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Algorithmic Information Theory

I brings together information theory and computability theory;

I develops a framework (Kolmogorov complexity, Martin-Löf
tests) to deal with randomness of single objects (finite and
infinite), instead of whole systems;

I (Prefix free) Kolmogorov complexity K (i.e. the shortest
program of a string with respect to a universal (prefix free)
Turing machine) can be seen as a pointwise version of entropy.

I allows for a refined combinatorial analysis of
randomness/information content.



Algorithmic Information Theory

Some applications:

I foundational issues of probability;

I inductive reasoning (Bayesian methods, normalized compression
distance);

I incompressibility method;

I tremendous new insights in recursion theory -- new techniques,
structures.



Algorithmic Information Theory

This talk: algorithmic information theory as an effective complement
of certain aspects of dynamical systems.

I recent progress on the dynamic stability of random reals
(random reals as typical points in measure theoretic dynamical
systems);

I single orbit dynamics (B. Weiss);



Algorithmic Information Theory

Basic problem: Given a sequence of 0, 1, is it random with respect to
a probability measure?

0101010101010101010101010 . . .
I We would usually not consider this random (sequence appears

deterministic), expect maybe for a measure for which
0101010101010101010101010 . . . is the only possible outcome.

How about 010001101100000101001110010111011100000001 · · ·

A basic postulate of algorithmic information theory: If a sequence is
computable, it cannot be random (at least not in a non-degenerate
way).

For applications, the meaning of computable is often weakened
(→ pseudorandomness)



Cantor Space

2N Cantor space

X, Y, · · · ∈ 2N reals, sequences, but also seen as subsets of N

σ, τ, · · · ∈ 2<N finite binary strings



Measures on Cantor Space

Measures and cylinders

I Borel probability measures are uniquely determined by their
values on the Boolean algebra of clopen sets.

I By additivity, it is sufficient to fix the measure on the basic
cylinders

[σ] := {x ∈ 2N : σ ⊂ x} (σ ∈ 2<N).

I We require µ[∅] = 1 and µ[σ] = µ[σ⌢0] + µ[σ⌢1].

I If µ{X} > 0 for X ∈ 2N, i.e. if lim infn µ[X�n] > 0, then X is called
an atom of µ. A non-atomic measure is called continuous.

I Important examples: Lebesgue measure λ[σ] = 2−|σ|, Dirac
measure δX[σ] = 1 iff X ∈ [σ].



Measures on Cantor Space

The space of probability measures

I The space M(2N) of all probability measures on 2N is compact
Polish.
Compatible metric:

d(µ,ν) =
∞∑
n=1

2−ndn(µ,ν)

dn(µ,ν) =
1
2

∑
|σ|=n

|µ[σ] − ν[σ]|.

I Countable dense subset: Basic measures

να⃗,⃗q =
∑

αiδqi∑
αi = 1, αi ∈ Q>0, qi `rational points' in 2N



Measures on Cantor Space

Representations of probability measures

I (Nice) Cauchy sequences of basic measures yield continuous
surjection

ρ : 2N → M(2N).

I Surjection is effective: For any X ∈ 2N,

ρ−1(ρ(X)) is Π0
1(X).



Effective Randomness

A test for randomness is an effectively presented Gδ nullset.

Definition
Let µ be a probability measure on 2N, Rµ a representation of µ, and
let Z ∈ 2N.

I An Rµ-Z-test is a set W ⊆ N× 2<N which is r.e. (Σ0
1) in Rµ ⊕ Z

such that ∑
σ∈Wn

µ[σ] 6 2−n,

where Wn = {σ : (n,σ) ∈ W}.

I A real X passes a test W if X ̸∈
∩

n[Wn], i.e. if it is not in the
Gδ-set represented by W.

I A real X is µ-Z-random if there exists a representation Rµ so
that X passes all rµ-Z-tests.



Effective Randomness

Remarks

I Levin suggested a representation free definition. Recently, Day
and Miller showed that his definition of randomness agrees with
the above one.

I Clearly, a real X is trivially µ-random if it is a µ-atom.



Basic Concepts

Effective randomness combines the bit-by-bit aspect of dynamical
systems with the complexity aspect of definability/computability.

One could justify to call a real X with a measure µ for which it is
random a point system (X,µ).

We define the randomness spectrum of a real as

SX = {µ ∈ M(2N) : X is µ-random}.

I SX is always non-empty (it always contains a point measure).

I If X is recursive, then SX contains only measures that are atomic
on X



Duality

I Given a real X, what kind of randomness does X support?

I How do we find a measure that makes X random?

I Is the (logical) complexity of X reflected in its randomness
spectrum?



Constructing Measures

For constructing measures, compactness appears to be essential.

Example from dynamical systems:

I Let T denote the shift map on 2N.

T(X)i = Xi+1.

I Any limit point of the measures

µX
n =

1
n

n−1∑
i=0

δTi(X)

is shift invariant. [Krylov and Bogolyubov]



Constructing Measures

However, for effective randomness we also have to take into account
the logical complexity of the real.

Currently two ways known to use compactness:

I transfer the randomness from a more complicated point system;

I use neutral measures.



Transferring Randomness

I Conservation of randomness.
If Y is random for Lebesgue measure λ, and f : 2N → 2N is
computable, then f(Y) is random for λf, the image measure.

λf is defined as λf(A) = λ(f−1(A))

I A cone of λ-random reals.
By the Kucera-Gacs Theorem, every sequence >T 0 ′ is Turing
equivalent to a λ-random real.

This in particular means every real is Turing reducible to a
λ-random one.



Transferring Randomness

I A lowness argument for measures.
Turing reductions give rise to partial continuous functions from
2N to 2N.

As a result, the image measure may not be well-defined.

Instead, we obtain a set of (representations of) possible
measures.

We then use a lowness argument (compactness!) to find a
(representation of a) measure whose information content does
not destroy the randomness of the original random real whose
randomness we want to transfer.



Applications of the Transfer Method

Theorem [Reimann and Slaman]

If X is not recursive, then SX contains a measure with µ{X} = 0 .

However, the measure may have other atoms.



Applications of the Transfer Method

The effective Hausdorff dimension of a real is given as

dim1
HX = lim infn

K(X�n)
n

.

Theorem [Reimann]

For any real X,

dim1
HX = sup{s ∈ Q : ∃µ ∈ SX with µ[σ] 6 2−s|σ|}.

This is essentially a pointwise version of Frostman's Lemma, albeit
with a very different proof.



Continuous Randomness

Theorem [Reimann and Slaman]

If X is not hyperarithmetical, then SX contains a continuous measure.

If we strengthen the randomness notion, the required complexity will
go up, but still mark some co-countable set (the complement of
countable level of the constructible universe).



K-Triviality

A real X is K-trivial if for some constant c,

∀n K(X�n) 6 K(0n) + c.

Montalban and Slaman: If X is K-trivial, then SX does not contain a
continuous measure.

Barmpalias and Greenberg: This holds for any real recursive in an
incomplete r.e. set.



Dichotomies

These results give partial dichotomies between

definability strength/logical complexity

on the one hand and

randomness

on the other hand.

It would be desirable to extend them to full dichotomies.

I Currently, we lack more sophisticated techniques to build
measures that make reals random.

However, there is a well-known dichotomy for the K-trivials of a
slightly different kind.



Excursion: Selection Rules

Normal number: real in which every finite binary string σ occurs
with limiting frequency 2−|σ|.

Champernowne sequence:
010001101100000101001110010111011100000001 · · ·

(Oblivious) selection rule: real S ∈ 2N.

I S selects from a given X a subsequence Y = X/S: all the bits Xi

with Si = 1.

Question

Which selection rules preserve normality?



Kamae's Theorem

To any shift-invariant measure µ one can assign an entropy h(µ).

Kamae-entropy

For X ∈ 2N, define h(X) = sup{h(µ) : µ is a limit point of {µX
n }}.

Theorem [Kamae]

If S ∈ 2N has positive lower density, i.e. lim infn 1/n
∑

k Sk > 0, then
the following are equivalent.

(i) S preserves normality;

(ii) h(S) = 0 (S is completely deterministic).

The proof uses Furstenberg's notion of disjointness: Every
completely deterministic process is disjoint from a process of
completely positive entropy (e.g. one that is generated by a normal
sequence).



Determinism and Low Information

Kamae's Theorem provides an example of an
information/randomness dichotomy:

Either a sequence is unable to generate entropy or it has some
non-trivial information about a normal sequence.



Lowness for Randomness

Van Lambalgen initiated an investigation on whether a similar
principle holds in algorithmic information theory.

Definition
A real Z is low for µ-random if every µ-random real is also
µ-Z-random.

The real Z provides no useful information to ``derandomize'' any
µ-random real.

This project culminated in a theorem due to Nies, which provides a
far reaching analogue to Kamae's Theorem.

Theorem
A real is low for λ-random iff it is K-trivial.



Triviality and Low Information

There is another characterization in terms of mutual information.

Mutual information for finite strings [Kolmogorov, Levin]

I(σ : τ) = K(σ) + K(τ) − K(σ, τ).

This can be extended to infinite sequences, e.g. [Levin].

Then we can characterize K-triviality as having no information about
other sequences [Hirschfeldt and Reimann].

Theorem
A real Z is K-trivial if and only if for all X, I(Z,X) < ∞.



Mutual Information and Independence

Question: How does the mutual information between two reals X, Y
affect the randomness spectrum of (X, Y)?

I This question touches on the algebraic structure of systems.

I Joinings and factors have played an important role in dynamical
systems (structure theorems).

I From the computability point of view, Turing reductions induce
an algebraic structure, the upper semi-lattice of the Turing
degrees.



Independence as Relative Randomness

Pointwise independence: There exists a measure µ such that X is
µ-Y-random and Y is µ-X-random, and µ{X, Y} = 0.

Van Lambalgen's Theorem

For any measure µ, X is µ-Y-random and Y is µ-X-random iff (X, Y) is
µ× µ-random.

A more general version was proved by Bienvenu, Hoyrup, and Shen.



Independence Spectrum

Similar to the randomness spectrum, we can define the
independence spectrum of a real X as

IX = {Y ∈ 2N : ∃µ (X, Y) is (µ× µ)-random and µ{X, Y} = 0}.

Basic properties

I X ∈ IY if and only if Y ∈ IX.

I X ∈ IY implies that X |T Y.

I If X is non-recursive, then IX has Lebesgue measure 1.

I If X is λ-random then IX properly contains all λ-X-random reals.



Independence and Incomparability

Question: Could it be that the independence spectrum of a real X
consists of all reals Y that are Turing incomparable with X, i.e. for
which X �T Y and Y �T X?

Theorem [Day and Reimann; Bienvenu and Porter]

If X is non-trivially µ-random and r.e., then then Rµ ⊕ X >T 0 ′ for
any representation Rµ of µ.

Corollary

If X is r.e. and Y 6T 0 ′ then Y ̸∈ IX.



PA Degrees

A real X is of PA-degree if it is Turing equivalent to a complete
extension of Peano Arithmetic.

Some properties:

I PA degrees are closed upwards.
I PA degrees compute a path through any non-empty Π0

1 class.
In particular, every PA degree computes a λ-random real.

I If a λ-random set X is of PA degree, then X >T 0 ′ [Stephan].
The computationally ``useful'' λ-random reals are precisely the
ones above 0 ′.



Neutral Measures

Theorem [Levin]

There exists a measure ν, called a neutral measure, such that any
X ∈ 2N is ν-random.

The proof uses the Brouwer Fixed Point Theorem.

Theorem [Day and Miller]

Every PA degree computes a representation of a neutral measure.



R.E. Sets and PA Degrees

We can combine these results with the previous one.

Theorem [Day and Reimann]

If X is r.e. and neither recursive nor T-complete then P⊕X >T 0 ′ for
any set P of PA degree such that P ̸>T X.

I This extends a previous result by Kucera and Slaman.

I The result also lets us classify those incomplete r.e. sets which
are bounded by an incomplete PA degree (precisely the low
ones).



Future Directions

I Have a decent understanding of the computational power of
λ-random reals.

I New techniques, methods, ramifications

I Algebraic structure of point systems
Joinings and factors?
(→ Miller's non-extractibility result vs Sinai-Ornstein)



EL FINAL


