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Abstract. The beliefs of the agents in a multi-agent system have been formally mod-
elled in the last decades using dozastic logics. The possible worlds model and its associated
Kripke semantics provide an intuitive semantics for these logics, but they commit us to
model agents that are logically omniscient. We propose a way of avoiding this problem,
using a new kind of entities called subjective situations. We define a new doxastic logic
based on these entities and we show how the belief operators have some desirable prop-
erties, while avoiding logical omniscience. A comparison with two well-known proposals
(Levesque’s logic of explicit and implicit beliefs and Thijsse’s hybrid sieve systems) is also
provided.
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1. The logical omniscience problem

In the last decade dozastic modal logics have been considered the most ap-
propriate formal tool for modelling the beliefs of the agents composing a
multi-agent system ([1]). The standard way of providing a meaning to the
modal formulee of these logics is to use the possible worlds model ([2]) and
its associated Kripke semantics ([3]). This semantics is quite natural and
intuitive, but it is well known that the agents modelled in this framework are
logically omniscient ([4]). Therefore, this semantics is unsuitable to model
the beliefs of realistic, non-ideal agents. The aim of our work is to provide
a plausible way of modelling the beliefs of non-logically omniscient agents,
while keeping the essence and the beauty of the possible worlds model and
the Kripke semantics.

This article is structured as follows. In section 2 we give an intuitive
explanation of our approach to the logical omniscience problem, which is
based in a new kind of entities called subjective situations. In a nutshell, a
subjective situation is the perception that an agent has of a certain state
of affairs. These situations, as will be explained below, will take the role
of possible worlds. In section 3, a formalization of subjective situations in
the framework of doxastic first-order logic is made. Section 4 is devoted
to a study of the behaviour of the modal belief operators, that extends
and generalizes our previous results ([5]). It is shown how their properties
do indeed correspond with our intuitions about what should be an adequate
formalization of the doxastic attitude of a non-ideal, non-logically omniscient
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agent. In section 5, a comparison of our proposal with two well-known
approaches (Levesque’s logic of explicit and implicit beliefs ([6]) and Thijsse’s
hybrid sieve systems ([7])) is performed. The paper finishes with a brief
summary and the bibliographical references.

2. Motivation of subjective situations

The most popular way of dealing with the logical omniscience issue is to
change the concept of what a possible world is (see [8] for a detailed review
of the most interesting approaches to the problem of logical omniscience).
Regardless of the way in which the concept of possible world is modified,
there is a kernel that never changes: the formal representation of a possible
world is not related in any way with the notion of agent. Thus, it may
be said that all the approaches in the literature present an objective view
of what a possible world is (i.e. a world is the same for all the agents, is
independent of them). In a standard Kripke structure, the only item that
depends on each agent is its accessibility relation between possible worlds.

The traditional meaning assigned to the accessibility relation R; of an
agent ¢ is that it represents the uncertainty that ¢ has about the situation in
which it is located (e.g. (wo Rs w1) means that agent 5 cannot distinguish
between worlds wy and wi). This situation is quite peculiar, because the
formulee that are true in two worlds that are linked by an accessibility rela-
tion are, in principle, totally unrelated (i.e. given a Kripke structure, there
is no relationship between the accessibility relation between states and the
function that assigns truth values to the basic propositions in each of them).

Our proposal may be motivated by the following scenario. Imagine two
people (o and f) that are watching a football match together. In a certain
play of the game, a fault is made and the referee awards a penalty kick. o
thinks that the referee is right, because it has noticed that the fault was
made inside the penalty area (let us represent this fact with proposition P);
at the same time, (3 is thinking that the referee was wrong because, in its
perception of the situation, the fault was made just an inch outside the
penalty area. How can this situation (and the beliefs of the two agents) be
formally represented?

Following the standard approach, we could model the fact that o believes
P and 3 believes =P by assuming that in all the (objectively described)
worlds considered as possible in the current state by « the proposition P
holds, whereas in all the worlds considered as possible by 8 (8’s doxastic
alternatives) P is false. This account of each agent’s doxastic state does not
seem very satisfactory to us, at least for two reasons:
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e It does not tell us how each agent’s perception of the situation influences
in its own beliefs. An agent is supposed to eliminate instantly from its
set of doxastic alternatives all those (completely specified) possible worlds
in which a basic proposition has a truth value that does not match the
agent’s current beliefs. It would be more plausible to have a framework in
which the agent kept a partial description of the situation in which it is
located, and in which it could use the facts that it keeps perceiving from
the environment in order to keep increasing and refining its beliefs ([9],
[10], [11]).

e Assuming that the fault was indeed made inside the penalty area, most
philosophers would argue that a not only believes P but also knows it
(being P true in the real world), whereas 3 believes =P but can not
possibly know —P, being it actually false. Thus, in a somehow magical
way, one agent would have some knowledge (that would coincide with
reality) whereas the other wouldn’t.

In our opinion, this state of affairs (the actual situation, comprising
both the football match and the agents, along with their beliefs) may not be
adequately described with a simple assignment of truth values to the basic
propositions. Even if we had an accurate description of the real world, does
it really matter very much whether the fault was made inside the penalty
area in order to model the beliefs of the two agents involved in the scene?

The situation (s) is obviously the same for the two agents o and 3 (they
are watching the same match together). From a’s point of view, the descrip-
tion of s should make true proposition P; however, from 3’s perspective, in
the present situation P should be considered false. Obviously, there would
be many aspects of s in which « and 8 would agree; e.g. both of them
would consider that the proposition representing the fact “We are watching
a football match on TV?” is true in s.

As far as beliefs are concerned, we argue that, in this situation, a should
be capable of stating that B, P (« has seen the fault and has noticed that
it was made inside the penalty area; thus, it believes so). It would not seem
very acceptable a situation in which « perceived the fault to have been made
inside the penalty area and defended that it did not believe that a penalty
kick should have been awarded (the only possible explanation being that «
is a strong supporter of the offending team). It also seems reasonable to say
that o cannot fail to notice that it believes that the fault was made inside
the penalty area; thus, o may also assert in s that B, B, P. In a similar way,
in this situation 3 cannot state that Bg P (5 cannot defend that it believes
that the referee is right, in a situation in which it perceived the fault to
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have been made outside the penalty area). Thus, it seems clear that each
agent’s point of view on a situation strongly influences (or we could say even
determines) its positive and negative beliefs in that situation.

In our framework we want to include the intuition that agents are smart
enough to know that other agents may not perceive reality in the same
way as they do. In the previous example, without further information (e.g.
a shouting “Penalty!”), B should not be capable of supporting (or rejecting)
that B, P; analogously, o could not affirm (or deny) that Bg P. That means
that the communication between the agents is the main way in which an
agent may attain beliefs about other agent’s beliefs. We could have chosen
other alternatives; for instance, we could have stated that an agent believes
that the other agents perceive reality in the same way as they do, provided
that they do not have information that denies that fact. If that were the
case @ would assume that 3 also believes that P is true, as far as it does not
have any reason not to think so (e.g. (3 saying “This referee is really blind”).

A final reflection on the meaning of the accessibility relation between
situations for agent ¢ (R;) is necessary. It will be assumed that an agent
cannot have any doubts about its own perceptions and beliefs in a given
state. For instance if, in situation s, a looks at the match and thinks P,
then it surely must realise this fact and believe P in s (and even believe that
it believes P, were it to think about that). Thus, if R, links s with all those
situations that « cannot tell apart from s, it must be the case that a also
perceives P as true in all those states as well (otherwise, those states would
be clearly distinguishable by «, because in some of them it would support P
whereas in some of them P would be rejected). The only uncertainty that
o may have is about the perception of s by the other agents. In the example,
a does not know whether it is in a situation in which 8 supports P or in
a situation in which § rejects P. Therefore, a’s accessibility relation must
reflect this uncertainty.

Summarising, the main points that have been illustrated with the previ-
ous discussion are the following:

e A situation may be considered not as an entity that may be objectively
described, but as a piece of reality that may be perceived in different ways
by different agents. Thus, it is necessary to think of a subjective way of
representing each situation, in which each agent’s point of view is taken
into account. In the previous example, the description of s should include
the fact that « is willing to support P, whereas 3 is not.

e An agent’s beliefs in each situation also depend on its point of view. In the
situation of the example, B, P would hold from «’s perspective, whereas
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it would not be either supported or rejected by 3. Thus, we argue that it
does not make sense to ask whether B, P holds in s or not; that question
must be referred to a particular agent’s point of view.

e The interpretation of the meaning of each agent’s accessibility relation is
slightly different from the usual one. Each accessibility relation R; will
keep its traditional meaning, i.e. it will represent the uncertainty of agent
1 with respect to the situation in which it is located. However, our intuition
is that an agent may only be uncertain about the other agents’ perception
of the present state, not about its own perception.

3. Formalization of subjective situations

These intuitive ideas are formalized in the siructures of subjective situations:

DEFINITION 1 (Structure of Subjective Situations). A structure of subjective
situations for n agents is a tuple

(S,R1,...,Rn,T1s. . Ty Fry ooy F),s

where
e S is the set of possible situations.

e R, is the accessibility relation between situations for agent <.

e 7, is a function that returns, for each situation s, the set of first-order
formulee that are perceived as true by agent 7 in s.

F; is a function that returns, for each situation s, the set of first-order
formula that are perceived as false by agent ¢ in s.

Let £ be the set of all structures of subjective situations.

The presence of 7; and F; allows agent ¢ to consider partial situations
(those in which agent ¢ does not have any reason to support or to reject
a given formula) as well as inconsistent situations (those in which agent ¢
may have reasons to support and to reject a given formula). This kind of
situations was already considered by Levesque in his logic of explicit and
implicit beliefs ([6]). A detailed comparison of our proposal and that of
Levesque is offered in section 5.

The accessibility relation between situations for agent ¢ has to reflect its
uncertainty about the way in which the actual situation is perceived by the
other agents. Thus, R; has to link all those states that agent 7 perceives in
the same way but that may be perceived in different ways by other agents.
This intuition is formalized in the following condition:
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DEFINITION 2 (Condition on Accessibility Relations).
Vs,t € S,(s R;t) if and only if (7;(s) = Ti(t)) and (F;(s) = Fi(t)).

This condition implies that the accessibility relations are equivalence re-
lations. This result links this approach with the classical 85 modal system,
in which this condition also holds. In S5 the presence of this condition
makes true axiom 4 (positive introspection), axiom 5 (negative introspec-
tion) and axiom 7T (the axiom of knowledge); the modal operators of the
system proposed in this article will have similar properties, as will be shown
in section 4.

3.1. Satisfiability relations

A simplified version of the doxastic predicate language for n agents is con-
sidered, as shown in the following definition:

DEFINITION 3 (Doxastic Modal Language £). Consider a set of modal belief
operators for n agents (B, ..., By). L is the language formed by all first-order
formulz, preceded by a (possibly empty) sequence of (possibly negated)
modal operators. Lpc is the subset of £ that contains those formulse that
do not have any modal operator. The formulee of £ are called linearly nested.

Thus, the language £ contains formule such as P, B3 @, B1 Bs(RV T),
B3~ B2 S and — By By =T, but it is not expressive enough to represent for-
mulz such as (Bo P — B3 Q) or (P V Bs Q). In most practical applications,
an agent in a multi-agent system will only need to represent what it believes
(or not) to be the case in the world and what it believes (or not) that the
other agents believe (or not). This is just the level of complexity offered by
linearly nested formulz.

In a structure of subjective situations each agent ¢ may have positive
and negative information about some first-order formulee (given by 7; and
F;, respectively). This allows us to define two relations (of satisfiability, =,
and unsatisfiability, =;) between situations and formuls for each agent i.
Given a structure of subjective situations E and a situation s, the expression
E,s =; ¢ should hold whenever agent 7 has some reason to think that ¢ is
true in situation s. Similarly, E,s =; ¢ should hold whenever agent 7 has
some reason to reject ¢ in situation s.

Notice that E, s &; ¢ should not imply that E,s =; ¢ (i.e. agent i not
having any reason to support ¢ does not mean that it must have reasons
to reject it). In the same spirit, F, s =; ¢ should not imply that E,s =; ¢
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(agent 7 could have reasons both to support and to reject a certain formula in
a given situation). These facts will indeed be true, as will be seen in section 4,
due to the presence of partial and inconsistent situations commented above.

The clauses that define the behaviour of these relations are shown in the
following definition:

DEFINITION 4 (Relations =; and =;).
e VE € £,Vs € S,Vagent i,V € Lpc

E,8|:i¢ <~ ¢€7§(S),
E,s=;¢ — ¢€~7:’L(3)

e VE €& ,Vse S, Vagents 1,7, Vo e L

E,s=;Bj¢ < Vte S ((s R;t), implies E,t=; ¢),
E s =, Bj¢ < dte S ((s R; t) and E,t = ?).

e VE e, Vse S, Vagents 4,4, Vo e L

E,sE;-Bj¢ < E,s=;B;¢,
E,s=(,"ﬂBj¢ < E,SIZingﬁ.

A first-order formula ¢ is supported in a given situation s by an agent 7 if
and only if that agent has positive evidence about ¢ in s. Analogously, ¢ will
be rejected if and only if there are reasons that support its falsehood (recall
that a formula may be both supported and rejected in a given situation).
As far as beliefs are concerned, in a given situation s, agent 7 supports
that agent j believes ¢ just in case agent j supports ¢ in all the situations
that are considered possible by agent ¢ in s (agent i’s doxastic alternatives).
Similarly, agent 7 may reject the fact that agent j believes ¢ if it may think of
a possible situation in which agent j rejects ¢. Finally, agent ¢ will support
that agent j does not believe ¢ if it may reject the fact that agent j believes
¢. We do not need more clauses to define the behaviour of the satisfiability
and unsatisfiability relationships due to the restriction to linearly nested
formulse imposed in definition 3.

3.2. Derivability and validity

We will briefly discuss in this section the properties of the logical notions of
derivability and validity that are induced from the satisfiability relationship
that has just been explained. Let us consider the following definitions of
these concepts:
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DEFINITION 5 (Derivability and Validity). Being I' a set of linearly nested
formulz, we represent with the expression M, s =; I" the fact that Vy € I',
the expression M, s i=; -y holds.

e A linearly nested formula ) is i-derivable from a set of linearly nested
formule I' (I' =, 9), if and only if

V structures of subjective situations M,V situations s,
(M,s=; ') = (M, s = ¢).

e Two linearly nested formulee ¢ and 9 are called i-equivalent if ¢ is i-
derivable from {1} and % is i-derivable from {¢}.

e A linearly nested formula % is i-valid (=, ), if and only if

V structures of subjective situations M,V situations s,
M, s =; 1 holds.

This is (arguably) the most natural way of defining validity and deriv-
ability in the subjective situations framework. The analysis of validity is
trivial, as shown in the following proposition:

PROPOSITION 1 (Valid formulse). There does not exist any i-valid linearly
nested formula.

It is easy to check that there is not any é-valid formula. We only need
to consider a structure of subjective situations with a single world, w, such
that, for any agent 4, 7;(w) and F;(w) are empty (note that (wR;w) would
also hold). In this case there would be no linearly nested formula ) such
that M,w =; 1. As there are no valid formula, we do not have to worry
about agents believing all valid formulze or having their beliefs closed under
valid implication ([1], [8], [11]).

With respect to derivability, the following proposition holds:

PROPOSITION 2 (Characterization of predicate derivability). For all sets of
predicate formule I' and all predicate formule vy,

's;~v ifandonlyif vel.

The proof of this proposition is quite straightforward. This result is
stating that, if we take all the situations and structures in which a given set of
first-order formula hold, we can only expect those formule to hold, and there
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would be no other formula (neither classical tautologies nor classical logical
consequences of those formula) satisfied in those structures and situations.
This result is precisely stating that the agents modelled with this framework
are neither logically omniscient nor perfect reasoners, as we desired.

If we turn our attention to linearly nested formulse, we have the following
result:

PROPOSITION 3 (I-equivalence of linearly nested formulze). For any linearly
nested formula ¢,

e ¢ is i-equivalent to B; ¢
e —¢ is i-equivalent to ~B; ¢ (if ¢ is a strictly modal formula)

This result is a direct consequence of some of the propositions that will be
proved in § 4, and will be discussed with more detail there (see propositions 6
and 11). In a nutshell, it is formally stating the intuitions that we suggested
at the beginning of this paper: agent i’s positive and negative beliefs will be
determined by its perception of reality.

4. Properties of the belief operators

The definition of a structure of subjective situations, the fact that the ac-
cessibility relations are equivalence relations and the clauses that describe
the behaviour of the satisfiability (and unsatisfiability) relations compose
a framework in which the modal belief operator of each agent has several
interesting logical properties (that, in our opinion, make it an appropriate
operator to model the notion of belief for a non-ideal agent). Some of these
properties are described in this section!.

4.1. General results

PROPOSITION 4 (Lack of Logical Omniscience). In the framework of sub-

jective situalions, none of the following forms of logical omniscience ([8])
holds:

e Full logical omniscience.
e Belief of valid formule.
e Closure under logical implication.

e Closure under logical equivalence.

! In all the propositions given in this section, @ may be equal or different to 7.
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e Closure under material implication.
e Closure under valid implication.

e Closure under conjunction.

e Weakening of beliefs.

e Triviality of inconsistent beliefs.

PROOF. Let us take a state s in which T;(s) = {P,(P — @Q),—~P} and
F;(s) = {P}. Consider a structure for subjective situations E that only
contains the situation s.

e s =; B;P and E,s =; B;(P — Q) hold, but E,s =; B;Q does not
hold. Therefore, neither full logical omniscience nor closure under material
implication hold.

e F,s=; Bi(QV Q) does not hold. Therefore, there is no belief of valid
formulze.

e E,s =; B; P holds, but E,s i=; B;(P V Q) does not hold. Therefore,
closure under logical implication and weakening of beliefs do not hold.

e E,5=; Bi(P — Q) holds, but E, s =; B;(=Q — —P) does not. Therefore,
beliefs are not closed under logical equivalence or under valid implication.

e E,5s=; B;P and E,s =; B;(P — Q) hold, but the expression E,s =;
Bi(P A (P — @Q)) does not hold. Therefore, there is no closure under
conjunction.

e B,s =; B; P and E,s =; B; P hold, but E,s =; B; Q does not hold.
Therefore, there is no triviality of inconsistent beliefs. [ |

There are two basic reasons that account for the failure of all these
properties:

e 7; and F; are defined on sets of (arbitrary) formulee (not on atomic for-
mulze).

e 7; and F; are unrelated. Thus, a given formula may belong to both sets,
to only one of them or to none of them.

It is possible to impose any of the above properties on the belief operators
by requiring these sets of formulee to satisfy some conditions; for instance,
if (¢ A1) € Ti(s) implies that ¢ € T;(s) and 3 € T;(s), then agent #’s belief
set would be closed under conjunction.
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PROPOSITION 5 (Relation between =; and =;). For any linearly nested
formula ¢

E,s &, ¢ does not imply E,s =; ¢,
E,s=; ¢ does not imply E, s =A; ¢.

PROOF. Take the structure of subjective situations E described in the proof
of the previous proposition. It is easy to check these facts:

e E.s #; B;R and E,s #; B; R. Therefore, F,s &; ¢ does not imply
E,s=; ¢.

e EF,s =; B;P and E,s =i; B; P. Therefore, E,s =; ¢ does not imply
E, s =; ¢. |

4.2. Results on positive introspection

PROPOSITION 6 (Characterization of positive beliefs). For any linearly
nested formula ¢,

E,s=;¢ ifand only if E,s=;B;¢.

PRrROOF. The only if side of the formula coincides with proposition 7. The
if side may be proven as follows:

E,s =; B;¢ = Vi(s R; t), (E,t =; ¢). As R; is reflexive, (s R; s);
therefore, F, s =; ¢. [ |

This result states that agent 7 believes ¢ in state s if and only if ¢ is one of
the facts that is supported by agent ¢ in that state. Thus, in our framework
the difference between belief and knowledge vanishes: both concepts have to
be understood as the propositional attitude that the agents adopt towards
those formula that they perceive to be true in their environment. Therefore,
the (rather philosophical) difference between those beliefs that are true in
the real world (that constitute knowledge) and those that are not (plain
beliefs) is not considered.

PROPOSITION 7 (Belief of supported formula). For any linearly nested for-
mula ¢,
E,s=; ¢ implies E,s =; B; ¢.

PRrROOF. There are three cases to be considered:

e ¢ is a predicate formula. E,s =; ¢ and ¢ is a predicate formula = ¢ €
Ti(s) = Vi(s R; t), ¢ € Ti(t) = Vi(s R; t), E,t =; ¢ = E,s=; B; ¢.
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e ¢ is a modal formula that starts with an affirmed belief operator B, (i.e.
¢ = By %). This fact is exactly the next proposition. '

e ¢ is a modal formula that starts with the negation of a belief operator B,
(i.e. ¢ = By1). This fact is the one proved as proposition 12. |

This proposition is part of proposition 6. It is telling us that an agent
believes all formulae that it has reasons to support, as suggested in the
motivating example. However, this proposition has an added value over our
intuitions, because it refers to any kind of linearly nested formula, and not
only to predicate formulse.

PROPOSITION 8 (Simple positive introspection). For any linearly nested for-
mula ¢,

E,s=; B, ¢ implies E,s =; B; By ¢.

PRrROOF. If E, s =; B, ¢, that means that E,t =, ¢ holds in all the situations
t which are R;-related to s. Being R; an equivalence relation, these situations
are exactly the ones included in the equivalence class of s induced by R;.
This class is also the set of situations that may be accessed from s in two
steps (in fact, in any number of steps) via R;, and ¢ is supported by agent «
in all of them. Thus, Vs'(sR;s')Vs"(s'R;s")E, s" =4 ¢, and E,s =; B; B4 ¢
holds. B

This proposition is part of proposition 7. It states that axiom 4 (the
classical axiom of positive introspection) holds for each belief operator B,
(i.e. every agent has introspective capabilities on positive beliefs).

PROPOSITION 9 (Inter-agent positive introspection). For any linearly nested
formula ¢,

E,st=;By¢ if and only if FE,sk=; By By o.

PROOF. The only if side may be proven as follows: E,s =; Bo¢ =
Vi(s R; t),E,t =4 ¢. Using the result given in proposition 6, that ex-
pression implies that Vi(s R; t), E,t =4 Bo ¢; thus, E,s =; By Ba ¢. This
result is a generalisation of the previous one, which already covered the case
in which 7 = a.

Proof of the if side: E,s =; By, By ¢ = Vi(s R; t), E,t =4 By ¢. That
means Vi(s R; t), Vu(t Ry u) E,u =4 ¢. As the accessibility relations are
reflexive, Vt(t R, t) holds; therefore, Vi(s R; t)E,t =, ¢; thus, E,s =;
B ¢. [ ]
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This proposition states that each agent is aware of the fact that the other
agents also have introspective capabilities.

PROPOSITION 10 (Multi-agent positive introspection). It does not hold (for
three different agents i,j,k and a linearly nested formula ¢) that

E sE; Bj¢ implies E, s =; By B]' ¢.

PROOF. We will show a counterexample. Take a structure for subjective
situations E with two situations, s and ¢, such that (s Ry t) holds, but
(s R; t) and (s R; t) do not. Take a formula ¢ such that ¢ e T;(s) and
¢ ¢ T;(t). In this state of affairs, E,s =; B;¢ holds but E,s =; BxB; ¢
does not hold. [

This proposition states a negative result. It is telling that even if agent
i has reasons to support that agent j believes something, that is not enough
for agent i to think that any other agent k will have that belief. This
proposition is essentially expressing the uncertainty of agent i about the
beliefs of a different agent k.

4.3. Results on negative introspection

PROPOSITION 11 (Characterization of negative beliefs). For any linearly
nested formula ¢,

E,s=;¢ ifandonlyif E,sk=; B¢

PROOF. The only if side of the proposition may be proven as follows. As
we know that E, s =I; ¢ and (sR;s), it may be said that Ft(sR;t), E,t =1; ¢.
Therefore, E, s =; B; ¢, which is equivalent to E, s =; = B; ¢.

The if side of the proposition (i.e. F,s =; - B; ¢ implies E,s =; ¢)
will be proved considering three different cases (as we did in the proof of
proposition 7):

e ¢ is a predicate formula. E,s =; - B;j¢ = E,s =; B;¢ = Jt(s R,
t), B,t =i; ¢. As ¢ is a first-order formula, E, =i; ¢ implies that ¢ € F;(t);
as (s R; t), ¢ € Fi(s). Therefore, E,s =i; ¢.

e ¢ is a modal formula that starts with an affirmed belief operator B, (i.e.
¢ = Ba@b). E, s =; - B;¢p = E s=; 2 B;Bay = E,s 9; B; By =
Jt(s R; t), E,t =1; Boyp = 3t,u(s R; t),(t Ry u), E,u =iy 9.

As R; is transitive, (s R; t) and (¢ R; u) imply that (s R; u). Thus, we
may state that Ju(s R; u), E,u =y 9. Therefore, E,s =; B, v, which is
equal to F, s =; ¢.
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e ¢ is a modal formula that starts with a negated belief operator B,, (i.e.
¢ = —lBa’gb). E,skE;Bij¢p = E,sk; - B;—Baty = E,s =; BB,
— Jt(sR;t), E,t =l; " Bat = Jt(s R; t),E,t =; Boyp = Tt (s R; t)
Yu(t R; u), E,u =q 1.

In this expression, ¢ is a world that belongs to the same class of equiv-
alence than s (according to the partition defined by R;), and u represents
all the worlds that belong to #’s class of equivalence; thus, u ranges over
all the worlds belonging to s’s class of equivalence (all the worlds that are
accessible from s via R; in any number n of steps). If we take n = 1, we
get that Vi(s R; t), E,t =q ¥. Thus, E,s =; B, 4, which is equivalent to
E,s =; =By . Therefore, E,s =; ¢. [ ]

Agent 1 does not believe ¢ at s if and only if ¢ is one the facts that is
rejected by agent ¢ at s. Again, this proposition agrees with the intuitions
that we had in the example that was used to motivate the need for the
framework of subjective situations.

PROPOSITION 12 (Simple negative introspection). For any linearly nested
formula ¢,
E,s=; 7By ¢ implies E,s =; B; — B, ¢.

PROOF. E,s =; - Bo¢p = E,s =; Bq ¢ = Ft(sR;t), (E,t =y ¢). Thus,
there exists at least one world (say w) such that (sR;w) and E,w =, ¢.
In order to prove the proposition, we have to notice that R; is Euclidean
(i.e. whenever (sR;t) and (sR;u), (tR;u) also holds).?2 Therefore, w is R;
accessible from all worlds that are R; accessible from s, and we may state
that Vi(sR;t), (tR;w) and E,w = ¢. Thus, Vi(sR;t) Ju(tRu)E,u =, ¢.
Thus, Vi(sR;t) E,t =; By ¢, which is equivalent to Vi(sR;t) E,t =; 7 Bg ¢.
Therefore, we have shown that E, s =; B; 7 Bg ¢. [

This proposition is part of proposition 7. It states that axiom § (the
classical axiom of negative introspection) holds for each belief operator, i.e.
every agent has introspective capabilities on negative beliefs.

PRroPOSITION 13 (Inter-agent negative introspection). For two different
agents 1,7 and any linearly nested formula ¢, it does not hold that

E,s+=; 7B, ¢ implies E,s =; B; =B, ¢.

2 1t is easy to prove that any relation that is symmetric and transitive is also Euclidean.
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PROOF. Consider the following counterexample. Imagine a structure for
subjective situations E with three situations s, and u, such that (s R; t)
and (¢ R; u). Suppose that P e F;(s) but P ¢ F;(t) (and note that
Fj(t) = Fj(u)). It is easy to check that E,s &=; —B; P holds, whereas
E,s=; Bj~B; P does not. B

This result states that each agent 7 is aware of the fact that, even if it
has reasons to think that agent j does not believe ¢, it may just be the case
that agent j believes ¢ indeed (and, therefore, agent 5 would believe that
it believed ¢). Thus, it is another expression of the uncertainty that any
agent has about the beliefs of the other agents. Other interesting results are

shown in the following two propositions®.

PROPOSITION 14 (Mixed introspection). For any linearly nested formula ¢,
E,s=;By¢ if and only if E,s=; 2By By 9.

PROOF. The only if side may be proven in the following way: E,s &=; ~ By ¢
= FE,s =; Bo¢ = 3t (s R; t) E,t =, ¢. By applying the result obtained
in proposition 11, this expression is equivalent to 3t (s R; t) E,t =4 = Bq ¢.
Thus, we obtain the expression 3t (sR;t) E,t =y Bq¢ = FE,s =1; B4 By ¢
= FE, sk, By By ¢

The proof of the if side is the following: E,s i=; "By Bo ¢ = E,s =;
BaBaop = 3t (s Ry t) E,t =g Baodp = It (s R; t) E,t =4, By . With
the aid of proposition 11, we obtain the expression 3t (s R; t) E,t =y ¢ =
E,s=4;By¢ = E,s=; 7By . =

This proposition says that an agent 4 has reasons to reject that o believes
¢ exactly in those cases in which it has evidence to reject that a believes
that o believes ¢. It is a kind of positive introspection related to negative
evidence.

PROPOSITION 15 (Beliefs and negation). For any linearly nested (and strictly
modal) formula ¢,

E,s1=; By ¢ implies E,s =; = By ¢.

PROOF. E,s =; B, ¢ = Vt (s R; t), E,t =, —¢. As ¢ is a modal (not
predicate) formula, it may be said that Vt (s R; t), E,t =, ¢. As all the
accessibility relations between situations are serial, it may be said that 3t
(SRit)E,t=la¢=>E,S=1iBa¢=>E,SF:i—IBa¢. B

8 These propositions were suggested by Elias Thijsse.
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This result says that when i may support the fact that o does not be-

lieve ¢, it will have negative evidence about « believing ¢.

4.4. Summary of the main properties

Summarising the main results shown in this section:

5.

All forms of logical omniscience are avoided.

None of the restricted forms of logical omniscience usually considered in
the literature holds in the framework of subjective situations. This result
is due to the presence of partial and inconsistent situations and to the fact
that the description of a situation is formed with positive and negative
information about predicate formule (and not about basic propositions).

Each agent is aware of its positive and negative beliefs, and is also aware of
the fact that the other agents enjoy this introspective capability. However,
an agent is uncertain about the way the present situation is perceived by
other agents and, therefore, it is unable to know anything about the other
agent’s beliefs.

The positive and negative beliefs of an agent in a state reflect, as our
intuitions suggested, the facts that are taken as true or false by the agent
in that state. Thus, an agent’s perception determines its beliefs in a given
situation, as it might be expected.

Comparison with previous proposals

The most outstanding difference of our proposal with previous works ([8])

is

the idea of considering subjective situations, that may be perceived in dif-

ferent ways by different agents. Technically, this fact implies two differences

of

our approach with respect to others:

A situation is described with two functions (7; and F;) for each agent i.

Thus, we take into account each agent’s perception of the actual situation,
considering a subjective description of each state.

Two satisfiability and unsatisfiability relations between situations and for-
mule (=; and =;) are also defined for each agent.

Having a subjective description of each state, it makes sense to consider
satisfiability relations that depend on each agent.
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The rest of the section is devoted to the comparison of our proposal
with the two approaches to the problem of logical omniscience with which it
shares more similarities: Levesque’s logic of explicit and implicit beliefs ([6])
and Thijsse’s hybrid sieve systems ([7]).

5.1. Levesque’s logic of implicit and explicit beliefs

Levesque uses a language with two modal operators: B for ezplicit beliefs
and L for implicit beliefs. These operators are not allowed to be nested in
the formuls of the language. A structure for explicit and implicit beliefs is
defined as a tuple M = (S, B, T, F'), where S is the set of primitive situations,
B is a subset of S that represents the situations that could be the actual one
and T and F are functions from the set of primitive propositions into subsets
of S. Intuitively, T'(P) contains all the situations that support the truth of P,
whereas F(P) contains the ones that support the falsehood of P. A situation
s can be partial (if there is a primitive proposition which is neither true nor
false in s) and/or incoherent (if there is a proposition which is both true and
false in s). A situation is complete if it is neither partial nor incoherent. A
complete situation s is compatible with a situation ¢ if s and ¢ agree in all
the points in which ¢ is defined. B* is the set of all complete situations of S
that are compatible with some situation in B.

The relations =7 and = between situations and formulse are defined
as follows:

e M,s =1 P, where P is a primitive proposition, if and only if s € T(P),
e M,s=p P, where P is a primitive proposition, if and only if s € F(P),
e M,s=7 —pif and only if M,s =p ¢,
e M.s=p -y if and only if M, s =7 ¢,
e M,se=r (p A1) ifand only if M,s =1 ¢ and M,s =1 9,
e M,s=p (pAt)ifand only if M,s =p p or M,s =F 1,
e M,s=7 By ifand only if M,t =7 ¢ Vi e B,
e M,s=r By if and only if M,s &1 By,
e M,s=7 Ly if and only if M,t =7 ¢ Vit € B*,
e M,se=pLyifand only if M,s 7 L.
A formula ¢ is true in a state s if M, s =7 . Levesque defines a formula

as walid if it is true in all structures M = (S,B,T,F), and all complete
situations s € S.
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There are some similarities between our approach and Levesque’s logic

of implicit and explicit beliefs. However, they are more apparent than real,
as shown in this listing:

Levesque also considers a satisfiability and an unsatisfiability relation be-
tween situations and doxastic formulee.

However, these relations are not considered for each agent.
Levesque also describes each situation with two functions 7 and F.

These functions are not indexed by each agent, as our functions are
(Levesque considers an objective description of what is true and what is
false in each situation). Another important difference is that his functions
deal with basic propositions, and not with arbitrarily complex formulz as
our functions do.

Both approaches allow the presence of partial or inconsistent situations.

However note that, in our case, it is not the (objective) description of the
situation that is partial or inconsistent, but the subjective perception that
an agent may have of it. Thus, the notions of partiality and inconsistency
have a much more natural interpretation in our framework.

Both approaches avoid all the forms of logical omniscience.

The reason is different in each case, though. In Levesque’s logic of explicit
and implicit beliefs, it is the presence of incoherent situations that prevents
logical omniscience. In our proposal, there is no need to have inconsistent
situations to avoid logical omniscience. In fact, we solve that problem
by defining 7; and F; over arbitrary sets of formuls, and not over basic
propositions.

There are accessibility relations between situations for each agent in both
systems.

Levesque’s accessibility relation between situations is left implicit; our
accessibility relations are explicit. Furthermore, the intuition underlying
these relations is somewhat different, as explained in section 2.

Other differences with Levesque’s approach are:

Levesque only considers one agent, and does not allow nested beliefs.
Thus, his agents do not have any introspective capabilities.

Levesque defines ezplicit and implicit beliefs, whereas we do not make this
distinction.
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e Even though Levesque avoids logical omniscience, his agents must neces-
sarily believe all those tautologies that are formed by known basic propo-
sitions (those propositions P for which the agent believes (P V —P)), re-
gardless of their complexity. This is not the case in our approach, because
we deal directly with formulz.

e There is a different treatment of the unsatisfiability relation when applied
to beliefs, because he transforms = into &, whereas we do not.

e We deal with first-order formulse, not only with propositional formulz.

5.2. Thijsse’s hybrid sieve systems

Thijsse ([7]) proposes a way of using partial logics to deal with some forms of
logical omniscience. He defines a partial model as a tuple (W, By,...,B,,V),
where W is a set of worlds, B; is the accessibility relation between worlds
for agent ¢ and V is a partial truth assignment to the basic propositions in
each world. T is a primitive proposition that is always interpreted as true.
Truth (=) and falsity (=) relations are defined in the following way:

e Miwi=T
e M,w=AT
e M,w = P, where P is a primitive proposition, iff V(P,w) =1
e M,w = P, where P is a primitive proposition, iff V(P,w) = 0
e MwkE - iff Mw=y
e M,w=a-piff MwEp
e MwE (pAY)iff MywE=@and M,w k=1
e M,w=(pAvY)iff Myw=por M,w=i1
e M,wkE B; ¢ iff M,v = ¢ Vv such that (w,v) € B;
o M,w = B;¢iff vs.t. (w,v) e B; and M,v = ¢
Validity is defined as verification: = ¢ iff VM, w (M,w) = ¢. The
partiality of the valuation function causes the absence of tautologies: there
are no valid formule in this logic. Thus, some forms of logical omniscience
(belief of valid formulee, closure under valid implication) disappear, and

the following axioms (representing closure under material implication and
closure under conjunction) are not valid either:

K: FB(¢=19)=(Bgd=By)
C: + (BéABy) = B(pAy)
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A notion of awareness (or rather acquaintance, as Thijsse puts it), may be
incorporated in the logic with a new modal operator, A;, defined as follows:
Ai¢ = Aypin 4 Bi(P A —P). Thus, an agent is aware of a formula if each of
the basic propositions that appear in the formula has a definite truth value.

In spite of these good properties, this logic also has some shortcomings:

e It eliminates too many tautologies (e.g. BP V —BP seems acceptable,
whereas B(P V —-P) must be avoided).
e Some forms of logical omniscience still hold (albeit in a relativized way):

Ky: Blp=19)F (Bop=By)
C,: BAABY I B(dpAY)

Thijsse proceeds by solving these problems with his hybrid sieve models,
defined as tuples (W, Bi,...,By,A1,...,A,, V), where W, B; and V keep
their previous meanings and A; is the set of formulae of which the agent
is aware in each state. A new modal operator (C; ¢) is introduced, with
the intended meaning “agent i consciously believes ¢”. A new satisfiability
relation (IF) is also introduced. The main aims of these models are:

e To provide a classical (two-valued) logic approach to the external part of
the logic (so that e.g. BP V -~ BP holds) while retaining a partial (three-
valued) logic for the internal part (so that e.g. B(P V —P) is avoided).

e To avoid relativized forms of closure under material implication and clo-

sure under conjunction by adding the syntactic awareness filter.

The clauses that must be added to the partial models in order to give a
semantic value to the new modal operator and the new consequence relation
are the following:

e M,w I P, where P is a primitive proposition, iff V(P,w) =1
e M,wlF—piff M,wlF o

M,wlk (p Ay) if M,wlFy and M,w -1

M,w - B;p iff M,v = ¢ Vv such that (w,v) € B;

M,wiE= Cioiff Mwlk C;p iff M,w = B; ¢ and ¢ € A;(w)
M,w=Cpiff M,w = B;por ¢ ¢ A;(w)

A formula is said to be valid (IF ¢) just in case M,w IF ¢ holds in
each state of each model. Note that I is a bivalent relation, whereas k= is
trivalent. These clauses impose a classical external logic in the propositional
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formulz but they keep a partial internal logic in the modal formule (note
that M,w = B; ¢ is true in exactly the same situations in which M,w |-
B; ¢ holds). In this way some tautologies are recovered, without having the
undesired property of believing valid formulee.

The most important similarities between our approach and Thijsse’s are:

n agents and n explicit accessibility relations are considered.

However, as in Levesque’s case, there are no restrictions on these relations,
and the intuitive meaning of our accessibility relations is slightly different.

e Two relations (of satisfiability and unsatisfiability) are defined. Moreover,
a similar clause is used to provide a meaning to the unsatisfiability relation
with respect to the belief operator.

As before, the main difference is that we provide two relations for each
agent.

e There are no tautologies in Thijsse’s system; therefore, he does not have
to care about some forms of logical omniscience (closure under valid im-
plication and belief of valid formulae).

e Closure under material implication and closure under conjunction do not
hold in Thijsse’s approach either.

The main difference with Thijsse’s proposal is that he uses partial as-
signments of truth values over basic propositions for each state; thus, a
proposition may be true, false or undefined in each state. We deal with
first-order formulae, not with basic propositions, and each formula may be
supported and/or rejected by each agent in each state. Therefore, Thijsse’s
approach is three-valued, whereas ours is more of a four-valued kind, such
as Levesque’s.

6. Summary

The possible worlds model and the Kripke semantics are considered the
standard tools to be used in order to provide a semantics to the formulae of
modal logics of belief. In a standard Kripke structure, the possible worlds
are complete and consistent descriptions of possible states of affairs. They
are also represented in an objective way, in the sense that their description
does not depend at all on any agent. These characteristics lead to the well
known problems of logical omniscience and perfect reasoning. In this paper it
has been argued that each agent perceives its actual situation in a particular
way, which may be different from that of other agents located in the same
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situation; therefore, the use of objective descriptions of possible worlds is not
appropriate to model the beliefs of the agents in a multi-agent system. The
vision that an agent has of a situation determines its (positive and negative)
beliefs in that situation. This intuitive idea has been formalized with the
notion of subjective situations. These entities are the base of a first-order
doxastic logic, in which the meaning of the belief operators seems to fit
with the general intuitions about how the doxastic attitude of a non-ideal
agent should behave. In particular, logical omniscience is avoided while some
interesting introspective properties are maintained. A detailed comparison
of this approach with Levesque’s logic of implicit and explicit beliefs (]6])
and Thijsse’s hybrid sieve systems ([7]) has also been provided. A detailed
argument about how the subjective situations framework may be used to
formally model the evolution of the beliefs of non-ideal, rational agents may
be found in [11].
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