ {1, 2, . . . , n}, we define

xS := {xi | i ∈ S}. Consider a probability distributionp overx1, . . . , xn that can be factorized as

p(x1, x2, . . . , xn) =
1

Z

n∏

i=1

Ψi(xi)
∏

a∈C

Ψa

(
xV (a)

)
, (2.1)

whereΨi(xi) andΨa

(
xV (a)

)
are non-negative real functions, referred to ascompatibility functions,

and

Z :=
∑

x1,...,xn

[
n∏

i=1

Ψi(xi)
∏

a∈C

Ψa

(
xV (a)

)
]

is the normalization constant orpartition function. A factor graph representation of this probability

distribution is a bipartite graph with verticesV corresponding to the variables, calledvariable nodes,

and verticesC corresponding to the setsV (a), calledfunction nodes. There is an edge between a

variable nodei and function nodea if and only if i ∈ V (a). We define alsoC(i) := {a ∈ C : i ∈

V (a)}.

Suppose that we wish to compute the marginal probability of asingle variablei, namely:

p(xi) =
∑

x1∈D

· · ·
∑

xi−1∈D

∑

xi+1∈D

· · ·
∑

xn∈D

p(x1, . . . , xn).

Thebelief propagationorsum-productalgorithm is an efficient algorithm for computing the marginal

probability distribution of each variable, assuming that the factor graph is acyclic [KFL01]. Sup-

pose the tree is rooted atxi. The essential idea is to use the distributive property of the sum and

product operations to compute independent terms for each subtree recursively. This recursion can

be cast as a message-passing algorithm, in which messages are passed up the tree. In particular, let
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the vectorMi→a denote the message passed by variable nodei to function nodea; similarly, the

quantityMa→i denotes the message that function nodea passes to variable nodei.

The messages from function nodes to variable nodes are updated in the following way:

Ma→i(xi) ∝
∑

xV (a)\{i}



ψa

(
xV (a)

) ∏

j∈V (a)\{i}
Mj→a(xj)



 . (2.2)

The messages from variable nodes to function nodes are updated as follows:

Mi→a(xi) ∝ ψi(xi)
∏

b∈C(i)\{a}
Mb→i(xi). (2.3)

It is straightforward to show that for a factor graph withoutcycles, these updates will converge after

a linear number of iterations. Upon convergence, the local marginal distributions at variable nodes

and function nodes can be computed, using the message fixed point M̂ , as follows:

Fi(xi) ∝ ψi(xi)
∏

b∈C(i)

M̂b→i(xi) (2.4a)

Fa

(
xV (a)

)
∝ ψa

(
xV (a)

) ∏

j∈V (a)

M̂j→a(xj). (2.4b)

The same updates, when applied to a general graph, are no longer exact due to the presence

of cycles. However, for certain problems, including error-control coding, applying belief propaga-

tion to a graph with cycles gives excellent results. The algorithm is initialized by sending random

messages on all edges, and is run until the messages convergeto fixed values, or if the messages do

not converge, until some fixed number of iterations [KFL01].

2.2.2 Application to constraint satisfaction problems

Given a constraint satisfaction problem we can describe it as a factorized distribution in

the following way. For any clauseCa define a function on the set of variables that it constrains

xV (a), such thatψa(xV (a)) = 1 if the clause is satisfied and 0 otherwise. For example, for the

k-SAT problem the function corresponding to clausea ∈ C is ψa(x) = 1 −
∏

i∈V (a) δ(Ja,i, xi),

whereJa,i is 1 if variablexi is negated in clausea, 0 otherwise, andδ(x, y) is 1 if x = y and0

otherwise.

Using these functions, let us define a probability distribution over binary sequences as

p(x) :=
1

Z

∏

a∈C

ψa(xV (a)), (2.5)
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whereZ :=
∑

x∈{0,1}n

∏
a∈C ψa(x) is the normalization constant. Note that this definition makes

sense if and only if thek-SAT instance is satisfiable, in which case the distribution(2.5) is simply

the uniform distribution over satisfying assignments.
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Figure 2.2.Factor graph representation of a 3-SAT problem onn = 5 variables withm = 4 clauses,
in which circular and square nodes correspond to variables and clauses respectively. Solid and dotted
edges correspond to positive and negative literals respectively. This graph corresponds to the formula
(x1 ∨ x̄2 ∨ x̄3) ∧ (x̄1 ∨ x2 ∨ x4) ∧ (x̄2 ∨ x3 ∨ x5) ∧ (x̄2 ∨ x4 ∨ x5).

This Markov random field representation (2.5) of any satisfiable formula motivates a

marginalization-based approach to finding a satisfying assignment. In particular, suppose that we

had an oracle that could compute exactly the marginal probability

p(xi) = p(xi) =
∑

x1

· · ·
∑

xi−1

∑

xi+1

· · ·
∑

xn

p(x1, x2, . . . , xn),

for a particular variablexi. Note that this marginal reveals the existence of satisfying assignments

with xi = 0 (if p(xi = 0) > 0) or xi = 1 (if p(xi = 1) > 0). Therefore, a satisfying assignment

could be obtained by a recursive marginalization-decimation procedure, consisting of computing

the marginalp(xi), appropriately settingxi (i.e., decimating), and then recursing on the smaller

formula.

Of course, exact marginalization is NP-hard; however, reducing the problem of finding a

satisfying assignment to a marginalization problem allowsone to use the belief propagation algo-

rithm as an efficient heuristic. Even though the BP algorithmis not exact, a reasonable approach

is to set the variable that has the largest bias towards a particular value, and repeat. We refer to the

resulting algorithm as the “naive belief propagation algorithm”. This approach finds a satisfying

assignment forα up to approximately 3.92 fork = 3; for higherα, however, the iterations for BP

typically fail to converge [MPZ02, AGK05, BMZ03].
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Chapter 3

Survey propagation as a belief

propagation algorithm

As described in the introduction, survey propagation is an algorithm based on analysis

via the cavity method and the 1-step replica symmetry breaking ansatz of statistical physics. A

theoretical understanding of these methods is the object ofa lot of current research, but still far

from our grasp. This chapter provides a new conceptual perspective on the survey propagation

algorithm, drawing a connection to the better understood belief propagation algorithm.

Although survey propagation can be generalized to other Boolean constraint satisfaction

problems, for the sake of consistency with the rest of the literature on survey propagation we present

it in the context of thek-SAT problem.

3.1 Description of survey propagation

In contrast to the naive BP approach, a marginalization-decimation approach based on

survey propagationappears to be effective in solving randomk-SAT problems even close to the

satisfiability threshold [MPZ02, BMZ03]. Here we provide anexplicit description of what we refer

to as theSP(ρ) family of algorithms, where setting the parameterρ = 1 yields the pure form

of survey propagation. For any givenρ ∈ [0, 1], the algorithm involves updating messages from

clauses to variables, as well as from variables to clauses. Each clausea ∈ C passes a real number

ηa→i ∈ [0, 1] to each of its variable neighborsi ∈ V (a) In the other direction, each variable

i ∈ V passes a triplet of real numbersΠi→a = (Πu
i→a,Π

s
i→a,Π

∗
i→a) to each of its clause neighbors

a ∈ C(i) (that is the set of clauses that impose constraints on variable xi). .
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The setC(i) of clauses can be decomposed into two disjoint subsets

C−(i) := {a ∈ C(i) : Ja,i = 1}, C+(i) := {a ∈ C(i) : Ja,i = 0},

according to whether the clause is satisfied byxi = 0 orxi = 1 respectively. Moreover, for each pair

(a, i) ∈ E, the setC(i)\{a} can be divided into two (disjoint) subsets, depending on whether their

preferred assignment ofxi agrees(in which caseb ∈ Cs
a(i)) or disagrees(in which caseb ∈ Cu

a (i))

with the preferred assignment ofxi corresponding to clausea. More formally, we define

Cs
a(i) := {b ∈ C(i)\{a} : Ja,i = Jb,i }, Cu

a (i) := {b ∈ C(i)\{a} : Ja,i 6= Jb,i }.

It will be convenient, when discussing the assignment of a variablexi with respect to a

particular clausea, to use the notationsa,i := 1 − Ja,i andua,i := Ja,i to indicate, respectively,

the values that aresatisfyingandunsatisfyingfor the clausea.

The precise form of the updates are given in Figure 3.1.

Message from clausea to variablei:

ηa→i =
∏

j∈V (a)\{i}

[
Πu

j→a

Πu
j→a + Πs

j→a + Π∗
j→a

]
. (3.1)

Message from variablei to clausea:

Πu
i→a =

[
1 − ρ

∏

b∈Cu
a (i)

(1 − ηb→i)

]
∏

b∈Cs
a(i)

(1 − ηb→i). (3.2a)

Πs
i→a =

[
1 −

∏

b∈Cs
a(i)

(1 − ηb→i)

]
∏

b∈Cu
a (i)

(1 − ηb→i). (3.2b)

Π∗
i→a =

∏

b∈Cs
a(i)

(1 − ηb→i)
∏

b∈Cu
a (i)

(1 − ηb→i). (3.2c)

Figure 3.1: SP(ρ) message updates

Although we have omitted the time step index for simplicity,equations (3.1) and (3.2)

should be interpreted as defining a recursion on(η,Π). The initial values forη are chosen randomly

in the interval(0, 1).

The idea of theρ parameter is to provide a smooth transition from the original naive belief

propagation algorithm to the survey propagation algorithm. As shown in [BMZ03], settingρ = 0
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yields the belief propagation updates applied to the probability distribution (2.5), whereas setting

ρ = 1 yields the pure version of survey propagation.

3.1.1 Intuitive “warning” interpretation

To gain intuition for these updates, it is helpful to consider the pureSP setting ofρ = 1.

As described by Braunstein et al. [BMZ03], the messages in this case have a natural interpretation

in terms of probabilities of warnings. In particular, at time t = 0, suppose that the clausea sends

a warning message to variablei with probability η0
a→i, and a message without a warning with

probability 1 − η0
a→i. After receiving all messages from clauses inC(i)\{a}, variablei sends a

particular symbol to clausea saying either that it can’t satisfy it (“u”), that it can satisfy it (“s”), or

that it is indifferent (“∗”), depending on what messages it got from its other clauses.There are four

cases:

1. If variablei receives warnings fromCu
a (i) and no warnings fromCs

a(i), then it cannot satisfy

a and sends “u”.

2. If variablei receives warnings fromCs
a(i) but no warnings fromCu

a (i), then it sends an “s”

to indicate that it is inclined to satisfy the clausea.

3. If variablei receives no warnings from eitherCu
a (i) orCs

a(i), then it is indifferent and sends

“∗”.

4. If variablei receives warnings from bothCu
a (i) andCs

a(i), a contradiction has occurred.

The updates from clauses to variables are especially simple: in particular, any given clause sends a

warning if and only if it receives “u” symbols from all of its other variables.

In this context, the real-valued messages involved in the pureSP(1) all have natural prob-

abilistic interpretations. In particular, the messageηa→i corresponds to the probability that clausea

sends a warning to variablei. The quantityΠu
j→a can be interpreted as the probability that variable

j sends the “u” symbol to clausea, and similarly forΠs
j→a andΠ∗

j→a. The normalization by the

sumΠu
j→a + Πs

j→a + Π∗
j→a reflects the fact that the fourth case is a failure, and hence is excluded

a priori from the probability distribution

Suppose that all of the possible warning events were independent. In this case, the SP

message update equations (3.1) and (3.2) would be the correct estimates for the probabilities. This

independence assumption is valid on a graph without cycles,and in that case the SP updates do have
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a rigorous probabilistic interpretation. It is not clear ifthe equations have a simple interpretation in

the caseρ 6= 1.

3.1.2 Decimation based on survey propagation

Supposing that these survey propagation updates are applied and converge, the overall

conviction of a value at a given variable is computed from theincoming set of equilibrium messages

as

µi(1) ∝

[
1 − ρ

∏

b∈C+(i)

(1 − ηb→i)

]
∏

b∈C−(i)

(1 − ηb→i).

µi(0) ∝

[
1 − ρ

∏

b∈C−(i)

(1 − ηb→i)

]
∏

b∈C+(i)

(1 − ηb→i).

µi(∗) ∝
∏

b∈C+(i)

(1 − ηb→i)
∏

b∈C−(i)

(1 − ηb→i).

In order to be consistent with the interpretation of{µi(0), µi(∗), µi(1)} as (approximate) marginal

probabilities, they are normalized to sum to one. Thebiasof a variable node is defined as

B(i) := |µi(0) − µi(1)|.

The marginalization-decimation algorithm based on surveypropagation [BMZ03] con-

sists of the following steps:

1. RunSP(1) on the SAT problem. Extract the fractionβ of variables with the largest biases,

and set them to their preferred values.

2. Simplify the SAT formula, and return to Step 1.

Once the maximum bias over all variables falls below a pre-specified tolerance, the Walk-SAT

algorithm is applied to the formula to find the remainder of the assignment (if possible). Intuitively,

the goal of the initial phases of decimation is to find a cluster; once inside the cluster, the induced

problem is considered easy to solve, meaning that any “local” algorithm should perform well within

a given cluster.

3.2 Markov random fields over partial assignments

In this section, we show how a large class of message-passingalgorithms—including the

SP(ρ) family as a particular case—can be recovered by applying thewell-known belief propagation
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algorithm to a novel class of Markov random fields (MRFs) associated with anyk-SAT problem.

We begin by introducing the notion of a partial assignment, and then define a family of MRFs over

these assignments.

3.2.1 Partial assignments

Suppose that the variablesx = (x1, . . . , xn) are allowed to take values in{0, 1, ∗}, which

we refer to as apartial assignment. An ∗ (star) assignment should be thought of as either an

undecided variable, or as joker state, i.e. this variable’svalue is not essential to the satisfiability.

Definition 2. A partial assignment tox is invalid for a clausea if either

(a) all variables are unsatisfying (i.e.,xi = ua,i for all i ∈ V (a)), or

(b) all variables are unsatisfying except for one indexj ∈ V (a), for whichxj = ∗.

Otherwise, the partial assignment is valid for clausea, and we denote this event byVALa(xV (a)).

We say that a partial assignment isvalid for a formula if it is valid for all of its clauses.

The motivation for deeming case (a) invalid is clear, in thatany partial assignment that

does not satisfy the clause must be excluded. Note that case (b) is also invalid, since (with all other

variables unsatisfying) the variablexj is effectively forced tosa,i, and so cannot be assigned the∗

symbol.

For a valid partial assignment, the subset of variables thatare assigned either 0 or 1 values

can be divided intoconstrainedandunconstrainedvariables in the following way:

Definition 3. We say that a variablexi is theunique satisfying variablefor a clause if it is assigned

sa,i whereas all other variables in the clause (i.e., the variables{xj : j ∈ V (a)\{i}}) are assigned

ua,j . A variablexi is constrainedby clausea if it is the unique satisfying variable.

We let CONi,a(xV (a)) denote an indicator function for the event thatxi is the unique

satisfying variable in the partial assignmentxV (a) for clausea. A variable isunconstrainedif it has

0 or 1 value, and is not constrained by any clause. Thus for anypartial assignment the variables are

divided into stars, constrained and unconstrained variables. We define the three sets

S∗(x) := {i ∈ V : xi = ∗}

Sc(x) := {i ∈ V : xi constrained}

So(x) := {i ∈ V : xi unconstrained}
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of ∗, constrained and unconstrained variables respectively. Finally, we usen∗(x), nc(x) andno(x)

to denote the respective sizes of these three sets.

Various probability distributions can be defined on valid partial assignments by giving

different weights to stars, constrained and unconstrainedvariables, which we denote byωc, ω∗ and

ωo respectively. Since only the ratio of the weights matters, we setωc = 1, and treatωo andω∗ as

free non-negative parameters (we generally take them in theinterval [0, 1]). We define the weights

of partial assignments in the following way: invalid assignmentsx have weightW (x) = 0, and for

any valid assignmentx, we set

W (x) := ωno(x)
o × ω

n∗(x)
∗ . (3.3)

Our primary interest is the probability distribution givenby pW (x) ∝ W (x). In contrast to the

earlier distributionp, it is important to observe that this definition is valid for any SAT problem,

whether or not it is satisfiable, as long asω∗ 6= 0, since the all-∗ vector is always a valid partial as-

signment. Note that ifωo = 1 andω∗ = 0 then the distributionpW (x) is the uniform distribution on

satisfying assignments. Another interesting case that we will discuss is that ofωo = 0 andω∗ = 1,

which corresponds to the uniform distribution over valid partial assignments without unconstrained

variables.

3.2.2 Markov random fields

Given our set-up thus far, it is not at all obvious whether or not the distributionpW can be

decomposed as a Markov random field based on the original factor graph. Interestingly, we find that

pW does indeed have such a Markov representation for any choices of ωo, ω∗ ∈ [0, 1]. Obtaining

this representation requires the addition of another dimension to our representation, which allows

us to assess whether a given variable is constrained or unconstrained. We define theparent setof

a given variablexi, denoted byPi, to be the set of clauses for whichxi is the unique satisfying

variable. Immediate consequences of this definition are thefollowing:

(a) If xi = 0, then we must havePi ⊆ C−(i).

(b) If xi = 1, then there must holdPi ⊆ C+(i).

(c) The settingxi = ∗ implies thatPi = ∅.

Note also thatPi = ∅ means thatxi cannot be constrained. For eachi ∈ V , let P(i) be the

set of all possible parent sets of variablei. Due to the restrictions imposed by our definition,Pi
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must be contained in eitherC+(i) or C−(i) but not both. Therefore, the cardinality1 of P(i) is

2|C
−(i)| + 2|C

+(i)| − 1.

Our extended Markov random field is defined on the Cartesian product spaceX1 × . . .×

Xn, whereXi := {0, 1, ∗}×P(i). The distribution factorizes as a product of compatibilityfunctions

at the variable and clause nodes of the factor graph, which are defined as follows:

Variable compatibilities: Each variable nodei ∈ V has an associated compatibility function of

the form:

Ψi(xi, Pi) :=






ωo : Pi = ∅, xi 6= ∗

ω∗ : Pi = ∅, xi = ∗

1 : for any other valid(Pi, xi)

(3.4)

The role of these functions is to assign weight to the partialassignments according to the number of

unconstrained and star variables, as in the weighted distributionpW .

Clause compatibilities: The compatibility functions at the clause nodes serve to ensure that only

valid assignments have non-zero probability, and that the parent setsPV (a) := {Pi : i ∈ V (a)}

are consistent with the assignment onxV (a). More precisely, we require that the partial assignment

xV (a) is valid for a (denoted byVALa(xV (a)) = 1) and that for eachi ∈ V (a), exactly one of the

two following conditions holds:

(a) a ∈ Pi andxi is constrained bya or

(b) a /∈ Pi andxi is not constrained bya.

The following compatibility function corresponds to an indicator function for the inter-

section of these events:

Ψa

(
xV (a), PV (a)

)
:= VALa(xV (a)) ×

∏

i∈V (a)

δ
(
Inda ∈ Pi, CONa,i(xV (a))

)
. (3.5)

We now form a Markov random field over partial assignments andparent sets by taking the product

of variable (3.4) and clause (3.5) compatibility functions

pgen(x, P) ∝
∏

i∈V

Ψi(xi, Pi)
∏

a∈C

Ψa

(
xVa , PV (a)

)
. (3.6)

With these definitionspgen = pW .

1Note that it is necessary to subtract one so as not to count theempty set twice.
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3.2.3 Survey propagation as an instance of belief propagation

We now consider the form of the belief propagation (BP) updates as applied to the MRF

pgen defined by equation (3.6). We refer the reader to Section 2.2 for the definition of the BP

algorithm on a general factor graph. The main result of this section is to establish that theSP(ρ)

family of algorithms are equivalent to belief propagation as applied topgen with suitable choices of

the weightsωo andω∗. In the interests of readability, most of the technical lemmas will be presented

in the appendix.

We begin by introducing some notation necessary to describethe BP updates on the ex-

tended MRF. The BP message from clausea to variablei, denoted byMa→i(·), is a vector of length

|Xi| = 3× |P(i)|. Fortunately, due to symmetries in the variable and clause compatibilities defined

in equations (3.4) and (3.5), it turns out that the clause-to-variable message can be parameterized by

only three numbers,{Mu
a→i,M

s
a→i,M

∗
a→i}, as follows:

Ma→i(xi, Pi) =






M s
a→i if xi = sa,i, Pi = S ∪ {a} for someS ⊆ Cs

a(i),

Mu
a→i if xi = ua,i, Pi ⊆ Cu

a (i),

M∗
a→i if xi = sa,i, Pi ⊆ Cs

a(i) or xi = ∗ , Pi = ∅,

0 otherwise.

(3.7)

whereM s
a→i,M

u
a→i andM∗

a→i are elements of[0, 1].

Now turning to messages from variables to clauses, it is convenient to introduce the nota-

tion Pi = S ∪ {a} as a shorthand for the event

a ∈ Pi and S = Pi\{a} ⊆ Cs
a(i),

where it is understood thatS could be empty. In Lemma 3, we show that the variable-to-clause

messageMi→a is fully specified by values for pairs(xi, Pi) of six general types:

(sa,i, S ∪ {a}), (sa,i, ∅ 6= Pi ⊆ Cs
a(i)), (ua,i, ∅ 6= Pi ⊆ Cu

a (i)), (sa,i, ∅), (ua,i, ∅), (∗, ∅).

The BP updates themselves are most compactly expressed in terms of particular linear combinations

of such basic messages, defined in the following way:

Rs
i→a :=

∑

S⊆Cs
a(i)

Mi→a(sa,i, S ∪ {a}) (3.8a)

Ru
i→a :=

∑

Pi⊆Cu
a (i)

Mi→a(ua,i, Pi) (3.8b)

R∗
i→a :=

∑

Pi⊆Cs
a(i)

Mi→a(sa,i, Pi) +Mi→a(∗, ∅). (3.8c)
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Note thatRs
i→a is associated with the event thatxi is the unique satisfying variable for clausea;

Ru
i→a with the event thatxi does not satisfya; andR∗

i→a with the event thatxi is neither unsatisfying

nor uniquely satisfying (i.e., eitherxi = ∗, orxi = sa,i but is not the only variable that satisfiesa).

With this terminology, the BP algorithm on the extended MRF can be expressed in terms

of a recursion on the triplets(M s
a→i,M

u
a→i,M

∗
a→i) and(Rs

i→a, R
u
i→a, R

∗
i→a) as described in Figure

3.2.

Messages from clausea to variablei:

M s
a→i =

∏

j∈V (a)\{i}

Ru
j→a

Mu
a→i =

∏

j∈V (a)\{i}

(Ru
j→a +R∗

j→a) +
∑

k∈V (a)\{i}

(Rs
k→a −R∗

k→a)
∏

j∈V (a)\{i,k}

Ru
j→a

−
∏

j∈V (a)\{i}

Ru
j→a

M∗
a→i =

∏

j∈V (a)\{i}

(Ru
j→a +R∗

j→a) −
∏

j∈V (a)\{i}

Ru
j→a.

Messages from variablei to clausea:

Rs
i→a =

∏

b∈Cu

a
(i)

Mu
b→i

[ ∏

b∈Cs

a
(i)

(M s
b→i +M∗

b→i)
]

Ru
i→a =

∏

b∈Cs

a
(i)

Mu
b→i

[ ∏

b∈Cu

a
(i)

(M s
b→i +M∗

b→i) − (1 − ωo)
∏

b∈Cu

a
(i)

M∗
b→i

]

R∗
i→a =

∏

b∈Cu

a
(i)

Mu
b→i

[ ∏

b∈Cs

a
(i)

(M s
b→i +M∗

b→i) − (1 − ωo)
∏

b∈Cs

a
(i)

M∗
b→i

]

+ ω∗

∏

b∈Cs

a
(i)∪Cu

a
(i)

M∗
b→i.

Figure 3.2: BP message updates on extended MRF

Next we provide the derivation of these BP equations on the extended MRF.

Lemma 3 (Variable to clause messages). The variable to clause message vectorMi→a is fully

specified by values for pairs(xi, Pi) of the form:

{(sa,i, S ∪ {a}), (sa,i, ∅ 6= Pi ⊆ Cs
a(i)), (ua,i, ∅ 6= Pi ⊆ Cu

a (i)), (sa,i, ∅), (ua,i, ∅), (∗, ∅)}.
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Specifically, the updates for these five pairs take the following form:

Mi→a(sa,i, Pi = S ∪ {a}) =
∏

b∈S

M s
b→i

∏

b∈Cs
a(i)\S

M∗
b→i

∏

b∈Cu
a (i)

Mu
b→i (3.11a)

Mi→a(sa,i, ∅ 6= Pi ⊆ Cs
a(i)) =

∏

b∈Pi

M s
b→i

∏

b∈Cs
a(i)\Pi

M∗
b→i

∏

b∈Cu
a (i)

Mu
b→i (3.11b)

Mi→a(ua,i, ∅ 6= Pi ⊆ Cu
a (i)) =

∏

b∈Pi

M s
b→i

∏

b∈Cu
a (i)\Pi

M∗
b→i

∏

b∈Cs
a(i)

Mu
b→i (3.11c)

Mi→a(sa,i, Pi = ∅) = ωo

∏

b∈Cs
a(i)

M∗
b→i

∏

b∈Cu
a (i)

Mu
b→i (3.11d)

Mi→a(ua,i, Pi = ∅) = ωo

∏

b∈Cu
a (i)

M∗
b→i

∏

b∈Cs
a(i)

Mu
b→i (3.11e)

Mi→a(∗, Pi = ∅) = ω∗
∏

b∈C(i)\{a}
M∗

b→i. (3.11f)

Proof. The form of these updates follows immediately from the definition (3.4) of the variable

compatibilities in the extended MRF, and the BP message update (2.3).

Next, we compute the specific forms of the linear sums of messages defined in equa-

tion (3.8). First, we use the definition (3.8a) and Lemma 3 to compute the form ofRs
i→a:

Rs
i→a =

∑

S⊆Cs
a(i)

Mi→a(sa,i, Pi = S ∪ {a})

=
∑

S⊆Cs
a(i)

∏

b∈S

M s
b→i

∏

b∈Cs
a(i)\S

M∗
b→i

∏

b∈Cu
a (i)

Mu
b→i

=
∏

b∈Cu
a (i)

Mu
b→i

[ ∏

b∈Cs
a(i)

(M s
b→i +M∗

b→i)
]
.

Similarly, the definition (3.8b) and Lemma 3 allows us compute the following form of

Ru
i→a:

Ru
i→a =

∑

S⊆Cu
a (i)

Mi→a(ua,i, Pi = S)

=
∑

S⊆Cu
a (i),S 6=∅

∏

b∈S

M s
b→i

∏

b∈Cu
a (i)\S

M∗
b→i

∏

b∈Cs
a(i)

Mu
b→i + ωo

∏

b∈Cu
a (i)

M∗
b→i

∏

b∈Cs
a(i)

Mu
b→i

=
∏

b∈Cs
a(i)

Mu
b→i

[ ∏

b∈Cu
a (i)

(M s
b→i +M∗

b→i) − (1 − ωo)
∏

b∈Cu
a (i)

M∗
b→i

]
.
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Finally, we computeR∗
i→a using the definition (3.8c) and Lemma 3:

R∗
i→a =

[ ∑

S⊆Cs
a(i)

Mi→a(sa,i, Pi = S)
]

+Mi→a(∗, Pi = ∅)

=
[ ∑

S⊆Cs
a(i),S 6=∅

∏

b∈S

M s
b→i

∏

b∈Cs
a(i)\S

M∗
b→i

∏

b∈Cu
a (i)

Mu
b→i

]

+ωo

∏

b∈Cs
a(i)

M∗
b→i

∏

b∈Cu
a (()i)

Mu
b→i + ω∗

∏

b∈Cs
a(i)

M∗
b→i

∏

b∈Cu
a (i)

M∗
b→i

=
∏

b∈Cu
a (i)

Mu
b→i

[ ∏

b∈Cs
a(i)

(M s
b→i +M∗

b→i) − (1 − ωo)
∏

b∈Cs
a(i)

M∗
b→i

]

+ω∗
∏

b∈Cs
a(i)∪Cu

a (i)

M∗
b→i.

Lemma 4 (Clause to variable messages). The updates of messages from clauses to variables in the

extended MRF take the following form:

M s
a→i =

∏

j∈V (a)\{i}
Ru

j→a (3.12a)

Mu
a→i =

∏

j∈V (a)\{i}
(Ru

j→a +R∗
j→a) (3.12b)

+
∑

k∈V (a)\{i}
(Rs

k→a −R∗
k→a)

∏

j∈V (a)\{i,k}
Ru

j→a −
∏

j∈V (a)\{i}
Ru

j→a (3.12c)

M∗
a→i =

∏

j∈V (a)\{i}
(Ru

j→a +R∗
j→a) −

∏

j∈V (a)\{i}
Ru

j→a. (3.12d)

Proof. (i) We begin by proving equation (3.12a). Whenxi = sa,i andPi = S ∪ {a} for some

S ⊆ Cs
a(i), then the only possible assignment for the other variables at nodes inV (a)\{i} is

xj = ua,j andPj ⊆ Cu
a (j). Accordingly, using the BP update equation (2.2), we obtainthe

following update forM s
a→i = Ma→i(sa,i, Pi = S ∪ {a}):

M s
a→i =

∏

j∈V (a)\{i}

∑

Pj⊆Cu
a (j)

Mj→a(ua,j , Pj)

=
∏

j∈V (a)\{i}
Ru

j→a.

(ii) Next we prove equation (3.12d). In the casexi = ∗ andPi = ∅, the only restriction on

the other variables{xj : j ∈ V (a)\{i}} is that they are not all unsatisfying. The weight assigned
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to the event that they are all unsatisfying is

∑
{

Sj⊆Cu
a (j) : j∈V (a)\{i}

}
∏

j∈V (a)\{i}
Mj→a(ua,j , Sj) =

∏

j∈V (a)\{i}

[ ∑

Sj⊆Cu
a (j)

Mj→a(ua,j , Sj)
]

=
∏

j∈V (a)\{i}
Ru

j→a. (3.13)

On the other hand, the weight assigned to the event that each is either unsatisfying, satisfying or∗

can be calculated as follows. Consider a partitionJu ∪ Js ∪ J∗ of the setV (a)\{i}, whereJu, Js

andJ∗ corresponds to the subsets of unsatisfying, satisfying and∗ assignments respectively. The

weightW (Ju, Js, J∗) associated with this partition takes the form

∑
{

Sj⊆Cu
a (j) : j∈Ju

}
∑

{
Sj⊆Cs

a(j) : j∈Js
}

∏

j∈Ju

Mj→a(ua,j , Sj)
∏

j∈Js

Mj→a(sa,j, Sj)
∏

j∈J∗

Mj→a(∗, ∅).

Simplifying by distributing the sum and product leads to

W (Ju, Js, J∗) =
∏

j∈Ju

[ ∑

Sj⊆Cu
a (j)

Mj→a(ua,j , Sj)
] ∏

j∈Js

[ ∑

Sj⊆Cs
a(j)

Mj→a(sa,j, Sj)
]

∏

j∈J∗

Mj→a(∗, ∅)

=
∏

j∈Ju

Ru
j→a

∏

j∈Js

[
R∗

j→a −Mj→a(∗, ∅)
] ∏

j∈J∗

Mj→a(∗, ∅).

Now summing theW (Ju, Js, J∗) over all partitionsJu ∪ Js ∪ J∗ of V (a)\{i} yields

∑
Ju∪Js∪J∗

W (Ju, Js, J∗)

=
∑

Ju⊆V (a)\{i}

∏

j∈Ju

Ru
j→a (3.14)

∑

Js∪J∗=V (a)\{Ju∪i}

{ ∏

j∈Js

[
R∗

j→a −Mj→a(∗, ∅)
] ∏

j∈J∗

Mj→a(∗, ∅
}

=
∑

Ju⊆V (a)\{i}

∏

j∈Ju

Ru
j→a

∏

j∈V (a)\{Ju∪i}
R∗

j→a

=
∏

j∈V (a)\{i}

[
Ru

j→a +R∗
j→a

]
, (3.15)

where we have used the binomial identity twice. Overall, equations (3.13) and (3.15) together yield

that

M∗
a→i =

∏

j∈V (a)\{i}

[
Ru

j→a +R∗
j→a

]
−

∏

j∈V (a)\{i}
Ru

j→a,
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which establishes equation (3.12d).

(iii) Finally, turning to equation (3.12b), forxi = ua,i andPi ⊆ Cu
a (i), there are only two

possibilities for the values ofxV (a)\{i}:

(a) either there is one satisfying variable and everything else is unsatisfying, or

(b) there are at least two variables that are satisfying or∗.

We first calculate the weightW (A) assigned to possibility (a), again using the BP update equa-

tion (2.2):

W (A) =
∑

k∈V (a)\{i}

∑

Sk⊆Cs
a(k)

Mk→a(sa,k, S
k ∪ {a})

∏

j∈V (a)\{i,k}

∑

Sj⊆Cu
a (j)

Mj→a(uj,a, S
j)

=
∑

k∈V (a)\{i}
Rs

k→a

∏

j∈V (a)\{i,k}
Ru

j→a.

We now calculate the weightW (B) assigned to possibility (b) in the following way.

From our calculations in part (ii), we found that the weight assigned to the event that each variable

is either unsatisfying, satisfying or∗ is
∏

j∈V (a)\{i}
[
Ru

j→a + R∗
j→a

]
. The weightW (B) is given

by subtracting from this quantity the weight assigned to theevent that there arenot at least two

∗ or satisfying assignments. This event can be decomposed into the disjoint events that either all

assignments are unsatisfying (with weight
∏

j∈V (a)\{i} R
u
j→a from part (ii)); or that exactly one

variable is∗ or satisfying. The weight corresponding to this second possibility is

∑

k∈V (a)\{i}

[
Mk→a(∗, ∅) +

∑

Sk⊆Cs
a(k)

Mk→a(sk,a, S
k)
] ∏

j∈V (a)\{i,k}

∑

Sj⊆Cu
j
(a)

Mj→a(uj,a, S
j)

=
∑

k∈V (a)\{i}
R∗

k→a

∏

j∈V (a)\{i,k}
Ru

j→a.

Combining our calculations so far we have

W (B) =
∏

j∈V (a)\{i}

[
Ru

j→a +R∗
j→a

]
−

∑

k∈V (a)\{i}
R∗

k→a

∏

j∈V (a)\{i,k}
Ru

j→a −
∏

j∈V (a)\{i}
Ru

j→a.

Finally, summing together the forms ofW (A) andW (B) from and then factoring yields the desired

equation (3.12b).

Since the messages are interpreted as probabilities, we only need their ratio, and we can

normalize them to any constant. At any iteration, approximations to the local marginal probabilities
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at each variable nodei ∈ V are given by (up to a normalization constant):

Fi(0) ∝
∏

b∈C+(i)

Mu
b→i

[ ∏

b∈C−(i)

(M s
b→i +M∗

b→i) − (1 − ωo)
∏

b∈C−(i)

M∗
b→i

]

Fi(1) ∝
∏

b∈C−(i)

Mu
b→i

[ ∏

b∈C+(i)

(M s
b→i +M∗

b→i) − (1 − ωo)
∏

b∈C+(i)

M∗
b→i

]

Fi(∗) ∝ ω∗
∏

b∈C(i)

M∗
b→i

The following theorem establishes that theSP(ρ) family of algorithms is equivalent to

belief propagation on the extended MRF:

Theorem 5. For all ω∗ ∈ [0, 1], the BP updates on the extended(ω∗, ωo)-MRFpgen are equivalent

to theSP(ω∗) family of algorithms under the following restrictions:

(a) the constraintωo + ω∗ = 1 is imposed, and

(b) all messages are initialized such thatMu
a→i = M∗

a→i for every edge(a, i).

Proof. Under the constraintωo + ω∗ = 1, if we initialize Mu
a→i = M∗

a→i on every edge, then

there holdsRs
i→a = R∗

i→a and consequentlyMu
a→i = M∗

a→i remains true at the next iteration.

Initializing the parameters in this way and imposing the normalizationMu
a→i +M∗

a→i = 1 leads to

the following recurrence equations:

M s
a→i =

∏
j∈V (a)\{i} R

u
j→a∏

j∈V (a)\{i}(R
∗
j→a +Ru

j→a)
,

where

Ru
i→a =

∏

b∈Cs
a(i)

(1 −M s
b→i)

[
1 − ω∗

∏

b∈Cu
a (i)

(1 −M s
b→i)

]
,

R∗
i→a =

∏

b∈Cu
a (i)

(1 −M s
b→i).

These updates are equivalent toSP(ω∗) by settingηa→i = M s
a→i, Πu

i→a = Ru
i→a, andΠs

i→a +

Π∗
i→a = R∗

i→a.

Remarks:

1. As mentioned earlier, settingωo = 1 andω∗ = 0 amounts to forbidding any∗ symbols, so

that the only partial assignments with positive probability are ordinary (i.e.,{0, 1}) satisfying
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assignments. Moreover, the extended MRF in (3.6) assigns all satisfying assignments the

same probability, since both constrained and unconstrained variables are given weight one.

Thus, the extended MRF reduces to the standard MRF in (2.5), and theSP(0) algorithm

reduces to the naive belief propagation algorithm described in section 2.2. The other extreme

entails settingωo = 0 andω∗ = 1, which gives rise to the pure formSP(1) of survey

propagation. For this setting of the parameters, unconstrained variables are not allowed, and

again all partial assignments with positive probability have the same weight. Braunstein

and Zecchina [BZ04] consider this special case of our extended MRF, though from a rather

different perspective.

2. Given the link betweenSP and extended MRFs, it is natural to study combinatorial and

probabilistic properties of the latter objects. In Section3.3, we show how so-called “cores”

arise as fixed points ofSP(1), and we prove a weight-preserving identity that shows how the

extended MRF for generalρ is a “smoothed” version of the naive MRF.

3. The initial messages have very small influence on the behavior of the algorithm, and they are

typically chosen to be uniform random variables in(0, 1). In practice, forωo + ω∗ = 1 if we

start with different values forMu
a→i andM∗

a→i they soon converge to become equal.

4. The result allows us to generalize the algorithm to other Boolean CSP.

5. If we restrict our attention to 3-SAT, the equations have simpler form. In particular for a

clausea onxi, xj , xk, the messages to variable nodei are:

M s
a→i = Ru

j→aR
u
k→a

Mu
a→i = R∗

j→aR
∗
k→a +Rs

j→aR
u
k→a +Ru

j→aR
s
k→a

M∗
a→i = R∗

j→aR
∗
k→a +R∗

j→aR
u
k→a +Ru

j→aR
∗
k→a.

3.3 Interpretation of survey propagation

In this section we relate the properties of the family of Markov random fields defined

in the previous section, to the assumptions underlying the design of survey propagation. First,

we introduce a partial order on the partial assignments and demonstrate the connection between

minimal elements in this partial order, clusters of satisfying assignments, and fixed points of the

survey propagation algorithm. The definition of this partial order and some of its properties are
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also essential for the next two chapters. In Section 3.3.2 wesummarize the properties of the space

of partial assignments in the easy case of low density formulas, where by low density we mean

density for which the pure-literal heuristic is successfulwith high probability. In Section 3.3.3 we

show how varying the parameters of our family of Markov random fields results in “smoothing”

of the distribution over satisfying assignments, which maybe the reason behind the successful

convergence of the belief propagation heuristic for some ofthe parameters. Finally, we discuss

experimental observations for 3-SAT, and some recent related work fork-SAT with k ≥ 8.

3.3.1 Partial assignments and clustering

We begin by defining an acyclic directed graph on all valid partial assignments. The vertex

set of the directed graphG consists of all valid partial assignments. The edge set is defined in the

following way: for a given pair of valid partial assignmentsu andv, the graph includes a directed

edge fromu to v if there exists an indexi ∈ V such that (i)uj = vj for all j 6= i; and (ii) vi = ∗

andui 6= ∗. We label the edge betweenu andv with the indexi, corresponding to the fact thatv is

obtained fromu by adding one extra∗ in positioni.

This directed graphG has a number of properties:

(a) Valid partial assignments can be separated into different levels based on their number of

star variables. In particular, assignmentu is in level n∗(u). Thus, every edge is from an

assignment in levell − 1 to one in levell, wherel is at mostn.

(b) The out-degree of any valid partial assignmentu is exactly equal to its number of uncon-

strained variablesno(u), and the outgoing edges are labeled by the setSo(u).

(c) It is an acyclic graph so that its structure defines a partial ordering; in particular, we write

v < u if there is a directed path inG from u to v. Notice that all directed paths fromu to

v are labeled by indices in the setT = {i ∈ V : ui 6= vi = ∗}, and only the order in which

they appear is different.

The minimal assignments in this ordering are precisely all the positive probability assign-

ments in the distributionpW for (ωo, ω∗) = (0, 1). Theorem 5 leads to viewing the pure form of

survey propagationSP(1) as performing an approximate marginalization over such assignments.

Before we explore their properties we need several definitions.

For any valid partial assignmentu and a subsetS ⊆ V , let γS(u) be the minimalv < u,

such that the path fromu to v is labeled only by indices inS. ForS = V the assignmentγV (u) is
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minimal in the ordering.

Definition 4. Thecoreof a valid partial assignmentu is the assignmentγV (u).

The following proposition asserts that there always existsa uniqueγS(u).

Proposition 6. For any valid assignmentu andS ⊆ V , there is a unique minimalv < u such that

the path fromu to v is labeled only by indices inS.

Proof. To establish the uniqueness statement, suppose that there are two minimal such assignments

v1 andv2, and the paths fromu to v1 andv2 are labeled by sets of indicesT1, T2 ⊆ S respectively.

If T1 = T2 thenv1 = v2, so let us assume thatT1 andT2 are distinct. Without loss of generality,

we may takeT1\T2 6= ∅. Consider a particular path fromu to v1, with labelst1, t2, . . . tr, where

r = |T1|. Let ti be the first label such thatti /∈ T2. Then its corresponding variable is unconstrained

when the variables indexed by{t1, . . . ti−1} ∪ S∗(u) ⊆ T2 ∪ S∗(u) are assigned∗, therefore it is

unconstrained inv2. This implies that there exists an edge out ofv2 that is labeled byti ∈ S, which

contradicts the assumption thatv2 is minimal.

Next, we show that satisfying assignments that belong to thesame cluster of solutions

have the same core.

Proposition 7. If satisfying assignmentsa,b ∈ {0, 1}n belong to the same cluster of solutions then

their cores are the same.

Proof. It suffices to prove the statement fora andb that differ in a single variablexi. Sincexi can

take both 0 and 1 value it is unconstrained in botha andb. Therefore there is a path froma to

γV (a) that starts with an edge labeled byi, and the same is true forb. These paths converge after

the first edge, thereforeγV (a) = γV (b).

Definition 5. A cover is a valid partial assignmentv ∈ {0, 1, ∗}n that contains no unconstrained

variables.

In particular the core of any satisfying assignment is a cover. On the other hand not all

cover assignments are cores.

Given a satisfying assignmenta it is easy to find the core corresponding to its cluster

simply by going down the partial order - that is by replacing unconstrained variables by∗. We

refer to this process ascoarsening. The following result connects fixed points ofSP(1) to core

assignments. In particularSP(1), when suitably initialized, simply strips the valid assignmenta

down to its coreγV (a), as in the coarsening process.
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Proposition 8. For a valid assignmentw, let SP(1) be initialized by:

Πu
i→a = δ(wi, ua,i), Πs

i→a = δ(wi, sa,i), Π∗
i→a = 0.

Then within a finite number of steps, the algorithm convergesand the output fields are

µi(b) = δ(vi, b),

wherev = γV (w) andb ∈ {0, 1, ∗}.

Proof. We say that a variablei belongs to the core ifvi 6= ∗. We say that a clausea belongs to the

core if all the variables in the clause belong to the core. We first show by induction that

I. If a andi belong to the core andxi is not the unique satisfying variable fora in assignment

w thenΠu
i→a = δ(wi, ua,i) andΠs

i→a = δ(wi, sa,i), and

II. If a andi belong to the core andxi is unique satisfying variable fora thenηa→i = 1.

Clearly, property I holds at time0. Therefore, it suffices to prove that if property I holds at time t

then so does II. and that if property II holds at timet then property I holds at timet+ 1.

Suppose that property I holds at timet. Let a andi belong to the core such thatxi is the

unique satisfying variable of the clausea. By the induction hypothesis for allj ∈ V (a) \ {i} it

holds thatΠu
j→a = δ(wj , ua,j) = 1. This implies thatηa→i = 1 as needed.

Suppose that property II holds at timet. Let a andi belong to the core such thatxi is not

unique satisfying fora. By the assumption, it follows that there existsb which belongs to the core

such thatxi is the unique satisfying variable forb. This implies by the induction hypothesis that

ηb→i = 1. It is now easy to see that at updatet + 1: Πu
i→a = δ(wi, ua,i) andΠs

i→a = δ(wi, sa,i).

Note that the claim above implies that for all timest and all i such thatvi 6= ∗, it holds that

µi(b) = δ(vi, b).

Let i1, i2, . . . , is be a “coarsening-path” fromw to v. In other words, the variablexi1 is

not uniquely satisfying any clause. Once, this variable is set to∗, the variablexi2 is not uniquely

satisfying any clause etc. We claim that for all1 ≤ t ≤ s, for all updates after timet and for all

clausesa such thatit ∈ V (a) it holds thatηa→it = 0. The proof follows easily by induction on

t. This in turn implies that if for all updates after timet µit(b) = δ(vi, ∗), from which the result

follows.
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3.3.2 Connectivity of the space of solutions of low-densityformulas

The pure-literal (PL) heuristic [RPF99] is the following algorithm: assign1 to a variable

if it only appears positively in a clause, or0 if it only appears negatively in a clause, reduce the

formula, and repeat the procedure.

It is known that there is a phase transition for the event thatthe pure-literal heuristic

succeeds [RPF99]. That is, for everyk ≥ 2 there exists a constantαPL such that for anyε > 0:

Pr[ PL heuristic succeeds for a randomk-CNF formula of densityαPL − ε] → 1

Pr[ PL heuristic succeeds for a randomk-CNF formula of densityαPL + ε] → 0

For 2-SAT this transitions is atαPL = 1 = αc, i.e. it coincides with the satisfiability threshold. For

3-SAT the transition for the PL heuristic is at 1.63. The exact value is computable for any fixedk,

as well as asymptotically [BFU93, LMS98, Mol04]. In this section we consider random formulas

of density belowαPL, or more generally, formulas for which the pure-literal heuristic succeeds.

Proposition 9. If a k-CNF formula for k ≥ 2 is such that the pure-literal heuristic successfully

finds a solution, then:

1. the solution space consists of a single connected component,

2. the only cover is(∗n), and

3. ([ABS03]) the standard random walk algorithm introducedin [Pap91] finds a solution in

polynomial time.

Proof. Suppose the solution space is disconnected. We choose two satisfying assignmentsa and

b that belong to different components, and differ in a minimalnumber of variables. LetD = {i :

ai 6= bi}. The pure-literal heuristic assigns variables one at a time. Let xj be the first variable

fromD that is assigned by the pure-literal heuristic. The formulabeforexj is assigned, is such that

xj appears either only positive or only negative. Without lossof generality we can assume that it

does not appear negated, andaj = 0, bj = 1. This implies that if we flip the value ofxj in the

assignmenta, then the new assignment will still be satisfying; at the same time it is in the same

connected component asa, and it is closer tob thana is. This contradicts the way we chosea and

b.

Suppose there is a non-trivial coverσ ∈ {0, 1, ∗}n. Without loss of generality letσ =

(1r∗n−r) for some0 < r ≤ n. The pure-literal heuristic assigns the variables in some order, and
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again without loss of generality we can assume thatx1, . . . , xr are assigned in that order. Sincex1

appears positive in at least one clause containing only variables fromx1, . . . , xr, it has to be assigned

1. Similarlyx2 appears positive in a constraining clause, and furthermorex1 couldn’t be one of the

negated variables in that clause, because it was pure when itwas assigned by PL. Thereforex2 is

also assigned1. In generalxi appears positive in a constraining clause, which contains neither of

x1, . . . , xi−1. Fori = r this leads to a contradiction, since this clause has to be a unit clause. (If we

allow unit clauses, the statement of the theorem does not hold.)

3.3.3 Role of the parameters of the Markov random field

For any satisfying assignmenta ∈ {0, 1}n, the assignments below it in the partial order

contribute their weight in the distribution towards assigning the variables in agreement witha. The

subgraph of these partial assignments can have different properties, as depicted in Figure 3.3. Only

a subset of the partial assignments is shown, since even for small formulas the space of partial

assignments is quite large. For the first formula all satisfying assignments have a trivial core. For

the second one, on the other hand, there are assignments withnon-trivial cores.

One of the benefits of our analysis is that it suggests a large pool of algorithms to be in-

vestigated, for example by varying the values ofωo andω∗. A “good” setting of these parameters

should place significant weight on precisely those valid assignments that can be extended to satisfy-

ing assignments. At the same time, the parameter setting clearly affects the level of connectivity in

the space of valid assignments. Connectivity most likely affects the performance of belief propaga-

tion, as well as any other algorithm that we may apply to compute marginal probabilities or sample

from the distribution.

Figure 3.4(a) shows the performance of belief propagation on the extended MRF for dif-

ferent values of(ωo, ω∗), and applied to particular random formula withn = 10, 000, k = 3 and

α = 4.2. The most successful pairs in this case were(0.05, 0.95), (0.05, 0.9), (0.05, 0.85), and

(0.05, 0.8). For these settings of the parameters the decimation steps reached a solution, so a call to

Walk-SAT was not needed. For weights satisfyingωo + ω∗ > 1, the behavior is very predictable:

even when the algorithm converges, the choices that it makesin the decimation steps lead to a con-

tradiction. Note that there is a sharp transition in algorithm behavior as the weights cross the line

ωo + ω∗ = 1, which is representative of the more general behavior.

The following result provides some justification for the excellent performance in the

regimeωo + ω∗ ≤ 1.
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Figure 3.3. Portion of the directed graph on partial assignments for twodifferent formulas: (a)
(x̄1 ∨ x̄2 ∨ x3) ∧ (x2 ∨ x̄3 ∨ x̄4). Highlighted is the lattice below the satisfying assignment z =
(1, 1, 1, 1), whose core is trivial (i.e.,γV (z) = (∗, ∗, ∗, ∗)). (b) (x̄1 ∨ x2 ∨ x3) ∧ (x1 ∨ x̄2 ∨ x3) ∧
(x2∨ x̄3 ∨x1)∧ (x2 ∨ x̄3∨x5)∧ (x1 ∨x5∨ x̄4). The satisfying assignmentz = (0, 0, 0, 0, 1) has the
non-trivial coreγV (z) = (0, 0, 0, ∗, ∗). For the same formula there are other satisfying assignments,
e.g.(1, 0, 1, 0, 1) which have a trivial core.
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Figure 3.4. Performance of BP for different choices of (ωo, ω∗) as applied to a particular randomly
chosen formula withn = 10000, k = 3, α = 4.2. Four distinct cases can be distinguished: (i) BP
converges and the decimation steps yields a complete solution, (ii) BP converges and the decimation
steps yield a partial solution, completed by using Walk-SAT, (iii) BP converges, but the decimation
steps do not lead to a solution, and (iv) BP does not converge.

Theorem 10. (Weight Preservation Theorem)If ωo + ω∗ = 1, then
∑

y≤xW (y) = ω
n∗(x)
∗ for any

valid assignmentx. If ωo + ω∗ < 1, then
∑

y≤xW (y) ≥ (ω∗)n∗(x) for any valid assignmentx.

We defer the proof of this theorem to the next chapter.

The Weight Preservation Theorem has a very natural interpretation in terms of a “smooth-

ing” operation. In particular, the(ωo, ω∗)-MRF may be regarded as a smoothed version of the

uniform distribution over satisfying assignments, in which the uniform weight assigned to each

satisfying assignment is spread over the lattice associated with it. Note, however, that any partial

assignment that belongs to two or more lattices is assigned aweight only once. Otherwise, the

transformation would be a convolution operation in a strictsense.

3.3.4 Coarsening experiments for 3-SAT

We have performed a large number of the following experiments:

1. starting with a satisfying assignmentu, change a random one of its unconstrained variables

to ∗,

2. repeat until there are no unconstrained variables.

This coarsening procedure, is equivalent to taking a randompath fromu in G, by choosing at

each step a random outgoing edge. Any such path terminates atthe coreγV (u). It is interesting
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Figure 3.5.Evolution of the number of unconstrained variables in the coarsening process: start with a
satisfying assignment, change a random unconstrained variable to∗ and repeat. Plotted is the result of
an experiment forn = 100, 000, for random formulas withk = 3 andα = {2, 2.5, 3, 3.5, 4, 4.1, 4.2}.
In particular, core assignments are on thex-axis, and satisfying assignments are on they-axis.

to examine at each step of this process the number of unconstrained variables (equivalently, the

number of outgoing edges in the graphG). For 3-SAT problems, Figure 3.5 shows the results of

such experiments forn = 100, 000, and using different values ofα. The plotted curves are the

evolution of the number of unconstrained variables as the number of∗’s increases. We note that for

n = 100 andα close to the threshold, satisfying assignments often correspond to core assignments;

a similar observation was also made by Braunstein and Zecchina [BZ04]. In contrast, for largern,

this correspondence is rarely the case. Rather, the generated curves suggest thatγV (u) is almost

always the all-∗ assignment, and moreover that for high densityα, there is a critical level inGwhere

the out-degrees are very low. Increasingα results in failure of the algorithm itself, rather than in the

formation of real core assignments.

The fact that we do not observe core assignments fork = 3, and yet the algorithm is

successful, means that an alternative explanation is required. Accordingly, we propose studying the

behavior ofSP(ρ) for ρ ∈ (0, 1). Our experimental results, consistent with similar reports from

Kirkpatrick [Kir04], show thatSP(ρ) tends to be most effective in solvingk-SAT for values of

ρ < 1. If so, the good behavior ofSP(1) may well follow from the similarity ofSP(1) updates to

SP(ρ) updates forρ ≈ 1.



42

3.3.5 Related work fork-SAT with k ≥ 8

Interestingly, as mentioned earlier, fork ≥ 9 there are values forα < αc such that this

coarsening procedure provably results in a non-trivial core assignment with high probability, as

was proved by Achlioptas and Ricci-Tersenghi in [ART06]. Furthermore, fork ≥ 8 they prove

that there are an exponential number of components of solutions, such that assignments in different

components differ in a constant fraction of the variables. The existence of such components was

proved also by Mora, Mezard and Zecchina [MMZ05].

3.4 Future directions

As we described, associated with anyk-SAT problem is a large family of Markov random

fields over partial assignments, as specified by the parameter ρ (or more generally, the parame-

tersωo andω∗). Further analysis of survey propagation and its generalizations requires a deeper

understanding of the following two questions. First, for what parameter choices do the marginal

probabilities of the associated Markov random fieldyield useful informationabout the structure of

satisfiability assignments? Second, for what parameter choices do efficient message-passing algo-

rithms like belief propagationyield accurate approximationsto these marginal probabilities? Our

results show that the success of SP-like algorithms dependson a delicate balance between these two

factors. (For instance, the marginal probabilities of the uniform distribution over SAT assignments

clearly contain useful information, but belief propagation fails to yield good approximations for

sufficiently large clause densities.) More generally, these questions fall in a broader collection of

issues, all related to a deeper understanding of satisfiability problems and especially the relationship

between finite satisfiability problems and their asymptoticanalysis.
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Chapter 4

Towards bounding the satisfiability

threshold of 3-SAT

All of the known rigorous upper bounds for the satisfiabilitythreshold of 3-SAT are based

on the first moment method [KMPS94, DB97, KKKS98, JSV00, KKS+01, DBM03]. The corre-

sponding upper bounds in this sequence of results are: 4.758, 4.64, 4.601, 4.596, 4.571, 4.506. The

general method is to consider a random variableX equal to the number of satisfying assignments

of a particular kind. These satisfying assignments are suchthat at least one exists if the formula is

satisfiable. Showing that above a certain density in the random 3-SAT modelE[X] → 0 implies that

Pr[X = 0] goes to 1 and consequently the probability that the formula is unsatisfiable also goes to

1. For example [DB97] takesX to be the number ofnegatively prime solutions- these are solutions

for which every variable assigned 1 is constrained.

The Markov random fields defined in Chapter 3 provide a richer class of choices forX

that can be explored. In particular, the Weight Preservation Theorem (Theorem 10) implies that we

can chooseX to be the total weight of partial assignments, or the total weight of partial assignments

that can be reached from a satisfying assignment, or the total weight of partial assignments that can

be reached from positively prime solutions, etc. The intuition is that this idea may allow us to avoid

the overcouning due to formulas with a lot of solutions in a single cluster, by merging a large part

of the weight of such solutions.

Although we are not able to improve the current best upper bound for the threshold (which

is 4.51), we obtain the following partial result:

Theorem 11. For random instances of 3-SAT with density greater than4.46, with high probability
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there existsno satisfying assignment that has a non-trivial core.

In light of the results of [ART06], proving that assignmentswith trivial cores do not exist

with high probability appears to be a considerably easier task, and a promising direction for future

work.

In the next section we prove the Weight Preservation Theoremwhich is necessary for

the proof of Theorem 11. A more detailed discussion of the properties of lattices such as the ones

formed by the partial assignments is given in section 4.2. Section 4.3 is devoted to the proof of

Theorem 11.

4.1 Weight preservation theorem

Recall that the statement of the theorem is the following:

Weight Preservation Theorem: If ωo + ω∗ = 1, then
∑

y≤xW (y) = ω
n∗(x)
∗ for any

valid assignmentx. If ωo + ω∗ < 1, then
∑

y≤xW (y) ≥ (ω∗)n∗(x) for any valid assignmentx.

Proof. We start with the caseωo + ω∗ = 1. Let A denote the set of partial assignmentsz such

thatzj ∈ {xj , ∗} for all j ∈ V . We refer to these as the set of assignments consistent withx. Let

B = {y : y ≤ x} be the set of valid assignments that are reachable fromx. Notice that ally ∈ B

are valid and consistent withx, but not every valid assignment inA is reachable fromx. We will

let S∗(z) denote the set of variables assigned∗ both for valid and invalid assignmentsz.

We define a map between all assignments consistent withx and the set of reachable ones.

Let σ : A→ B be defined as

σ(z) := γS∗(z)(x).

Notice that ify ∈ B thenσ(y) = y. The map is, of course, many-to-one. We define what we later

show is the reverse map. Fory ∈ B let

τ(y) := {z ∈ A : S∗(z) = S∗(y) ∪ T, T ⊆ Sc(y)}.

Lemma 12. For anyy ∈ B andz ∈ A, z ∈ τ(y) if and only ifσ(z) = y.

Proof. Let z ∈ τ(y) so thatS∗(z) = S∗(y) ∪ T for someT ⊆ Sc(y). σ(z) = γS∗(z)(x) is the

minimal valid assignment such that the path fromx to it is labeled only by elements inS∗(z). We

will show thaty satisfies these properties, and therefore by proposition 6,y = σ(z). Any path

from x to y (which exists sincey ∈ B) is labeled byS∗(y)\S∗(x) ⊆ S∗(z). Furthermore, for
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Figure 4.1. The directed graphG and the mapσ for the formula(x1 ∨ x2 ∨ x3) ∧ (x̄2 ∨ x̄3 ∨ x4)
and the satisfying assignment(0, 0, 1, 0). The solid arrows denote edges inG and the dashed arrows
denoteσ.

everyi ∈ S∗(z), i /∈ So(y) so there is no outgoing edge fromy labeled by an element inS∗(z).

Thereforey is minimal.

Let y = σ(z) = γS∗(z)(x). By proposition 6 there is noi ∈ S∗(z) such thati ∈ So(y).

ThereforeS∗(z) ⊆ S∗(y)∪Sc(y). Further we have thatS∗(y) ⊆ S∗(z)∪S∗(x) = S∗(z), therefore

S∗(z) = S∗(y) ∪ T for someT ⊆ Sc(y). Hencez ∈ τ(y).

For a set of partial assignmentsX let W (X) =
∑

x∈X W (x). LetW ∅(z) = ω
n∗(z)
∗ ×

ω
n−n∗(z)
o , denote the weight of any partial assignment, if the formulahad no clauses. For such a

formula all partial assignments are valid. Observe that if we restrict our attention to the assignments

that are consistent withx,

W ∅(A) =
∑

z∈A

W ∅(z)

=
∑

S⊆V \S∗(x)

ω
|S∗(x)|+|S|
∗ × ωn−|S∗(x)|−|S|

o

= ω
|S∗(x)|
∗ × (ω∗ + ωo)

n−|S∗(x)|

= ω
n∗(x)
∗

We show that when clauses are added to the formula, the total weight underx is preserved

as long asx is still valid. In particular when an assignmentz that is consistent withx becomes

invalid, it passes its weight to an assignment that is still valid, namelyσ(z), which has fewer∗
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variables thanz.

W (y) = ω
n∗(y)
∗ × ωno(y)

o × 1nc(y)

= ω
n∗(y)
∗ × ωno(y)

o × (ω∗ + ωo)
nc(y) (4.1)

=
∑

T⊆Sc(y)

ω
n∗(y)+|T |
∗ × ωno(y)+nc(y)−|T |

o

=
∑

T⊆Sc(y)

W ∅(z : S∗(z) = S∗(y) ∪ T )

= W ∅({z : S∗(z) = S∗(y) ∪ T, T ⊆ Sc(y)})

= W ∅(τ(y)).

Finally, we have:

∑

y≤x

W (y) =
∑

y≤x

W ∅(τ(y)) = W ∅(A) = ω
n∗(x)
∗

where we used the fact that the setsτ(y) for y ∈ B partitionA by lemma 12.

The proof of the caseωo + ω∗ < 1 is similar except that equation (4.1) becomes an

inequality:

W (y) = ωno(y)
o × ω

n∗(y)
∗ × 1nc(y) ≥

∑

T⊆Sc(S)

W ∅(τ(y)).

When an assignmentz that is consistent withx becomes invalid, it passes more than its own weight

to σ(z).

4.2 Lattices of partial assignments

LetL denote a collection of subsets of a ground setP , i.e.L ⊆ 2P .

Definition 6. L is called alattice if for any two setsS1, S2 ∈ L there exists a unique infimum, and

a unique supremum ofS1 andS2 in L denoted byS1 ∧ S2 andS1 ∨ S2.

More explicitly, there exist setsS, S ∈ L, such thatS ⊇ S1, S2, S ⊆ S1, S2, and for any

S ⊇ S1, S2 it holds thatS ⊇ S, and similarly for anyS ⊆ S1, S2 it holds thatS ⊆ S.

Definition 7. A lattice isdistributiveif (S1∧S2)∨S3 = (S1∨S3)∧(S2∨S3) and(S1∨S2)∧S3 =

(S1 ∧ S3) ∨ (S2 ∨ S3).
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There are a number of equivalent definitions of distributivelattice. One property that is of

interest to us is that a distributive lattices can be thoughtof as the set of order ideals of a partially

ordered set.

Definition 8. For a partially ordered setP , a subsetS is anorder ideal if for every a, b ∈ P with

a ≤ b, it holds thatb ∈ S impliesa ∈ S.

It is a well known fact that the set of order ideals of a partially ordered set is a distributive

lattice, and that for every distributive lattice one can construct a partially ordered set that generates

this lattice.

4.2.1 Implication lattices

Just as distributive lattices can be generated as the idealsof a partial order on a setP , we

will show that the lattice of partial assignments consistent with a given satisfying assignment can be

generated by a generalized partial order.

Definition 9. An implication is a pair(S, a), whereS ⊂ P , a ∈ P\S.

An implication(S, a) should be thought of as a subsetS implying an elementa. We will

call |S| the order of the implication. A partial order in particular is a set of implications of order 1

that does not contain cycles.

Definition 10. LetI be a collection of implications onP . An implication idealof (P,I) is a subset

H ⊆ P such that for every(S, a) ∈ I, if S ⊆ H thena ∈ H.

Notice that the intersection of implication ideals is an implication ideal, whereas their

union may not be one. AlsoP is always an implication ideal. This implies that the set of implication

ideals is a lattice (see [Sta97]), and we will call it animplication lattice. We will show that any

collection of subsets ofP that containsP and is closed under intersection is the set of implication

ideals for some collection of implications. Therefore implication lattices are equivalent to what is

known in the literature as analignment.

Theorem 13. For any collectionH of subsets ofP that satisfies (1)P ∈ H; and (2)H is closed

under intersection; we can construct a collection of implicationsI on P , so thatH is the set of

implication ideals on(P,I).
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Proof. We start withI being the complete set of implications onP . For everyS ∈ H remove from

I all implications(F, a), whereF ⊆ S anda /∈ S. We claim thatH is the set of implication ideals

of the resulting collection of implicationsI.

It is immediate by the construction that everyS ∈ H is an implication ideal. It remains to

show that there are no other implication ideals. SupposeD ⊂ P is an ideal forI. That means that

all implications(F, a) with F ⊆ D anda /∈ D have been removed. In particular(D,a) has been

removed for alla /∈ D. This implies that for everya /∈ D there existsSa ∈ H such thatD ⊆ Sa

anda /∈ Sa. Since an implication lattice is closed under intersection, the intersection of all suchSa

is in H. However their intersection is exactlyD, soD ∈ H.

The set of implications constructed above is the maximal setof implications that generates

H. It would be interesting to characterize the class of implication lattices that can be generated by

implications of particular order. In the case of order-1 implications the resulting implication lattice

is a distributive lattice, even when the order contains cycles.

4.2.2 Balanced lattices

Definition 11. Let L be a collection of subsets of a non-empty setP . We will say that an element

a ∈ P is removablein a setS ∈ L if the setS\{a} is also in the collectionL. We denote the set of

removable elements ofS byU(S) and the non-removable byC(S).

Definition 12. We will say that a setS is accessiblefrom P if there is a sequence of elements

a1, . . . , ar ∈ P such thatP\S = {a1, . . . , ar} andP\{a1, a2, . . . , ai} ∈ L for everyi = 1, . . . , r.

Definition 13. A balancedlattice is an implication latticeL on P such that every setS ∈ L is

accessible fromP .

Theorem 14. LetL ⊆ 2P be a collection of subsets of a non-empty setP . The following statements

are equivalent:

1. L is an implication lattice in which every setS ∈ L is accessible fromP .

2. The intervals(U(S), S) for S ∈ L partition the boolean lattice2P , i.e. for everyD ⊆ P

there is a uniqueS ∈ L such thatU(S) ⊆ D ⊆ S.

3. For any field and any set of values(ta : a ∈ P ) in the field:

∑

S∈L

∏

a∈U(S)

ta ×
∏

a/∈S

(1 − ta) = 1 (4.2)
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Proof. 1. implies 2. Consider any subsetD ⊆ P . It suffices to show that there is a unique set

S ∈ L, S ≤ P such thatU(S) ⊆ D ⊆ S. To find such anS we start withP and remove removable

elements fromP\D until there are none left. The setS we reach this way may not be unique,

since it may depend on the order in which we remove the elements. However it certainly satisfies

U(S) ⊆ D ⊆ S ≤ P . To show that it is unique, suppose there are two such setsT andS. Let

their corresponding sequences of order ideals beP = T0 ⊂ T1 ⊂ T2 ⊂ . . . ⊂ Tk = T and

P = S0 ⊂ S1 ⊂ S2 ⊂ . . . ⊂ Sk = S. Let i be the smallest index for whichT 6⊂ Si, anda is

the unique element inSi−1 − Si. a is removable inSi−1, and sincea /∈ D, a is not removable in

T . Sincea is not removable inT there must exist an implication(F, a) for someF ⊆ T . However,

sinceT ⊆ Si−1 this implication would mean thata is not removable inSi−1 either. This is a

contradiction.

2. implies 1.By Theorem 13 it suffices to show thatP in L, thatL is closed under intersection, and

that everyS ∈ L is accessible fromP .

We define the mapφ : 2P → L, as follows: for everyD ∈⊆ P , let φ(D) be the unique

elementS ∈ L such thatU(S) ⊆ D ⊆ S.

The first condition obviously holds, becauseφ(P ) = P is in L. Next we show that every

setS ∈ L is accessible from any supersetT ⊇ S that also belongs toL. It suffices to prove that

there exists an elementa ∈ T\S that is removable inT . Suppose no element inT\S is removable

in S. Thenφ(S) could be eitherS or T since both satisfy the conditions of the map. Since the map

is unique, we have reached a contradiction.

Finally, we need to prove thatL is closed under intersection. We need a simple lemma:

Lemma 15. If an elementa ∈ S ∈ L is removable inS then it is removable in everyT ∈ L, for

whicha ∈ T ⊂ S.

Proof. It suffices to prove the statement for|T | = |S| − 1. Let b ∈ P be the element ofS that is

not inT , i.e.T = S\{b}. Sincea is removable inS, the setQ = S\{a} is inL. Now, supposea is

not removable inT . Then the setS\{a, b} /∈ L, and it can map both toS\{a} andS\{b}. This is a

contradiction by the uniqueness ofφ.

For anyM ∈ L, andD ⊆ M let φM (D) denote the minimal set inL reachable fromM

by removing elements fromM\D sequentially, going only through sets inL in the process.φM (D)

is well-defined because the order of removing the elements does not matter. Suppose there were two

such minimal setsS andT . Without loss of generalityT\S 6= ∅. Let their corresponding sequences
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of sets inL beM = T0 ⊂ T1 ⊂ T2 ⊂ . . . ⊂ Tk = T andM = S0 ⊂ S1 ⊂ S2 ⊂ . . . ⊂ Sk = S.

Let i be the smallest index for whichT 6⊆ Si, anda is the unique element inSi−1−Si. Clearly,a is

removable inSi−1. SinceT ⊆ Si−1 by lemma 15a is removable inT . However this contradicts the

fact thatT is a minimal set, becausea /∈ D. ThereforeφS(D) is well defined. Notice thatφS(D)

satisfiesU(φS(D)) ⊆ D ⊆ φS(D), thereforeφS(D) = φ(D) for everyS ∈ L andD ⊆ S.

Since any set that is both subset ofS1 andS2 is contained inS1 ∩ S2, in order to prove

thatS1 ∧ S2 = S1 ∩ S2 it suffices to prove thatS1 ∩ S2 ∈ L. Let’s denote byS: φ(S1 ∩ S2) =

φS1(S1 ∩S2) = φS2(S1 ∩S2) = S ∈ L. The first definition forS impliesS ⊃ S1 ∩S2, the second

impliesS ⊆ S1, and the thirdS ⊆ S2. Thus the only possible value forS isS = S1∩S2. Therefore

S1 ∩ S2 ∈ L.

2. implies 3.Let ta = 1 − ta. Observe that

∑

D⊆P

∏

a∈D

ta
∏

a6∈D

ta =
∏

a∈P

(ta + ta) = 1

Since for everyD there is a uniqueS such thatU(S) ⊆ D ⊆ S, it suffices to prove that for every

S ∈ L:
∏

a∈U(S)

ta ×
∏

a/∈S

ta =
∑

D : U(S)⊆D⊆S

∏

a∈D

ta
∏

a6∈D

ta

This is easily seen to be true because:

∑

D : U(S)⊆D⊆S

∏

a∈D

ta
∏

a6∈D

ta =
∏

a∈U(S)

ta
∏

a6∈S

ta
∑

R⊆C(S)

∏

a∈R

ta
∏

a∈C(S)\R
ta

=
∏

a∈U(S)

ta
∏

a6∈S

ta
∏

a∈C(S)

(ta + ta)

=
∏

a∈U(S)

ta
∏

a6∈S

ta

3. implies 2. Consider any setD ⊆ P , and setta = 1 if a ∈ D and0 otherwise. The equality

becomes:

1 =
∑

S∈L

∏

a∈U(S)

ta ×
∏

a/∈S

ta

=
∑

S∈L : U(S)⊆D⊆S

1

Therefore there is exactly one setS ∈ L for whichU(S) ⊆ D ⊆ S.
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4.3 Bound on the threshold for solutions with cores

We will prove that for density above4.46 with high probability there are no covers that

can be extended to satisfying assignments. We do this in three steps. Let thesizeof the cover be

the number of variables assigned 0 or 1 value. First we show that covers with sub-linear size do

not exist with high probability. Next we show that covers of linear size either≤ 0.25n or ≥ 0.7n

do not exist with high probability. Finally we show that covers that can be extended to satisfying

assignments (i.e. cores) of size in the intermediate range from 0.25n to 0.7n do not exist with high

probability.

4.3.1 Typical size of covers

The following lemma establishes that covers and consequently cores, if they exist, with

high probability have at least a certain linear fractionc(α, k) of the variables assigned0 or 1 value.

Lemma 16. Let φ be a randomk-sat formula withm = αn clauses wherek ≥ 3. Then for all

positive integersC it holds that

Pr[ φ has a cover withC clauses] ≤

(
e2αCk−2

nk−2

)C

, (4.3)

Consequently, if we definec(α, k) := (αe2)−1/(k−2), then with probability tending to one asn →

+∞, there are no covers of size strictly less thanc(α, k)n.

Proof. Suppose that the formulaφ has a cover withC clauses. Note that the variables in these

clauses all lie in some set of at mostC variables. Thus the probability that a cover withC clauses

exists is bounded by the probability that there is a set ofC clauses whose variables lie in some set

of size≤ C. This probability is bounded by

(
m

C

)(
n

C

)(
C

n

)Ck

,

which can be upper bounded by

(em
C

)C (en
C

)C
(
C

n

)Ck

=

(
e2αCk−2

nk−2

)C

,

as needed.

In particular fork = 3, covers have size at least1
α×e2n.
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4.3.2 Ruling out small covers and large covers

We prove that a random formula with densityα ≥ 4.46 does not have covers of size

≤ 0.25n or of size≥ 0.7n with high probability.

Lemma 17. The functionf is defined as follows:

f(a, r, α) = ln
2a

aa(1 − a)1−a
+

a

er − 1
((er(1 − r) − 1) ln(er − 1) + (r − 1)rer)

+ α ln

((
3a3

8d

)d(
4 − a2(3 − a)

4(1 − d)

)1−d
)
,

whered denotes rera
(er−1)α .

If a ∈ [0, 1] andα > 0 are such that for everyr > 0 with rera
(er−1)α ≤ 1, it holds that

f(a, r, α) < 0 , then with high probability random 3-SAT formulas of densityα do not have covers

of sizean.

Proof. For anys ∈ {0, 1, . . . , n}, letXs denote the number of cover assignmentsσ of sizes.

E[Xs] = E




∑

σ∈{0,1,∗}n

Ind [σ is valid ∩ (n∗(σ) = n− s) ∩ (no(σ) = 0)]





=
∑

σ∈{0,1,∗}n:n∗(σ)=n−s

Pr[σ is valid ∩ (no(σ) = 0)]

=

(
n

s

)
2s Pr[σ = (0s ∗n−s) is valid andx1, . . . , xs are constrained]

In order to claim that covers of sizean do not exist at some densityα it suffices to show

that limn→∞ 1
n ln E[Xs] ≤ 0. Let a = s/n. We denote byP the probability thatσ = (0s ∗n−s)

is valid and all of its assigned variables are constrained.P is equivalent to the probability of the

following event in an experiment withm = αn balls thrown uniformly and independently at random

into 23
(n
3

)
bins. There are 3 kinds of bins:

1. Bins of type 1 should be empty. These are the clauses that are not allowed:

• (xi1 ∨ xi2 ∨ xi3), with i1, i2, i3 ∈ {1, 2, . . . , s},

• (xi1 ∨ xi2 ∨ x̄j), with i1, i2 ∈ {1, 2, . . . , s} andj > s,

• (xi1 ∨ xi2 ∨ xj), with i1, i2 ∈ {1, 2, . . . , s} andj > s,
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The total number of these is
(
s

3

)
+ 2(n − s)

(
s

2

)
= n3

(
a3

6
+ a2(1 − a)

)
+ o(n3).

2. Bins of type 2 correspond to constraining clauses:(xi1∨xi2∨x̄t), with i1, i2, t ∈ {1, 2, . . . , s}.

For each variablext there are
(s−1

2

)
= n2 a2

2 + o(n2) clauses that could constrain it. Equiva-

lently, there has to be at least one ball in one of those bins for everyxt with t ∈ {1, 2, . . . , s}.

3. There are no constraints for the remaining bins of type 3. Their total number is:

23

(
n

3

)
− n3

(
a3

6
+ a2(1 − a)

)
− n3 a

3

2
+ o(n3)

=
n3

3
(4 − a2(3 − a)) + o(n3)

Supposem′ = dm of the clauses we choose are of type 2, and the remainingm−m′ are

of type 3. The probability of this event is:

pm′ =

(
m

m′

)(
3 a3

8
+ o(1)

)m′ (
1 −

a2 (3 − a)

4
+ o(1)

)m−m′

.

The probability that them′ clauses of type 2 are such that there is one of each kind,

is the same as the coupon collectors probability of success,with s = an different coupons, and

m′ = (dα)n trials. We will use the following general fact [Chv91]: Letq(cN,N) denote the

probability of collectingN coupons withincN trials. If c < 1, q(cN,N) = 0. Otherwise, asN

goes to infinityq(cN,N), grows likeg(c)N , whereg(c) = (er0 − 1)
(

c
er0

)c
, andr0 is the solution

of rer

er−1 = c. More precisely,limN→∞ 1
N ln q(cN,N) = ln g(c).

P =
∑

m′

(
m

m′

)(
3 a3

8
+ o(1)

)m′ (
1 −

a2 (6 − 2a)

8
+ o(1)

)m−m′

q(m′, an)

≤ m max
m′

{(
m

m′

)(
3 a3

8
+ o(1)

)m′ (
1 −

a2 (3 − a)

4
+ o(1)

)m−m′

q(m′, an)

}

Finally,

E[Xs] ≤

(
n

an

)
2an max

m′

{(m
m′

)(
3 a3

8 + o(1)
)m′ (

1 − a2 (3−a)
4 + o(1)

)m−m′

q(m′, an)

}
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Figure 4.2. (a) The value ofmaxd f(a, d, 4.46).
(b) The(a, d) pairs for whichf(a, d, 4.46) > −0.001.

lim
n→∞

1

n
ln E[Xs] ≤ ln

(
2a

aa(1 − a)1−a

)

+ max
d∈[0,1]





α ln

(
3 a3

8

)d (
1 − a2 (3−a)

4

)1−d

dd (1 − d)1−d
+ a ln g

(
dα

a

)





= max
d∈[0,1]

f(a, r, α)

To show thatlimn→∞ 1
n ln E[Xs] ≤ 0 it suffices to show thatf(a, r, α) < 0 for everyr

such thatd ∈ [0, 1].

Figure 4.2 shows the value of the functionf for α = 4.46 for everya ∈ (0, 1), maximized

overd. The maximum here has been estimated by taking the maximum value of the function for

r = 0, 0.001, 0.002, . . . , such thatd ≤ 1. The function is negative fora ∈ (0, 0.25] and for

a ∈ [0.7, 1].

4.3.3 Ruling out cores of intermediate size

We prove that a random formula of densityα > 4.46 does not have cores of size between

0.25n and0.7n with high probability.
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Lemma 18. The functionsh andg are defined as follows:

h(a, r, α, ρ, b) = ln
(1 − a)1−a 2b ρ1−a−b

bb (1 − a− b)1−a−b

−
α (1 − d) b (b(6 − 5b− 3a) + 12(1 − a− b)a)

2(4 − a2(3 − a))

+ b ln

(
1 − ρe

− 3α(1−d)b(b+2a)

2(4−a2(3−a))

)

g(a, r, α) = f(a, r, α) + min
ρ∈[0,1]

max
b∈[0,1−a]

h(a, r, α, ρ, b).

If a ∈ [0, 1] andα > 0 are such that for everyr > 0 with rera
(er−1)α ≤ 1, it holds that

g(a, r, α) < 0 , then with high probability random 3-SAT formulas of densityα do not have cores

of sizean.

Proof. Let Ys denote the number of covers of sizes = an that can be extended to satisfying

assignments. We will show that fors in the range from0.25n to 0.7n, E[Ys] goes to 0 exponentially

fast. It will be convenient to denote byϕσ(xS∗(σ)) the formula that is obtained by substituting the

variables that have0/1 assignments inσ.

E[Ys] =
∑

σ∈{0,1,∗}n:n∗(σ)=n−s

Pr[σ is valid ∩ (no(σ) = 0) ∩ ϕσ(xS∗(σ)) is satisfiable]

=

(
n

s

)
2s Pr[σ = (0s ∗n−s) is valid ∩ (no(σ) = 0) ∩ ϕσ(xS∗(σ)) is satisfiable]

=

(
n

s

)
2s ×

m∑

m′=an

pm′ q(m′, s)

× Pr[ ϕσ(xs+1, . . . , xn) is satisfiable|m−m′ clauses of type 3].

We will bound this probability using the Poisson approximation. There are two related

random models. In the first model, that we call theexact model, (m − m′) clauses are chosen

uniformly at random without replacement from allM = n3(4 − a2(3 − a))/3 + o(n3) clauses of

type 3. In the second model, which we call thePoisson model, each of theM clauses is included in

the formula with probabilityp = (m −m′)/M = 3α(1−d)
n2(4−a2(3−a)) + ω

(
1
n2

)
. The expected number

of clauses in both models is the same, namely(m −m′). Let Pp denote probability in the Poisson

model, andPm denote probability in the exact model. LetJ be a random variable for the number of
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clauses included in the formula in the Poisson model.

Pp[ ϕσ(xs+1, . . . , xn) is satisfiable] =
M∑

i=0

Pp[J = i] × Pi[ ϕσ(xs+1, . . . , xn) is sat.]

≥
m∑

i=0

Pp[J = i] × Pi[ ϕσ(xs+1, . . . , xn) is sat.]

Since the probability of the event decreases asm increases, andPp[J ≤ m] ≥ 1/2, we get that:

Pp[ ϕσ(xs+1, . . . , xn) is satisfiable] ≥
m∑

i=0

Pp[J = i] × Pi[ ϕσ(xs+1, . . . , xn) is sat.]

≥ Pm[ ϕσ(xs+1, . . . , xn) is sat.] ×
m∑

i=0

Pp[J = i]

≥ Pm[ ϕσ(xs+1, . . . , xn) is satisfiable] ×
1

2

Thus, it suffices to boundPp[ ϕσ(xs+1, . . . , xn) is satisfiable]. Any of the first moment techniques

for bounding the satisfiability threshold would result in a bound for this probability too. We obtain

the strongest result using a novel idea of applying the first moment method to the MRF on partial

assignments.

Lemma 19. In the Poisson model with parametersn, m = αn, m′ = dm, s = an and for

σ = (0s ∗n−s), andr such thatd = rera
(er−1)α ,

lim
n→∞

1

n
ln Pp[ ϕσ(xs+1, . . . , xn) is satisfiable] ≤ min

ρ∈[0,1]
max

b∈[0,1−a]
h(a, r, α, ρ, b).

Proof. By the weight preservation theorem the probability of satisfiability is bounded from above

by the expected value of the partition function for any valueof ρ. We bound this expectation.

For anyt ∈ {0, 1, . . . , n− s} letZt denote the sum of the weights of valid assignmentsτ

for ϕσ(xs+1, . . . , xn) such thatn∗(τ) = 1 − s− t. Then

E[Z] =

n−s∑

t=0

E[Zt] ≤ n max
t∈{0,1,...,n−s}

E[Zt].
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E[Zt] =

t∑

u=0

ρ1−s−t(1 − ρ)u
∑

τ∈{0,1,∗}n−s

Pr [τ is valid ∩ (n∗(τ) = 1 − s− t) ∩ (no(τ) = u)]

= ρn−s−t
t∑

u=0

(1 − ρ)u
∑

τ∈{0,1,∗}n−s : n∗(τ)=1−s−t

Pr[τ is valid∩ (no(τ) = u)]

= ρn−s−t
t∑

u=0

(1 − ρ)u
(
n− s

t

) (
t

u

)
2t

Pr[τ = (0t ∗n−s−t) is valid andxs+1, . . . , xs+u are unconstrained]

Next we derive the probability that the assignment(xs+1, xs+2, . . . , xn) = (0t ∗n−s−t) is

valid and the firstu variables are unconstrained. This is equivalent to the probability that there are

no clauses of the following kinds:

• (xi1 ∨ xi2 ∨ xi3), with i1 ∈ {1, 2, . . . , s+ t}, i2, i3 ∈ {s+ 1, s + 2, . . . , s+ t},

• (xi1 ∨ xi2 ∨ x̄j), with i1 ∈ {1, 2, . . . , s+ t}, i2 ∈ {s+ 1, s + 2, . . . , s+ t} andj > s+ t,

• (xi1 ∨ xi2 ∨ xj), with i1 ∈ {1, 2, . . . , s+ t}, i2 ∈ {s+ 1, s + 2, . . . , s+ t} andj > s+ t,

• (xi1 ∨ xi2 ∨ x̄j), with i1 ∈ {1, 2, . . . , s + t}, i2 ∈ {s + 1, s + 2, . . . , s + t} and j ∈

{s + 1, . . . , s+ u},

and for everyj ∈ {s + u + 1, . . . , s + t}, the formula contains a clause(xi1 ∨ xi2 ∨ x̄j), with

i1 ∈ {1, 2, . . . , s+ t}, i2 ∈ {s+ 1, . . . , s+ t}. In the Poisson model all clauses are independent, so

it is easy to put these events together to obtain:

P = Pr[τ = (0t ∗n−s−t) is valid andxs+1, . . . , xs+u are unconstrained]

= (1 − p)(
t
3) + s(t

2) + 2(n−s−t)((t
2) + st) + u((t

2)+st) ×
(
1 − (1 − p)(

t
2)+st

)t−u
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The expression for the expectation can be simplified:

E[Zt] = ρn−s−t

(
n− s

t

)
2t

t∑

u=0

(1 − ρ)u
(
t

u

)
P

= ρn−s−t

(
n− s

t

)
2t (1 − p)(

t

3) + s(t

2) + 2(n−s−t)((t

2) + st)

×
t∑

u=0

(
t

u

)
(1 − ρ)u (1 − p)u((

t
2)+st) ×

(
1 − (1 − p)(

t
2)+st

)t−u

= ρn−s−t

(
n− s

t

)
2t (1 − p)(

t
3) + s(t

2) + 2(n−s−t)((t
2) + st)

×
(
(1 − ρ)(1 − p)(

t

2)+st +
(
1 − (1 − p)(

t

2)+st
))t

= ρn−s−t

(
n− s

t

)
2t (1 − p)(

t

2)(6n−5t−3s−2)/3+2(n−s−t)st
(
1 − ρ(1 − p)(

t

2)+st
)t

Let t = bn, and recall thats = an, p = 3α(1−d)
n2(4−a2(3−a))

+ 1
o(n2)

.

lim
n→∞

1

n
ln E[Zt] = ln

(1 − a)1−a 2b ρ1−a−b

bb (1 − a− b)1−a−b

−
α (1 − d) b (b(6 − 5b− 3a) + 12(1 − a− b)a)

2(4 − a2(3 − a))

+ b ln

(
1 − ρe

− 3α(1−d)b(b+2a)

2(4−a2(3−a))

)

= h(a, r, α, ρ, b)

Substituting the bound of Lemma 19 into the expression for the expectation yields:

lim
n→∞

1

n
E[Ys] ≤ g(a, r, α).

Figure 4.3 shows the value ofg for α = 4.46 in the region of values fora andd where

maxb∈[0,1−a] f(a, r, 4.46, ρ, b) ≥ −0.001 (for all ρ). This value is always negative, therefore with

high probability there are no cores of sizes.
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Figure 4.3: (a) The value ofg(a, d, 4.46).
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Chapter 5

The connectivity of Boolean

satisfiability: computational and

structural dichotomies

This chapter is dedicated to a study of the connectivity properties of the space of solutions

of general Boolean constraint satisfaction problems. Recall that the solutions of a givenn-variable

Boolean formulaϕ induce a subgraphG(ϕ) of the n-dimensional hypercube. While there has

been an intensive study of the structure of the solution space of Boolean satisfiability problems for

random instances, this work seems to be the first to explore this issue from a worst-case viewpoint.

Recall the definitions of Boolean CSPs and Schaefer’s dichotomy theorem given in Chap-

ter 2. We find that with respect to the connectivity properties of the solution graphs there are again

two kinds of Boolean satisfiability problems. On one hand we find tight sets of relations which

have “good” structural properties. On the other hand we findnon-tightsets of relations which can

express any solution graph. Surprisingly, the boundary between these two classes differs from the

boundary in Schaefer’s dichotomy.

The core of Schaefer’s theorem is an expressibility result which asserts that every Boolean

constraint satisfaction formula can be obtained as a projection over a formula built from clauses from

any “hard” set of relations (i.e. a set in which at least one relation is not bijunctive, at least one is

not Horn, at least one is not dual Horn, and at least one is not affine). The crux of our results is an

expressibility theorem which we refer to as the Faithful Expressibility Theorem. It says that for any

Boolean constraint satisfaction formula with a solution graphG, we can construct a formula using
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any non-tight set of relations, such that its solution graphis isomorphic toG after certain adjacent

vertices are merged. An example of the difference between a faithful and an unfaithful expression

is shown in Figure 5.1.

As a consequence of the Faithful Expressibility Theorem we obtain three dichotomy

results. The first is a dichotomy theorem for thest-connectivity problem. We show thatst-

connectivity is solvable in linear time for formulas built from tight relations, and PSPACE-complete

in all other cases. The second is a dichotomy theorem for the connectivity problem: it is in coNP for

formulas built from tight relations, and PSPACE-complete in all other cases. Third, in addition to

the two complexity-theoretic dichotomies, we establish a structural dichotomy theorem for the di-

ameter of the connected components of the solution space of Boolean formulas. This result asserts

that, in the PSPACE-complete cases, the diameter of the connected components can be exponential,

but in all other cases it is linear.

To prove PSPACE-completeness we show that both connectivity andst-connectivity are

hard for 3-CNF formulas; this is proved by a reduction from a generic PSPACE computation. This

fact together with the Faithful Expressibility Theorem implies PSPACE-completeness for all other

non-tight sets of relations.

In the case of tight sets of relation, we show that every component has a unique minimum

element, or every component has a unique maximum element, orthe Hamming distance coincides

with the shortest-path distance in the relation. These properties are inherited by every formula built

from a tight set of relations, and yield both small diameter and linear algorithms forst-connectivity.

An intriguing byproduct of our work is that we have identifieda broad class of NP-

complete satisfiability problems - those built from tight relations - that have simple structural prop-

erties, such as linear diameter. It would be interesting to investigate if these properties make random

instances built from tight relations easier for Walk-SAT and similar heuristics, and if so, whether

such heuristics are amenable to rigorous analysis.

In the next section we will introduce the main concepts precisely, and state our results.

We will give the proofs for the two sides of the dichotomy separately, in Sections 5.2 and 5.3

respectively. Finally, we will discuss a few open questionsand conjectures in Section 5.4.

5.1 Statements of connectivity theorems

Recall that ifϕ is a CNF(S)-formula withn variables, thenG(ϕ) denotes the subgraph

of then-dimensional hypercube induced by the solutions ofϕ. Thus, the vertices ofG(ϕ) are the
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Figure 5.1.Expressing the relation(x1 ∨ x2 ∨ x3) using NOT-ALL -EQUAL relations.
(a) The graph of(x1 ∨ x2 ∨ x3);
(b) The graph of a faithful expression:ϕ(x, y1, y2) = RNAE(x1, x2, y1) ∧ RNAE(x2, x3, y2) ∧
RNAE(y1, y2, 1).
(c) The graph of an unfaithful expression:ϕ(x, y1) = RNAE(x1, x2, y1) ∧ RNAE(ȳ1, x3, 0) ∧
RNAE(y1, x2, 1).
In both cases(x1 ∨ x2 ∨ x3) = ∃y ϕ(x,y), but only in the first case the connectivity is preserved.
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solutions ofϕ, and there is an edge between two solutions ofG(ϕ) precisely when they differ in a

single variable.

We consider the following two algorithmic problems for CNF(S)-formulas.

1. Theconnectivityproblem CONN(S): given a CNF(S)-formulaϕ, isG(ϕ) connected?

2. Thest-connectivityproblemST-CONN(S): given a CNF(S)-formulaϕ and two solutionss

andt of ϕ, is there a path froms to t in G(ϕ)?

To pinpoint the computational complexity ofST-CONN(S) and CONN(S), we need to

introduce certain new types of relations.

Definition 14. LetR ⊆ {0, 1}k be a logical relation.

1. R is componentwise bijunctiveif every connected component ofG(R) is bijunctive.

2. R is OR-free if the relationOR = {01, 10, 11} cannot be obtained fromR by settingk − 2

of the coordinates ofR to a constantc ∈ {0, 1}k−2. In other words,R is OR-free if(x1 ∨x2)

is not definable fromR by fixing k − 2 variables.

3. R is NAND-free if (x̄1 ∨ x̄2) is not definable fromR by fixing k − 2 variables.

The next lemma follows from the closure properties of bijunctive, Horn, and dual Horn

relations.

Lemma 20. LetR be a logical relation.

1. If R is bijunctive, thenR is componentwise bijunctive.

2. If R is Horn, thenR is OR-free.

3. If R is dual Horn, thenR is NAND-free.

4. If R is affine, thenR is componentwise bijunctive,OR-free, andNAND-free.

These containments are proper. For instance,R1/3 = {100, 010, 001} is componentwise

bijunctive, but not bijunctive asmaj(100, 010, 001) = 000 6∈ R1/3.

We are now ready to introduce the key concept of atight set of relations.

Definition 15. A setS of logical relations istight if at least one of the following three conditions

holds:
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1. Every relation inS is componentwise bijunctive;

2. Every relation inS is OR-free;

3. Every relation inS is NAND-free.

In view of Lemma 20, ifS is Schaefer, then it is tight. The converse, however, does not

hold. It is also easy to see that there is a polynomial-time algorithm for testing whether a given finite

setS of logical relations is tight.

Schaefer’s dichotomy theorem is a corollary of a stronger result known as the express-

ibility theorem. Similarly, the crux of our results is ourfaithful expressibility theorem. Its exact

meaning will be explained in section 5.3, where the notion offaithful expressibility is defined pre-

cisely.

Theorem 21. (Faithful Expressibility Theorem)LetS be a set of relations that is not tight. Every

relation is faithfully expressible fromS.

Using the faithful expressibility theorem, we obtain two dichotomy theorems regarding

the computational complexity of CONN(S) andST-CONN(S).

Theorem 22. Let S be a finite set of logical relations. IfS is tight, thenCONN(S) is in coNP;

otherwise, it isPSPACE-complete.

Theorem 23. Let S be a finite set of logical relations. IfS is tight, thenST-CONN(S) is in P;

otherwise,ST-CONN(S) is PSPACE-complete.

We also show that ifS is tight, but not Schaefer, then CONN(S) is coNP-complete.

The dichotomy in the computational complexity of CONN(S) and ST-CONN(S) is ac-

companied by a parallel structural dichotomy in the size of the diameter ofG(ϕ) (where, for a

CNF(S)-formulaϕ, thediameter ofG(ϕ) is the maximum of the diameters of the components of

G(ϕ)).

Theorem 24. LetS be a finite set of logical relations. IfS is tight, then for everyCNF(S)-formula

ϕ, the diameter ofG(ϕ) is linear in the number of variables ofϕ; otherwise, there areCNF(S)-

formulasϕ such that the diameter ofG(ϕ) is exponential in the number of variables ofϕ.

Our results and their comparison to Schaefer’s Dichotomy Theorem are summarized in

Table 5.1.
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S SAT(S) ST-CONN(S) CONN(S) Diameter
Schaefer P P coNP O(n)
Tight, non-Schaefer NP-complete P coNP-complete O(n)

Non-tight NP-complete PSPACE-complete PSPACE-complete 2Ω(
√

n)

Table 5.1: Structural and computational dichotomy results

As an example, the setS = {R1/3}, whereR1/3 = {100, 010, 001}, is tight, but not

Schaefer. It follows that SAT(S) is NP-complete (recall that this problem is POSITIVE 1-IN-3

SAT), ST-CONN(S) is in P, and CONN(S) is coNP-complete. Consider also the setS = {RNAE},

whereRNAE = {0, 1}3 \{000, 111}. This set is not tight, hence SAT(S) is NP-complete (this prob-

lem is POSITIVE NOT-ALL -EQUAL 3-SAT), while bothST-CONN(S) and CONN(S) are PSPACE-

complete.

We conjecture that ifS is Schaefer, then CONN(S) is in P. If this conjecture is true, it will

follow that the complexity of CONN(S) exhibits atrichotomy: if S is Schaefer, then CONN(S) is in

P; if S is tight, but not Schaefer, then CONN(S) is coNP-complete; ifS is not tight, then CONN(S)

is PSPACE-complete.

5.2 The easy case of the dichotomy: tight sets of relations

In this section, we explore some structural properties for the solution graphs of tight sets

of relations. These properties provide simple algorithms for CONN(S) andST-CONN(S) for tight

setsS, and also guarantee that for such sets, the diameter ofG(ϕ) of CNF(S)-formulaϕ is linear.

We will usea,b, . . . to denote Boolean vectors, andx andy to denote vectors of vari-

ables. We write|a| to denote the Hamming weight (number of1’s) of a Boolean vectora. Given

two Boolean vectorsa andb, we write|a − b| to denote the Hamming distance betweena andb.

Finally, if a andb are solutions of a Boolean formulaϕ and lie in the same component ofG(ϕ),

then we writedϕ(a,b) to denote the shortest-path distance betweena andb in G(ϕ).

5.2.1 Componentwise bijunctive sets of relations

Lemma 25. Let S be a set of componentwise bijunctive relations andϕ a CNF(S)-formula. Ifa

andb are two solutions ofϕ that lie in the same component ofG(ϕ), thendϕ(a,b) = |a − b|.

Proof. Consider first the special case in which every relation inS is bijunctive. In this case,ϕ is

equivalent to a 2-CNF formula and so the space of solutions ofϕ is closed under majority. We show
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that there is a path inG(ϕ) from a to b, such that along the path only the assignments on variables

with indices from the setD = {i : ai 6= bi} change. This implies that the shortest path is of length

|D| by induction on|D|. Consider any patha → u1 → · · · → ur → b in G(ϕ). We construct

another path by replacingui by vi = maj (a,ui,b) for i = 1, . . . , r, and removing repetitions.

This is a path because for anyi vi andvi+1 differ in at most one variable. Furthermore,vi agrees

with a andb for every i for which ai = bi. Therefore, along this path only variables inD are

flipped.

For the general case, we show that every componentF of G(ϕ) is the solution space of a

2-CNF formulaϕ′.

Let F be the component ofG(ϕ) which containsa and b. Let R ∈ S be a relation

with two components,R1, R2 each of which are bijunctive. Consider a clause inϕ of the form

R(x1, . . . , xk). The projection ofF ontox1, . . . , xk is itself connected and must satisfyR. Hence

it lies within one of the two componentsR1, R2, assume it isR1. We replaceR(x1, . . . , xk) by

R1(x1, . . . , xk). Call this new formulaϕ1. G(ϕ1) consists of all components ofG(ϕ) whose

projection onx1, . . . , xk lies in R1. We repeat this for every clause. Finally we are left with a

formulaϕ′ over a set of bijunctive relations. Henceϕ′ is bijunctive andG(ϕ′) is a component of

G(ϕ). So the claim follows from the bijunctive case.

Corollary 26. LetS be a set of componentwise bijunctive relations. Then

1. For everyϕ ∈ CNF(S) withn variables, the diameter of each component ofG(ϕ) is bounded

byn.

2. ST-CONN(S) is in P.

3. CONN(S) is in coNP.

Proof. The bound on diameter is an immediate consequence of Lemma 25.

The following algorithm solvesST-CONN(S) given verticess, t ∈ G(ϕ). Start with

u = s. At each step, find a variablexi so thatui 6= ti and flip it, until we reacht. If at any stage no

such variable exists, then declare thats andt are not connected. If thes andt are disconnected, the

algorithm is bound to fail. So assume that they are connected. Correctness is proved by induction

ond = |s−t|. It is clear that the algorithm works whend = 1. Assume that the algorithm works for

d− 1. If s andt are connected and are distanced apart, Lemma 25 implies there is a path of length

d between them inG(ϕ). In particular, the algorithm will find a variablexi to flip. The resulting

assignment is at distanced− 1 from t, so now we proceed by induction.
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Next we prove that CONN(S) ∈ coNP. A short certificate of disconnectivity is a pair

of assignmentss and t which are solutions from different components. To verify that they are

disconnected it suffices to run the algorithm forST-CONN.

5.2.2 OR-free and NAND-free sets of relations

We consider sets of OR-free relations. Sets of NAND-free relations are handled dually.

Define thecoordinate-wise partial order≤ on Boolean vectors as follows:a ≤ b if ai ≤ bi, for

eachi.

Lemma 27. Let S be a set ofOR-free relations andϕ a CNF(S)-formula. Every component

of G(ϕ) contains a minimum solution with respect to the coordinate-wise order; moreover, every

solution is connected to the minimum solution in the same component via a monotone path.

Proof. Let’s call a satisfying assignment locally minimal, if it has no neighboring satisfying as-

signments that are smaller than it. We will show that there isexactly one such assignment in each

component ofG(ϕ).

Suppose there are two distinct locally minimal assignmentsu andu′ in some component

of G(ϕ). Consider the path between them where the maximum Hamming weight of assignments

on the path is minimized. If there are many such paths, pick one where the smallest number of

assignments have the maximum Hamming weight. Denote this path by u = u1 → u2 → · · · →

ur = u′. Letui be an assignment of largest Hamming weight in the path. Thenui 6= u andui 6= u′,

sinceu andu′ are locally minimal. The assignmentsui−1 andui+1 differ in exactly 2 variables, say,

in x1 andx2. So{ui−1
1 ui−1

2 , ui
1u

i
2, u

i+1
1 ui+1

2 } = {01, 11, 10}. Let û be such that̂u1 = û2 = 0, and

ûi = ui for i > 2. If û is a solution, then the pathu1 → u2 → · · · → ui → û → ui+1 → · · · → ur

contradicts the way we chose the original path. Therefore,û is not a solution. This means that there

is a clause that is violated by it, but is satisfied byui−1, ui, andui+1. So the relation corresponding

to that clause is not OR-free, which is a contradiction.

The unique locally minimal solution in a component is its minimum solution, because

starting from any other assignment in the component, it is possible to keep moving to neighbors

that are smaller, and the only time it becomes impossible to find such a neighbor is when the locally

minimal solution is reached. Therefore, there is a monotonepath from any satisfying assignment to

the minimum in that component.

Corollary 28. LetS be a set ofOR-free relations. Then
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1. For everyϕ ∈ CNF(S) withn variables, the diameter of each component ofG(ϕ) is bounded

by2n.

2. ST-CONN(S) is in P.

3. CONN(S) is in coNP.

Proof. Given solutionss andt in the same component ofG(ϕ), there is a monotone path from each

to the minimal solutionu in the component. This gives a path froms to t of length at most2n. To

check ifs andt are connected, we just check that the minimal assignments reached froms andt

are the same.

5.2.3 The complexity of CONN(S) for tight sets of relations

We can further specify the complexity of CONN(S) for the tight cases which are not

Schaefer, using a result of Juban [Jub99].

Lemma 29. For S tight, but not Schaefer,CONN(S) is coNP-complete.

Proof. The problem ANOTHER-SAT(S) is: given a formulaϕ in CNF(S) and a solutions, does

there exist a solutiont 6= s? Juban ([Jub99], Theorem 2) shows that ifS is not Schaefer, then

ANOTHER-SAT is NP-complete. He also shows (Corollary 1) that ifS is not Schaefer, then the

relationx 6= y is expressible fromS through substitutions.

SinceS is not Schaefer, ANOTHER-SAT(S) is NP-complete. Letϕ, s be an instance of

ANOTHER-SAT on variablesx1, . . . , xn. We define a CNF(S) formulaψ onx1, . . . , xn, y1, . . . , yn

as

ψ(x1, . . . , xn, y1, . . . , yn) = ϕ(x1, . . . , xn) ∧i (xi 6= yi)

It is easy to see thatG(ψ) is connected if and only ifs is the unique solution toϕ.

Further we can show that CONN(S) is in P ifS is affine or bijunctive. Thus the only tight

cases for which CONN(S) is not known to be coNP-complete or in P are Horn and dual-Horn. We

conjecture that these problems are in P.

5.3 The hard case of the dichotomy: non-tight sets of relations

We will show that all non-tight sets of relations lead to solution graphs that have identical

properties in a natural sense that is captured in the notion of faithful expressibility. We define
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this notion in Section 5.3.1, and prove the Faithful Expressibility Theorem in Section 5.3.2. This

theorem implies that the complexity of the connectivity questions for all such sets is the same, and

the possible diameter of components of the solution graph isalso related polynomially. In section

5.3.3 we will prove that for 3-CNF formulas the connectivityquestions are PSPACE-complete, and

the diameter can be exponential. This fact together with theFaithful Expressibility Theorem implies

the hard side of all of our dichotomy results.

5.3.1 Faithful expressibility

In his dichotomy theorem, Schaefer [Sch78] used the following notion of expressibility:

a relationR is expressible froma setS of relations if there is a CNF(S)-formulaϕ so thatR(x) ≡

∃y ϕ(x,y). This notion, is not sufficient for our purposes. Instead, weintroduce a more delicate

notion, which we callfaithful expressibility. Intuitively, we view the relationR as a subgraph of

the hypercube, rather than just a subset, and require that this graph structure be also captured by the

formulaϕ.

Definition 16. A relationR is faithfully expressiblefrom a set of relationsS if there is aCNF(S)-

formulaϕ such that the following condition hold:

1. R = {a : ∃y ϕ(a,y)};

2. For everya ∈ R, the graphG(ϕ(a,y)) is connected;

3. Fora,b ∈ R with |a−b| = 1, there existsw such that(a,w) and(b,w) are solutions ofϕ.

Fora ∈ R, thewitnessesof a are they’s such thatϕ(a,y) is true. The last two conditions

say that the witnesses ofa ∈ R are connected, and that neighboringa,b ∈ R have a common

witness. This allows us to simulate an edge(a,b) in G(R) by a path inG(ϕ), and thus relate the

connectivity properties of the solution spaces. There is however, a price to pay: it is much harder

to come up with formulas that faithfully express a relationR. An example is whenS is the set of

all paths of length4 in {0, 1}3, a set that plays a crucial role in our proof. While 3-SAT relations

are easily expressible fromS in Schaefer’s sense, the CNF(S)-formulas that faithfully express 3-

SAT relations are fairly complicated and have a large witness space.

Lemma 30. LetS andS ′ be sets of relations such that everyR ∈ S ′ is faithfully expressible from

S. Given aCNF(S ′)-formulaψ(x), one can efficiently construct aCNF(S)-formulaϕ(x,y) such

that:
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1. ψ(x) ≡ ∃y ϕ(x,y);

2. if (s,ws), (t,wt) ∈ ϕ are connected inG(ϕ) by a path of lengthd, then there is a path from

s to t in G(ψ) of length at mostd;

3. If s, t ∈ ψ are connected inG(ψ), then for every witnessws of s, and every witnesswt of t,

there is a path from(s,ws) to (t,wt) in G(ϕ).

Proof. Supposeψ is a formula onn variables that consists ofm clausesC1, . . . , Cm. For clause

Cj, assume that the set of variables isVj ⊆ [n], and that it involves relationRj ∈ S. Thus,ψ(x) is

∧m
j=1Rj(xVj

). Letϕj be the faithful expression forRj fromS ′, so thatRj(xVj
) ≡ ∃yj ϕj(xVj

,yj).

Let y be the vector(y1, . . . ,ym) and letϕ(x,y) be the formula∧m
j=1ϕj(xVj

,yj). Thenψ(x) ≡

∃y ϕ(x,y).

Statement(2) follows from (1) by projection of the path on the coordinates ofx. For

statement(3), considers, t ∈ ψ that are connected inG(ψ) via a paths = u0 → u1 → · · · →

ur = t . For everyui,ui+1, and clauseCj , there exists an assignmentwi
j to yj such that both

(ui
Vj
,wi

j) and(ui+1
Vj
,wi

j) are solutions ofϕj , by condition(2) of faithful expressibility. Thus

(ui,wi) and(ui+1,wi) are both solutions ofϕ, wherewi = (wi
1, . . .w

i
m). Further, for every

ui, the space of solutions ofϕ(ui,y) is the product space of the solutions ofϕj(u
i
Vj
,yj) overj =

1, . . . ,m. Since these are all connected by condition(3) of faithful expressibility,G(ϕ(ui,y)) is

connected. The following describes a path from(s,ws) to (t,wt) in G(ϕ): (s,ws) (s,w0) →

(u1,w0)  (u1,w1) → · · ·  (ur−1,wr−1) → (t,wr−1)  (t,wt). Here indicates a path

in G(ϕ(ui,y)).

Corollary 31. SupposeS andS ′ are sets of relations such that everyR ∈ S ′ is faithfully expressible

fromS.

1. There are polynomial time reductions fromCONN(S ′) to CONN(S), and fromST-CONN(S ′)

to ST-CONN(S).

2. Given aCNF(S ′)-formula ψ(x) with m clauses, one can efficiently construct aCNF(S)-

formulaϕ(x,y) such that the length ofy is O(m) and the diameter of the solution space

does not decrease.
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5.3.2 Faithfully expressing a relation from a non-tight setof relations

Observe that faithful expressibility is easily shown to be atransitive property. To prove

Theorem 21, first we will show that we can faithfully express the 3-clause relations from the re-

lations inS. Secondly, it is easy to show that any other relation can be expressed faithfully from

3-clauses.

Expressing 3-clauses from non-tight sets of relations

First we define what we mean by 3-clauses. Ifk ≥ 2, then ak-clauseis a disjunction of

k variables or negated variables. For0 ≤ i ≤ k, letDi be the set of all satisfying truth assignments

of thek-clause whose firsti literals are negated, and letSk = {D0,D1, . . . ,Dk}. Thus, CNF(Sk)

is the collection ofk-CNF formulas.

Lemma 32. If setS of relations is not tight,S3 is faithfully expressible fromS.

Proof. First, observe that all 2-clauses are faithfully expressible from S. There existsR ∈ S

which is not OR-free, so we can express(x1 ∨ x2) by substituting constants inR. Similarly, we

can express(x̄1 ∨ x̄2) using a relation that is not NAND-free. The last 2-clause(x1 ∨ x̄2) can be

obtained from OR and NAND by a technique that corresponds to reverse resolution.(x1 ∨ x̄2) =

∃y (x1 ∨ y)∧ (ȳ ∨ x̄2). It is easy to see that this gives a faithful expression. Fromhere onwards we

assume thatS contains all 2-clauses. The proof now proceeds in four steps. First, we will express

a relation in which there exist two elements that are at graphdistance larger than their Hamming

distance. Second, we will express a relation that is just a single path between such elements. Third,

we will express a relation which is a path of length 4 between elements at Hamming distance 2.

Finally, we will express the 3-clauses.

Step 1. Faithfully expressing a relation in which some distance expands.

For a relationR, we say that the distance betweena andb expandsif a andb are con-

nected inG(R), but dR(a,b) > |a − b|. By Lemma 25 no distance expands in componentwise

bijunctive relations. This property also holds for the relation RNAE = {0, 1}3 \ {000, 111}, which

is not componentwise bijunctive. However, we show that ifR is not componentwise bijunctive,

then, by adding 2-clauses, we can faithfully express a relation Q in which some distance expands.

For instance, whenR = RNAE, then we can takeQ(x1, x2, x3) = RNAE(x1, x2, x3) ∧ (x̄1 ∨ x̄3).

The distance betweena = 100 andb = 001 in Q expands. Similarly, in the general construction,
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Figure 5.2: Proof of Step 1 of Lemma 32, and an example.

we identifya andb on a cycle, and add 2-clauses that eliminate all the verticesalong the shorter

arc betweena andb.

SinceS is not tight, it contains a relationR which is not componentwise bijunctive. If

R containsa,b where the distance between them expands, we are done. So assume that for all

a,b ∈ G(R), dR(a,b) = |a − b|. SinceR is not componentwise bijunctive, there exists a triple

of assignmentsa,b, c lying in the same component such thatmaj(a,b, c) is not in that component

(which also easily implies it is not inR). Choose the triple such that the sum of pairwise distances

dR(a,b) + dR(b, c) + dR(c,a) is minimized. LetU = {i|ai 6= bi}, V = {i|bi 6= ci}, and

W = {i|ci 6= ai}. SincedR(a,b) = |a − b|, a shortest path does not flip variables outside ofU ,

and each variable inU is flipped exactly once. The same holds forV andW . We note some useful

properties of the setsU, V,W .

1. Every indexi ∈ U ∪ V ∪W occurs in exactly two ofU, V,W .

Consider going by a shortest path froma to b to c and back toa. Everyi ∈ U ∪ V ∪W is

seen an even number of times along this path since we return toa. It is seen at least once, and
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at most thrice, so in fact it occurs twice.

2. Every pairwise intersectionU ∩ V, V ∩W andW ∩ U is non-empty.

Suppose the setsU andV are disjoint. From Property 1, we must haveW = U ∪V . But then

it is easy to see thatmaj(a,b, c) = b which is inR. This contradicts the choice ofa,b, c.

3. The setsU ∩ V andU ∩W partition the setU .

By Property1, each index ofU occurs in one ofV andW as well. Also since no index occurs

in all three setsU, V,W this is in fact a disjoint partition.

4. For each indexi ∈ U ∩W , it holds thata ⊕ ei 6∈ R.

Assume for the sake of contradiction thata′ = a⊕ ei ∈ R. Sincei ∈ U ∩W we have simul-

taneously moved closer to bothb andc. Hence we havedR(a′,b) + dR(b, c) + dR(c,a′) <

dR(a,b)+dR(b, c)+dR(c,a). Alsomaj(a′,b, c) = maj(a,b, c) 6∈ R. But this contradicts

our choice ofa,b, c.

Property 4 implies that the shortest paths tob andc diverge ata, since for any shortest

path tob the first variable flipped is fromU ∩ V whereas for a shortest path toc it is fromW ∩ V .

Similar statements hold for the verticesb andc. Thus along the shortest path froma to b the first

bit flipped is fromU ∩ V and the last bit flipped is fromU ∩W . On the other hand, if we go from

a to c and then tob, all the bits fromU ∩W are flipped before the bits fromU ∩ V . We use this

crucially to defineQ. We will add a set of 2-clauses that enforce the following rule on paths starting

ata: Flip variables fromU ∩W before variables fromU ∩V . This will eliminate all shortest paths

from a to b since they begin by flipping a variable inU ∩V and end withU ∩W . The paths froma

to b via c survive since they flipU ∩W while going froma to c andU ∩ V while going fromc to

b. However all remaining paths have length at least|a−b|+ 2 since they flip twice some variables

not inU .

Take all pairs of indices{(i, j)|i ∈ U ∩W, j ∈ U ∩ V }. The following conditions hold

from the definition ofU, V,W : ai = c̄i = b̄i andaj = cj = b̄j . Add the 2-clauseCij asserting

that the pair of variablesxixj must take values in{aiaj, cicj , bibj} = {aiaj , āiaj , āiāj}. The new

relation isQ = R ∧i,j Cij . Note thatQ ⊂ R. We verify that the distance betweena andb in Q

expands. It is easy to see that for anyj ∈ U , the assignmenta⊕ej 6∈ Q. Hence there are no shortest

paths left froma to b. On the other hand, it is easy to see thata andb are still connected, since the

vertexc is still reachable from both.

Step 2. Isolating a pair of assignments whose distance expands.
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The relationQ obtained in Step 1 may have several disconnected components. This

cleanupstep isolates a single pair of assignments whose distance expands. By adding 2-clauses,

we show that one can express a path of lengthr + 2 between assignments at distancer.

Takea,b ∈ Q whose distance expands inQ anddQ(a,b) is minimized. LetU = {i :

ai 6= bi}, and|U | = r. Shortest paths betweena andb have certain useful properties:

1. Each shortest path flips every variable fromU exactly once.

Observe that each indexj ∈ U is flipped an odd number of times along any path froma to b.

Suppose it is flipped thrice along a shortest path. Starting at a and going along this path, letb′

be the assignment reached after flippingj twice. Then the distance betweena andb′ expands,

sincej is flipped twice along a shortest path between them inQ. Also dQ(a,b′) < dQ(a,b),

contradicting the choice ofa andb.

2. Every shortest path flips exactly one variablei 6∈ U .

Since the distance betweena andb expands, every shortest path must flip some variable

i 6∈ U . Suppose it flips more than one such variable. Sincea andb agree on these variables,

each of them is flipped an even number of times. Leti be the first variable to be flipped twice.

Let b′ be the assignment reached after flippingi the second time. It is easy to verify that the

distance betweena andb′ also expands, butdQ(a,b′) < dQ(a,b).

3. The variablei 6∈ U is the first and last variable to be flipped along the path.Assume the

first variable flipped is noti. Leta′ be the assignment reached along the path before we flipi

the first time. ThendQ(a′,b) < dQ(a,b). The distance betweena′ andb expands since the

shortest path between them flips the variablesi twice. This contradicts the choice ofa andb.

Assumej ∈ U is flipped twice. Then as before we get a paira′,b′ that contradict the choice

of a,b.

Every shortest path betweena andb has the following structure: first a variablei 6∈ U

is flipped toāi, then the variables fromU are flipped in some order, finally the variablei is flipped

back toai.

Different shortest paths may vary in the choice ofi 6∈ U in the first step and in the order

in which the variables fromU are flipped. Fix one such pathT ⊆ Q. Assume thatU = {1, . . . , r}

and the variables are flipped in this order, and the additional variable flipped twice isr + 1. Denote

the path bya → u0 → u1 → · · · → ur → b. Next we prove that we cannot flip ther + 1th

variable at an intermediate vertex along the path.
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4 For 1 ≤ j ≤ r − 1 the assignmentuj ⊕ er+1 6∈ Q.

Suppose that for somej, we havec = uj ⊕ er+1 ∈ Q. Thenc differs froma on {1, . . . , i}

and fromb on {i + 1, . . . , r}. The distance fromc to at least one ofa or b must expand,

else we get a path froma to b throughc of length|a− b| which contradicts the fact that this

distance expands. HoweverdQ(a, c) anddQ(b, c) are strictly less thandQ(a,b) so we get a

contradiction to the choice ofa,b.

We now construct the path of lengthr + 2. For all i ≥ r + 2 we setxi = ai to get a

relation onr + 1 variables. Note thatb = ā1 . . . ārar+1. Takei < j ∈ U . Along the pathT

the variablei is flipped beforej so the variablesxixj take one of three values{aiaj, āiaj , āiāj}.

So we add a 2-clauseCij that requiresxixj to take one of these values and takeT = Q ∧i,j Cij.

Clearly, every assignment along the path lies inT . We claim that these are the only solutions. To

show this, take an arbitrary assignmentc satisfying the added constraints. If for somei < j ≤ r

we haveci = ai but cj = āj, this would violateCij . Hence the firstr variables ofc are of the form

ā1 . . . āiai+1 . . . ar for 0 ≤ i ≤ r. If cr+1 = ār+1 thenc = ui. If cr+1 = ar+1 thenc = ui ⊕ er+1.

By property 4 above, such a vector satisfiesQ if and only if i = 0 or i = r, which correspond to

c = a andc = b respectively.

Step 3. Faithfully expressing paths of length4.

Let P denote the set of all ternary relations whose graph is a path of length 4 between

two assignments at Hamming distance2. Up to permutations of coordinates, there are 6 such

relations. Each of them is the conjunction of a 3-clause and a2-clause. For instance, the relation

M = {100, 110, 010, 011, 001} can be written as of(x1 ∨ x2 ∨ x3) ∧ (x̄1 ∨ x̄3). (It is named so,

because its graph looks like the letter ’M’ on the cube.) These relations are “minimal” examples

of relations that are not componentwise bijunctive. By projecting out intermediate variables from

the pathT obtained in Step 2, we faithfully express one of the relations inP. We faithfully express

other relations inP using this relation.

We write all relations inP in terms ofM(x1, x2, x3) = (x1∨x2∨x3)∧(x̄1∨x̄3), by negat-

ing variables. For example,M(x̄1, x2, x3) = (x̄1∨x2∨x3)∧(x1∨x̄3) = {000, 010, 110, 111, 101}.

Define the relationP (x1, xr+1, x2) = ∃x3 . . . xr T (x1, . . . , xr+1). Table 5.3.2 listing all

tuples inP and their witnesses, shows that the conditions for faithfulexpressibility are satisfied, and

P ∈ P.
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x1, x2, xr+1 x3, . . . , xr

a1a2ar+1 a3 . . . ar

a1a2ār+1 a3 . . . ar

ā1a2ār+1 a3 . . . ar

ā1ā2ār+1 a3 . . . ak, ā3a4 . . . ar, ā3ā4a5 . . . ar . . . ā3ā4 . . . ār

ā1ā2ar+1 ā3ā4 . . . ār

Table 5.2: Proof of Step 3 of Lemma 32

Let P (x1, x2, x3) = M(l1, l2, l3), whereli is one of{xi, x̄i}. We can now useP and 2-

clauses to express every other relation inP. GivenM(l1, l2, l3) every relation inP can be obtained

by negating some subset of the variables. Hence it suffices toshow that we can express faithfully

M(l̄1, l2, l3) andM(l1, l̄2, l3) (M is symmetric inx1 andx3). In the following letλ denote one of

the literals{y, ȳ}, such that it is̄y if and only if l1 is x̄1.

M(l̄1, l2, l3) = (l̄1 ∨ l2 ∨ l3) ∧ (l1 ∨ l̄3)

= ∃y (l̄1 ∨ λ̄) ∧ (λ ∨ l2 ∨ l3) ∧ (l1 ∨ l̄3)

= ∃y (l̄1 ∨ λ̄) ∧ (λ ∨ l2 ∨ l3) ∧ (l1 ∨ l̄3) ∧ (λ̄ ∨ l̄3)

= ∃y (l̄1 ∨ λ̄) ∧ (l1 ∨ l̄3) ∧M(λ, l2, l3)

= ∃y (l̄1 ∨ λ̄) ∧ (l1 ∨ l̄3) ∧ P (y, x2, x3)

For the next expression letλ denote one of the literals{y, ȳ}, such that it is negated if and only ifl2

is x̄2.

M(l1, l̄2, l3) = (l1 ∨ l̄2 ∨ l3) ∧ (l̄1 ∨ l̄3)

= ∃y (l1 ∨ l3 ∨ λ) ∧ (λ̄ ∨ l̄2) ∧ (l̄1 ∨ l̄3)

= ∃y (λ̄ ∨ l̄2) ∧M(l1, λ, l3)

= ∃y (λ̄ ∨ l̄2) ∧ P (x1, y, x3)

The above expressions are both based on resolution and it is easy to check that they satisfy the

properties of faithful expressibility.

Step 4. Faithfully expressingS3.

We faithfully express(x1 ∨ x2 ∨ x3) from M using a formula derived from a gadget in

[HD02]. This gadget expresses(x1 ∨ x2 ∨ x3) in terms of “Protected OR”, which corresponds to

our relationM .
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x1x2x3 y1 . . . y5
111 00011, 00111, 00110, 00100, 01100, 01101, 01001, 11001, 11000, 10000, 10010, 10011
110 01001, 11001, 11000, 10000
100 10000
101 00011, 00111, 00110, 00100, 10000, 10010, 10011
001 00011, 00111, 00110, 00100
011 00011, 00111, 00110, 00100, 01100, 01101, 01001
010 01001

Table 5.3: Proof of Step 4 of Lemma 32

(x1 ∨ x2 ∨ x3) = ∃y1 . . . y5 (x1 ∨ ȳ1) ∧ (x2 ∨ ȳ2) ∧ (x3 ∨ ȳ3) ∧ (x3 ∨ ȳ4)

∧M(y1, y5, y3) ∧M(y2, ȳ5, y4) (5.1)

Table 5.3.2 shows that the conditions for faithful expressibility are satisfied.

From the relation(x1 ∨ x2 ∨ x3) we derive the other 3-clauses by reverse resolution, for

instance

(x̄1 ∨ x2 ∨ x3) = ∃y (x̄1 ∨ ȳ) ∧ (y ∨ x2 ∨ x3)

Expressing a relation faithfully from S3

Lemma 33. LetR ⊆ {0, 1}k be any relation of arityk ≥ 1. R is faithfully expressible fromS3.

Proof. If k ≤ 3 thenR can be expressed as a formula in CNF(S3) with constants, without intro-

ducing witness variables. This kind of expression is alwaysfaithful.

If k ≥ 4 thenR can be expressed as a formula in CNF(Sk), without witnesses (i.e. faith-

fully). We will show that everyk-clause can be expressed faithfully fromSk−1. Then, by induction,

it can be expressed faithfully fromS3. For simplicity we express ak-clause corresponding to the

relationD0. The remaining relations are expressed equivalently. We expressD0 in a way that is

standard in other complexity reductions, and turns out to befaithful:

(x1 ∨ x2 ∨ · · · ∨ xk) = ∃y (x1 ∨ x2 ∨ y) ∧ (ȳ ∨ x3 ∨ · · · ∨ xk).

This is the reverse operation of resolution. For any satisfying assignment forx, its witness space is

either{0}, {1} or {0, 1}, so in all cases it is connected. Furthermore, the only way two neighboring

satisfying assignments forx can have no common witness is if one of them has witness set{0}, and
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the other one has witness set{1}. This implies that the first one has(x3, . . . , xk) = (0, . . . , 0), and

the other one has(x1, x2) = (0, 0), thus they differ in the assignments of at least two variables: one

from {x1, x2} and one from{x3, . . . , xk}. In that case they cannot be neighboring assignments.

Therefore all requirements of faithful expressibility aresatisfied.

5.3.3 Hardness results for 3-CNF formulas

We show that 3-CNF formulas can have exponential diameter, by inductively constructing

a path of length at least2
n
2 on n variables and then identifying it with the solution space ofa

3-CNF formula withO(n2) clauses.

Lemma 34. For n even, there is a 3-CNF formulaϕn with n variables andO(n2) clauses, such

thatG(ϕn) is a path of length greater than2
n
2 .

Proof. The construction is in two steps: we first exhibit an induced subgraphGn of then dimen-

sional hypercube with large diameter. We then construct a 3-CNF formulaϕn so thatGn = G(ϕn).

The graphGn is a path of length2
n
2 . We construct it using induction. Forn = 2, we

takeV (G2) = {(0, 0), (0, 1), (1, 1)} which has diameter2. Assume that we have constructedGn−2

with 2
n−2

2 vertices, and with distinguished verticessn−2, tn−2 such that the shortest path froms

to t in Gn−2 has length2
n−2

2 . We now describe the setV (Gn). For each vertexv ∈ V (Gn−2),

V (Gn) contains two vertices(v, 0, 0) and(v, 1, 1). Note that the subgraph induced by these vertices

alone consists of two disconnected copies ofGn−2. To connect these two components, we add the

vertexm = (t, 0, 1) (which is connected to(t, 0, 0) and(t, 1, 1) in the induced subgraph). Note

that the resulting graphGn is connected, but any path from(u, 0, 0) to (v, 1, 1) must pass through

m. Further note that by induction, the graphGn is also a path. The verticessn = (sn−2, 0, 0)

and tn = (sn−2, 1, 1) are diametrically opposite ends of this path. The path length is at least

2 · 2
n−2

2 + 2 > 2
n
2 . Also s2 = (0, 0), sn = (sn−2, 0, 0), tn = (sn−2, 1, 1) and hencesn =

(0, . . . , 0), tn = (0, . . . , 0, 1, 1).

We construct a sequence of 3-CNF formulasϕn(x1, . . . , xn) so thatGn = G(ϕn). Let

ϕ2(x1, x2) = x̄1 ∨ x2. Assume we haveϕn−2(x1, . . . , xn−2). We add two variablesxn−1 andxn

and the clauses

ϕn−2(x1, . . . , xn−2), x̄n−1 ∧ xn

xn−1 ∨ x̄n ∨ x̄i for i ≤ n− 4 (5.2)

xn−1 ∨ x̄n ∨ xi for i = n− 3, n− 2 (5.3)
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Note that a clause in 5.2 is just the implication(x̄n−1 ∧xn) → x̄i. Thus clauses 5.2, 5.3 enforce the

condition thatxn−1 = 0, xn = 1 implies that(x1, . . . , xn−2) = tn−2 = (0, . . . , 0, 1, 1).

The proof that CONN(S3) andST-CONN(S3) are PSPACE-complete is fairly intricate, and

is via a direct reduction from the computation of a polynomial-space Turing machine. The result for

ST-CONN can also be proved using results of Hearne and Demaine on Non-deterministic Constraint

Logic [HD02]. It does not appear that completeness for CONN follows from their results.

Lemma 35. ST-CONN(S3) andCONN(S3) are PSPACE-complete.

Proof. Given a CNF(S3) formulaϕ and solutionss, t we can check if they are connected inG(ϕ)

with polynomial amount of space. Similarly for CONN(S3), we can check for all pairs of assign-

ments whether they are satisfying and connected inG(ϕ) with polynomial amount of space, so both

problems are in PSPACE.

Next we show that CONN(S3) andST-CONN(S3) are PSPACE-hard. LetA be a language

decided by a deterministic Turing machineM = (Q,Σ,Γ, δ, q0, qaccept, qreject) in spacenk for

some constantk. We give a polynomial time reduction from A toST-CONN(S3) and CONN(S3).

The reduction maps a stringw (with |w| = n) to a 3-CNF formulaϕ and two satisfying

assignments for the formula, which are connected inG(ϕ) if and only ifM acceptsw. Furthermore,

all satisfying assignments ofϕ are connected to one of these two assignments, so thatG(ϕ) is

connected if and only ifM acceptsw.

Before we show how to constructϕ, we modifyM in several ways:

1. We add a clock that counts from0 to nk × |Q| × |Γ|n
k

= 2O(nk+1), which is the total number

of possible distinct configurations ofM . It uses a separate tape of lengthO(nk+1) with the

alphabet{0, 1}. Before a transition happens, control is passed on to the clock, its counter is

incremented, and finally the transition is completed.

2. We define a token accepting configuration. Wheneverqaccept is reached, the clock is stopped

and set to zero, the original tape is erased and the head is placed in the initial position.

3. Wheneverqreject is reached the machine goes into its initial configuration. First w is written

back on the input tape. This step requires addingn states to the machine in order to write the

n letters ofw. This increases the number of states ofM ′ toO(n). Next, the rest of the tape is

erased, the clock is set to zero, the head is placed in the initial position, and the state is set to

q0.
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4. Whenever the clock overflows, the machine goes intoqreject.

The new machineM ′ runs forever ifw is not inA and accepts ifw is in A. It also

has the property that every configuration leads either to theaccepting configuration or to the initial

configuration with inputw. Therefore the space of configurations is connected if and only if w ∈ A.

Let’s denote byQ′ the states ofM ′ and byδ′ its transitions. As mentioned earlier,|Q′| = O(n),

andM ′ runs on two tapes, one of sizeN = nk, and the other (for the clock) of sizeNc = O(nk+1).

The alphabet ofM ′ on one tape isΓ, and on the other{0, 1}. For simplicity we can also assume

that at each transition the machine uses only one of the two tapes.

Next, we construct a CNF-formulaψ whose solutions are the configurations ofM ′. How-

ever, the space of solutions ofψ is disconnected.

For eachi ∈ [N ] anda ∈ Γ, we have a variablex(i, a). If x(i, a) = 1, this means that the

ith tape cell contains symbola. For everyi ∈ [N ] there is a variabley(i) which is 1 if the head is

at positioni. For everyq ∈ Q′, there is a variablez(q) which is 1 if the current state isq. Similarly

for everyj ∈ [Nc] anda ∈ {0, 1} we have variablesxc(j, a) and a variableyc(j) which is 1 if the

head of the clock tape is at positionj.

We enforce the following conditions:

1. Every cell contains some symbol:

ψ1 =
∧

i∈[N ]

(∨a∈Γ x(i, a))
∧

j∈[Nc]

(
∨a∈{0,1} xc(j, a)

)
.

2. No cell contains two symbols:

ψ2 =
∧

i∈[N ]

∧

a6=a′∈Γ

(
x(i, a) ∨ x(i, a′)

) ∧

j∈[Nc]

(
xc(j, 0) ∨ xc(j, 1)

)
.

3. The head is in some position, and in some state:

ψ3 =
(
∨i∈[N ] y(i)

)∧(
∨j∈[N ] yc(j)

)∧
(∨q∈Q1 z(q)) .

4. The head is in a unique position, and in a unique state:

ψ4 =
∧

i6=i′∈[N ]

(
y(i) ∨ y(i′)

) ∧

j 6=j′∈[Nc]

(
yc(j) ∨ yc(j′)

) ∧

q 6=q′∈Q′

(
z(q) ∨ z(q′)

)
.
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Solutions ofψ = ψ1∧ψ2∧ψ3∧ψ4 are in 1-1 correspondence with configurations ofM ′.

Furthermore, the assignments corresponding to any two distinct configurations differ in at least two

variables.

Next, to connect the solution space along valid transitionsof M ′, we relax conditions 2

and 4 by introducing new transition variables, which allow the head to have two states or a cell to

have two symbols at the same time. This allows us to go from oneconfiguration to the next.

Consider a transitionδ(q, a) = (q′, b, R), which operates on the first tape, for example.

Fix the position of the head of the first tape to bei, and the symbol in positioni + 1 to bec. The

variables that are changed by the transition are:x(i, a), y(i), z(q), x(i, b), y(i + 1), z(q′). Before

the transition the first three are set to 1, the second three are set to 0, and after the transition they

are all flipped. Corresponding to this transition (which is specified byi, q, a, andc) we introduce a

transition variablet(i, q, a, c). We now relax conditions 2 and 4 as follows:

• Replace
(
x(i, a) ∨ x(i, b)

)
by
(
x(i, a) ∨ x(i, b) ∨ t(i, q, a, c)

)
.

• Replace
(
y(i) ∨ y(i+ 1)

)
by
(
y(i) ∨ y(i+ 1) ∨ t(i, q, a, c)

)
.

• Replace
(
z(q) ∨ z(q′)

)
by
(
z(q) ∨ z(q′) ∨ t(i, q, a, c)

)
.

This is done for every value ofq, a, i andc (and also for transitions acting on the clock

tape). We add the transition variables to the correspondingclauses so that for example the clause(
x(i, a) ∨ x(i, b)

)
could potentially become very long, such as:

(
x(i, a) ∨ x(i, b) ∨ t(i, q1, a, c1) ∨ t(i, q2, a, c2) ∨ . . .

)
.

However, the total number of transition variables is only polynomial inn. We also add a constraint

for every pair of transition variablest(i, q, a, c), t(i′, q′, a′, c′), saying they cannot be 1 simulta-

neously: (t(i, q, a, c) ∨ t(i′, q′, a′, c′)). This ensures that only one transition can be happening at

any time. The effect of adding the transition variables to the clauses ofψ2 andψ4 is that by set-

ting t(i, q, a, c) to 1, we can simultaneously setx(i, a) andx(i, b) to 1, and so on. This gives a

path from the initial configuration to the final configurationas follows: Sett(i, q, a, c) = 1, set

x(i, b) = 1, y(i + 1) = 1, z(q′) = 1, x(i, a) = 0, y(i) = 0, z(q) = 0, then sett(i, q, a, c) = 0.

Thus consecutive configurations are now connected. To avoidconnecting to other configurations,

we also add an expression to ensure that these are the only assignments the 6 variables can take
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whent(i, q, a, c) = 1:

ψi,q,a,c = t(i, q, a, c) ∨ ((x(i, a), y(i), z(q), x(i, b)), y(i + 1), z(q′)) ∈

{111000, 111100, 111110, 111111, 011111, 001111, 000111}).

This expression can of course be written in conjunctive normal form.

Call the resulting CNF formulaϕ(x,xc,y,yc, z, t). Note thatϕ(x,xc,y,yc, z,0) =

ψ(x,xc,y,yc, z), so a solution where all transition variables are0 corresponds to a configuration

of M ′. To see that we have not introduced any shortcut between configurations that are not valid

machine transitions, notice that in any solution ofϕ, at most a single transition variable can be

1. Therefore none of the transitional solutions belonging todifferent transitions can be adjacent.

Furthermore, out of the solutions that have a transition variable set to 1, only the first and the last

correspond to a valid configuration. Therefore none of the intermediate solutions can be adjacent to

a solution with all transition variables set to 0.

The formulaϕ is a CNF formula where clause size is unbounded. We use the same

reduction as in the proof of Lemma 33 to get a 3-CNF formula. ByLemma 30 and Corollary 31,

ST-CONN and CONN for S3 are PSPACE-complete.

5.4 Future directions

In Section 2, we conjectured a trichotomy for CONN(S). We have made progress towards

this conjecture; what remains is to pinpoint the complexityof CONN(S) whenS is Horn or dual-

Horn. We can extend our dichotomy theorem forst-connectivity to formulas without constants;

the complexity of connectivity for formulas without constants is open. We conjecture that whenS

is not tight, one can improve the diameter bound from2Ω(
√

n) to 2Ω(n). Finally, we believe that

our techniques can shed light on other connectivity-related problems, such as approximating the

diameter and counting the number of components. For counting the number of components, using

results of Creignou and Hermann [CH96], we can show that the problem is in P for affine, monotone

and dual-monotone relations, and #P-complete otherwise.
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Chapter 6

Application of belief propagation for

extended MRFs to source coding

In Chapter 3 we described the survey propagation algorithm for 3-SAT as a novel applica-

tion of belief propagation to an extended MRF. Here we look atanother problem of practical interest

- the source coding problem. Motivated by the success of belief propagation algorithms applied to

graphical error-correcting codes, we look for a way to applybelief propagation to the dual problem

of source coding. While the naive application of belief propagation does not yield a good algorithm,

we show that applying belief propagation to extended MRFs, such as the ones described in Chapter

3 results in very good performance.

6.1 Motivation

Graphical codes such as turbo and low-density parity check (LDPC) codes, when de-

coded with the belief propagation or sum-product algorithm, perform close to capacity [RSU01,

e.g.,]. Similarly, LDPC codes have been successfully used for various types of lossless compression

schemes [CSV03, e.g.,]. One standard approach to lossy source coding is based on trellis codes

and the Viterbi algorithm. Here, we explore the use of codes based on graphs with cycles, whose

potential has not yet been fully realized for lossy compression. A major challenge in applying

such graphical codes to lossy compression is the lack of practical (i.e., computationally efficient)

algorithms for encoding and decoding. For concreteness, wefocus on the problem of quantizing

a Bernoulli source withp = 1
2 . Developing and analyzing effective algorithms for this problem

is a natural first step towards solving more general lossy compression problems (e.g., involving



84

continuous sources or memory).

Our approach to lossy source coding is based on the dual codesof LDPC codes, known

as low-density generator matrix (LDGM) codes. Other research groups have applied forms of

survey propagation for source encoding based on codes composed of local non-linear “check” func-

tions [M0́5] andk-SATproblems with doping [BBCZ04]. Most recently, Martinian and Wainwright

[MW06] have proposed more sophisticated low-density source codes that generalize the LDGM

codes considered here, and proved that an optimal encoding algorithm can achieve the rate-distortion

bound for a binary symmetric source.

6.2 Background and set-up

Given aBer(1
2 ) source, any particular i.i.d. realizationy ∈ {0, 1}n is referred to as a

source sequence. The goal is to compress source sequencesy by mapping them to shorter binary

vectorsx ∈ {0, 1}m with m < n, where the quantityR := m
n is the compression ratio. The

source decoder then maps the compressed sequencex to a reconstructed source sequenceŷ. For

a given pair(y, ŷ), the reconstruction fidelity is measured by the Hamming distortion dH(y, ŷ) :=

1
n

∑n
i=1 |yi − ŷi|. The overall quality of our encoder-decoder pair is measured by the average

Hamming distortionD := E[dH(Y, Ŷ )]. For theBer(1
2 ) source, the rate distortion function is

well-known to take the formR(D) = 1 −H(D) for D ∈ [0, 0.5], and0 otherwise.

Our approach to lossy source coding is based on low-density generator matrix codes,

hereafter referred to as LDGM codes, which arise naturally as the duals of LDPC codes. For a given

rateR = m
n < 1, let A be ann × m matrix with {0, 1} entries, where we assumerankA = m

without loss of generality. The low-density condition requires that the number of1s in each row

and column is bounded. The matrixA is the generator matrix of the LDGM, thereby defining

the codeC(A) := {z ∈ {0, 1}n | z = Ax for somex ∈ {0, 1}m}, where arithmetic is performed

over GF(2). It will also be useful to consider the code over(x, z) given by C̄(A) := {(x, z) ∈

{0, 1}n+m | z = Ax}. We refer to elements ofx as information bits, and elements ofz assource

bits. In the LDGM approach to source coding, the encoding phase ofthe source coding problem

amounts to mapping a given source sequencey ∈ {0, 1}n to an information vectorx(y) ∈ {0, 1}m.

Decoding is straightforward: we simply form̂y(x) = Ax. The challenge lies in the encoding phase:

in particular, we must determine the information bit vectorx such that the Hamming distortion
1
n‖y − Ax‖1 is minimized. This combinatorial optimization problem is equivalent to an MAX-

XORSAT problem, and hence known to be NP-hard in general.
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It is convenient to represent a given LDGM code, specified by generator matrixA, as

a factor graphG = (V,C,E), whereV = {1, . . . ,m} denotes the set of information bits and

C := {1, . . . , n} denotes the set of checks (or equivalently, source bits), and E denotes the set of

edges between checks and information bits. As illustrated in Figure 6.1, then source bits are lined

up at the bottom of the graph, and each is connected to a uniquecheck neighbor. Each check, in

turn, is connected to (some subset of) them information bits at the top of the graph. Note that there

is a one-to-one correspondence between source bits and checks. As in the previous chapters, we use

lettersa, b, c to refer to elements ofC, corresponding either to a source bit or the associated check.

Conversely, we use lettersi, j, k to refer to information bits in the setV . For each information bit

i ∈ V , let C(i) ⊆ C denote its check neighbors:C(i) := {a ∈ C | (a, i) ∈ E}. Similarly,

for each checka ∈ C, we define the setV (a) := {i ∈ V | (a, i) ∈ E}. We use the notation

V̄ (a) := V (a) ∪ {a} to denote the set ofall bits—both information and source—that are adjacent

to checka.

6.3 Markov random fields and decimation with generalized codewords

A natural first idea to solving the source encoding problem would be to follow the channel

coding approach: run the sum-product algorithm on the ordinary factor graph, and then threshold

the resulting log-likelihood ratios (LLRs) at each bit to determine a source encodingx(ŷ). Unfor-

tunately, this approach fails: either the algorithm fails to converge or the LLRs fail to yield reliable

information, resulting in a poor source encoding. Inspiredby survey propagation for satisfiability

problems [MPZ02], we consider an approach with two components: (a) extending the factor distri-

bution so as to include not just ordinary codewords but also aset of partially assigned codewords,

and (b) performing a sequence of message-passing and decimation steps, each of which entails

setting fraction of bits to their preferred values.

More specifically, we consider Markov random fields over a larger space of so-called gen-

eralized codewords, which are members of the space{0, 1, ∗}n+m where∗ is a new symbol. As

we will see, the interpretation ofxi = ∗ is that the associated biti is free. Conversely, any bit

for which xi ∈ {0, 1} is forced. One possible view of a generalized codeword, as with the survey

propagation andk-SATproblems, is as an index for a cluster of ordinary codewords.We define a

family of Markov random fields, parameterized by a weight for∗-variables, and a weight that mea-

sures fidelity to the source sequence. As a particular case, our family of MRFs includes a weighted

distribution over the set of ordinary codewords. Although the specific extension considered here is
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natural to us (and yields good source coding results), it could be worthwhile to consider alternative

ways in which to extend the original distribution to generalized codewords.

6.3.1 Generalized codewords

Definition 17 (Check states). In any generalized codeword, each check is in one of two possible

exclusive states:

(i) we say that checka ∈ C is forcing whenever none of its bit neighbors are free, and the local

{0, 1}-codeword(za;xV (a)) ∈ {0, 1}1+|V (a)| satisfies parity checka.

(ii) on the other hand, checka is free wheneverza = ∗, and moreoverxi = ∗ for at least one

i ∈ V (a).

Note that the source bitza is free (or forced) if and only if the associated checka is free

(or forcing). With this set-up, our space of generalized codewords is defined as follows:

Definition 18 (Generalized codeword). A vector(z, x) ∈ {0, 1, ∗}n+m is a valid generalized code-

word when the following conditions hold:

(i) all checksa are either forcing or free.

(ii) if some information bitxi is forced (i.e.,xi ∈ {0, 1}), then atat leasttwo check neighbors

a ∈ C(i) must be forcing it.

For a generator matrix in which every information bit has degree two or greater, it can

be seen that any ordinary codeword(z, x) ∈ C̄(A) is also a generalized codeword. In addition,

there are generalized codewords that include∗’s in some positions, and hence do not correspond

to ordinary codewords. One such (non-trivial) generalizedcodeword is illustrated in Figure 6.1.

A natural way in which to generate generalized codewords is via an iterative “peeling” or “leaf-

stripping” procedure. This is similar to the coarsening procedure from Chapter 3.

Peeling procedure: Given some initial source sequencez ∈ {0, 1, ∗}n, initialize all information

bitsxi to be forced.

1. While there exists a forced information bitxi with exactly one forcing check neighbora, set

xi = za = ∗.

2. When all remaining forced information bits have at least two forcing checks, go to Step 3.
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3. For any free checkza = ∗ with no free information bit neighbors, setza = ⊕i∈V (a)xi.

When initialized with at least one free check, Step 1 of this peeling procedure can terminate in one

of two possible ways: either the initial configuration is stripped down to the all-∗ configuration,

or Step 1 terminates at a configuration such that every forcedinformation bit has two or more

forcing check neighbors, thus ensuring that condition (ii)of Definition 18 is satisfied. As noted

previously [MY03], these cores can be viewed as “duals” to stopping sets in the dual LDPC. Finally,

Step 3 ensures that every free check has at least one free information bit, thereby satisfying condition

(i) of Definition 18.
� �
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� � 	 	 	 	 	

	 	


��

Figure 6.1. Illustration of a generalized codeword for a small LDGM. Information bitsi andj are
both forced; for each, the two forcing checks area andb. The remaining checks and bits are all free.

6.3.2 Weighted version

Given a particular source sequencey ∈ {0, 1}n, we form a probability distribution over

the set of generalized codewords as follows. For any generalized codeword(z, x) ∈ {0, 1, ∗}n+m,

we define the sets

nsou
∗ (z) :=

∣∣{i ∈ {1, . . . , n} | zi = ∗}
∣∣,

ninfo
∗ (x) :=

∣∣{i ∈ {1, . . . ,m} |xi = ∗}
∣∣,

corresponding to the number of∗-variables in the source and information bits respectively. We

associate non-negative weightswsou andwinfo with the ∗-variables in the source and information

bits respectively. Finally, we introduce a non-negative parameterγ, which will be used to penalize

disagreements between the source bitsz and the given (fixed) source sequencey. Of interest to us

in the sequel is the weighted probability distribution

p(z, x;wsou, winfo, λ) ∝ wnsou
∗ (z)

sou × w
ninfo
∗ (x)

info × exp−2γdH(y,z) . (6.1)
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Note that forwsou = winfo = 0, this distribution reduces to the standard weighted distribution over

ordinary codewords.

6.3.3 Representation as Markov random field

We now seek to represent the set of generalized codewords as aMarkov random field

(MRF). A first important observation is that state augmentation is necessary to achieve such a

Markov representation with respect to the original factor graph.

Lemma 36. For positivewsou, winfo, the set of generalized codewordscannotbe represented as

a Markov random field based on the original factor graphG where the state space at each bit is

simply{0, 1, ∗}.

Proof. It suffices to demonstrate that it is impossible to constructan indicator function for member-

ship in the set of generalized codewords as a product of localcompatibility functions on{0, 1, ∗},

one for each check. The key is that the set of all local generalized codewords cannot be defined only

in terms of the variablesxV̄ (a); rather, the validity depends also on all bit neighbors of checks that

are incident to bits in̄V (a). or more formally on bits with indices in the set

∪i∈V̄ (a)

{
j ∈ V

∣∣ j ∈ V (b) for someb ∈ C(i)
}
. (6.2)

As a particular illustration, consider the trivial LDGM code consisting of a single source

bit (and check) connected to three information bits. From Definition 17 and Definition 18, it can be

seen that the only generalized codeword is the all-∗ configuration. Thus, any check function used to

define membership in the set of generalized codewords would have to assign zero mass to any other

{0, 1, ∗} configuration. Now suppose that this simple LDGM is embeddedwithin a larger LDGM

code. For instance, consider the check labelede (with source bitze) and corresponding information

bits {j, k, l} in Figure 6.1. With respect to the generalized codeword in this figure, we see that the

local configuration(xj, xk, xlze) = (1, ∗, ∗, ∗) is locally valid, which contradicts our conclusion

from considering the trivial LDGM code in isolation. Hence,the constraints enforced by a given

check change depending on the larger context in which it is embedded.

Consequently, obtaining a factorization of the distribution requires keeping track of vari-

ables in the extended set (6.2). Accordingly, as in the reformulation of survey propagation for

SATproblems, we introduce a new variablePi, so that there is a vector(xi, Pi) associated with each
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Figure 6.2.Message-passing updates involve five types of messages frombit to check, and five types
of messages from check to bit. Any source bitza always sends to its only checka the message
5-vector(ψa(0), ψa(1), 0, 0, wsou). The message vector in any given direction on any edge is
normalized to sum to one.

bit. To definePi, first letP(i) = P(C(i)) denote the power set of all of the clause neighborsC(i)

of bit i. (I.e.,P(i) is a set with2|C(i)| elements). The variablePi takes on subsets ofC(i), and we

decompose it asPi = P 0
i ∪P

1
i , where at any timeat most oneof P 1

i andP 0
i are non-empty. The vari-

ablePi has the following decomposition and interpretation: (a) ifP 0
i = P 1

i = ∅, then no checks are

forcing bitxi; (b) if Pi = P 1
i 6= ∅, then certain checks are forcingxi to be one (so that necessarily

xi = 1); and (c) similarly, ifPi = P 0
i 6= ∅, then certain checks are forcingxi to be zero (so that nec-

essarilyxi = 0). By construction, this definition excludes the case that both P 0
i andP 1

i non-empty

at the same time, so that the state space ofPi has cardinality2|C(i)| + 2|C(i)| − 1 = 2|C(i)|+1 − 1.

We now specify a set of compatibility functions to capture the Markov random field over

generalized codewords.



90

Variable compatibilities

For each bit indexi (or a), letλ1
i andλ0

i denote the weights assigned to the eventsxi = 1

andxi = 0 respectively. For source encoding, these weights are specified asλ1
i = λ0

i = 1 for all

information bitsi (i.e., no a priori bias on the information bits), so that the compatibility function

takes the form:

ψi(xi, Pi) :=






1 if xi = 1 and|Pi| = |P 1
i | ≥ 2

1 if xi = 0 and|Pi| = |P 0
i | ≥ 2

winfo if xi = ∗ andPi = ∅

(6.5)

The source bits have compatibility functions of the formψa(za, Pa) = λ0
a if za = 0 andP 1

a = {a};

ψa(za, Pa) = λ1
a if za = 1 andP 1

a = {a}; andψa(za, Pa) = wsou if za = ∗ andPa = ∅. Here

λ1
a := ya exp(γ) + (1 − ya) exp(−γ), λ0

a := 1/λ1
a, and the parameterγ > 0 reflects how strongly

the source observations are weighted.

Check compatibilities

For a given checka, the associated compatibility functionφa(xV (a), za, PV (a)) is con-

structed to ensure that the following two properties hold: (1) The configuration{za} ∪ xV (a) is

valid for checka, meaning that (a) either it includes no∗’s, in which case the pure{0, 1} configura-

tion must be a local codeword; or (b) the associated source bit is free (i.e.,za = ∗), andxi = ∗ for

at least onei ∈ V (a). (2) For each indexi ∈ V (a), the following condition holds: (a) eithera ∈ Pi

anda forcesxi, or (b) there holdsa /∈ Pi anda does not forcexi.

Proposition 37. With the singleton and factor compatibilities as above, consider the distribution

pwei((x, P (x)), (z, P (z))), defined as a Markov random field (MRF) over the factor graph inthe

following way:
∏

i∈V

ψi(xi, Pi)
∏

a∈C

ψa(za, Pa)φa(xV (a), za, PV (a)). (6.6)

Its marginal distribution over(x, z) agrees with the weighted distribution(6.1).

6.3.4 Applying belief propagation

In our extended Markov random field, the random variable at each bit nodei is of the form

(xi, Pi), and belongs to the Cartesian product{0, 1, ∗} × [P(i) × {0, 1}]. (To clarify the additional

{0, 1}, the variablePi = P 0
i ∪ P 1

i corresponds to a particular subset ofP(i), but we also need to
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specify whetherPi = P 0
i orPi = P 1

i .) Although the cardinality ofP(i) can is exponential in the bit

degree, it turns out that message-passing can be implemented by keeping track of only five numbers

for each message (in either direction). These five cases are the following:

(i) (xi = 0, a ∈ P 0
i ): checka is forcingxi to be equal to zero. We sayxi is a forced zero with

respect toa, and useM0f
i→a andM0f

a→i for the corresponding bit-to-check and check-to-bit

messages.

(ii) (xi = 1, a ∈ P 1
i ): checka is forcingxi to be equal to one. We say thatxi is a forced one

with respect toa, and denote the corresponding messagesM1f
i→a andM1f

a→i.

(iii) (xi = 0, ∅ 6= P 0
i ⊆ C(i)\{a}): A check subsetnot includinga is forcingxi = 0. We sayxi

is aweak zero with respect to checka, and denote the messagesM0w
i→a andM0w

a→i.

(iv) (xi = 1, ∅ 6= P 1
i ⊆ C(i)\{a}): A check subsetnot includinga forcesxi = 1. We say that

that xi is a weak one with respect to checka, and use corresponding messagesM1w
i→a and

M1w
a→i.

(v) (xi = ∗, P 1
i = P 0

i = ∅): No checks force bitxi; associated messages are denoted byM∗
i→a

andM∗
i→a.

The differences between these cases is illustrated in Figure 6.1. The information bitxi = 0 is a

forced zero with respect to checksa andb (case (i)), and a weak zero with respect to checksd and

f (case (iii)). Similarly, the settingxj = 1 is a forced one for checksa andb, and a weak one

for checksc and e. Finally, there are a number of∗ variables to illustrate case (v). With these

definitions, it is straightforward (but requiring some calculation) to derive the BP message-passing

updates as applied to the generalized MRF, as shown in Figure6.2. It can be seen that this family

of algorithms includes ordinary BP as a special case: in particular, if wsou = winfo = 0, then the

updates reduce to the usual BP updates on a weighted MRF over ordinary codewords.

When the message updates have converged, the sum-product pseudomarginals (i.e., ap-

proximations to the true marginal distributions) are calculated as follows:

µi(0) ∝ λ0
i

{ ∏

a∈C(i)

[
M0f

a→i +M0w
a→i

]
−
∏

a∈C(i)

M0w
a→i

−
∑

b∈C(i)

M0f
b→i

∏

a∈C(i)\{b}
M0w

a→i

}

µi(∗) ∝ winfo

∏

a∈C(i)

M∗
a→i.
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with a similar expression forµi(1). The overall triplet is normalized to sum to one. As with sur-

vey propagation and SATproblems, the practical use of these message-passing updates for source

encoding entail: (1) Running the message-passing algorithm until convergence; (2) Setting a frac-

tion of information bits, and simplifying the resulting code; and (3) Running the message-passing

algorithm on the simplified code, and repeating. We choose information bits to set based on bias

magnitudeBi := |µi(1) − µi(0)|.

6.4 Experimental results

We have applied a C-based implementation of our algorithm toLDGM codes with various

degree distributions and source sequences of lengthn ranging from200 to 100, 000. Although

message-passing can be slow to build up appreciable biases for regular degree distributions, we

find that biases accumulate quite rapidly for suitably irregular degree distributions. We chose codes

randomly from irregular distributions optimized1 for ordinary message-passing on the BEC or BSC

using density-evolution [RSU01]. Figure 6.3 compares experimental results to the rate-distortion

boundR(D). We applied message-passing using a damping parameterα = 0.50, and withwsou =

1.10, winfo = 1.0 and γ varying from 1.45 (for rate 0.90) to 0.70 (for rate 0.30). Each round

of decimation entailed setting all information bits with biases above a given threshold, up to a

maximum of2% of the total number of bits. As seen in Figure 6.3, the performance is already very

good even for intermediate block lengthn = 10, 000, and it improves for larger block lengths. After

having refined our decimation procedure, we have also managed to obtain good source encodings

(though currently not quite as good as Figure 6.3) using ordinary BP message-passing (i.e.,wsou =

winfo = 0) and decimation; however, in experiments to date, in which we do not adjust parameters

adaptively during decimation, we have found it difficult to obtain consistent convergence of ordinary

BP (and more generally, message-passing withwsou, winfo ≈ 0) over all decimation rounds.

6.5 Future directions

Whereas in the case of the 3-SAT problem we were able to draw a connection between

generalized assignments and the clustering of solutions, in the source coding problem we did not

draw such an explicit connection. In fact, the design of the generalized MRF for source coding is

1This choice, though not optimized for source encoding, is reasonable in light of the connection between LDPC
channel coding and LDGM source coding in the erasure case [MY03].
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Figure 6.3.Plot of rate versus distortion, comparing the Shannon limit(solid line) and empirical per-
formance using LDGM codes with blocklengthn = 10, 000. Each diamond is the average distortion
over 15 trials.

somewhat arbitrary. Its success is a “proof of concept”, confirming that it is possible to apply belief

propagation to this problem, but further research is neededto understand what are the theoretical

reasons for the success, and tune it further. It still remains to perform a systematic comparison of the

performance of message-passing/decimation procedures over a range of parameters(wsou, winfo, γ)

for a meaningful quantitative comparison.

Another important direction is developing methods for optimizing LDGM codes, and the

choice of parameters in our extended MRFs with respect to theparticular code. An important prac-

tical issue is to investigate the tradeoff between the conservativeness of the decimation procedure

(i.e., computation time) versus quality of source encoding. Finally, the limiting rate-distortion per-

formance of LDGM codes is a theoretical question that (to thebest of our knowledge) remains

open.
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[MPZ02] M. Mézard, G. Parisi, and R. Zecchina. Analytic andalgorithmic solution of random

satisfiability problems.Science, 297, 812, 2002. (Scienceexpress published on-line

27-June-2002; 10.1126/science.1073287).
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