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Network Programs

N

B A network program is of the form

min ¢!z

Ax =b
(< zx<u,

where ¢ € R, b€ R" and A € {—1,0,1}"*" has the following property:

each column has exactly one 1 and one —1
(and so the remaining coefficients are 0)

B Note that n is the number of constraints and . is the number of variables
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Network Programs

N

B A network program is of the form

min cl'z

Arz =0
(< zx<u,

where ¢ € R, b€ R" and A € {—1,0,1}"*" has the following property:

each column has exactly one 1 and one —1
(and so the remaining coefficients are 0)

B Example: min x; + x9 + 3x3 + 1024

1 0 1 1

1 1 0 0 iz — 0

0 —1 -1 —1 3 _5
L4

0<xz <4 0<x3<4

0<x9 <2 0<xz4 <10
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Minimum Cost Flow Problems

N

B Network programs can be seen as minimum cost flow problems in a graph

B \We associate a digraph G = (V, E) to the matrix of a network program:

¢ \Vertices V' correspond to rows (constraints)
¢ [Edges I correspond to columns (variables)

¢ A column with a 1 at row 7 and a —1 at row £ gives an edge (i, k)
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Minimum Cost Flow Problems

N

B Network programs can be seen as minimum cost flow problems in a graph

B \We associate a digraph G = (V, E) to the matrix of a network program:

4
\ 4

Vertices V' correspond to rows (constraints)

Edges F correspond to columns (variables)

¢ A column with a 1 at row 7 and a —1 at row £ gives an edge (i, k)

B Then we can reinterpret the other elements of the network program:

¢

*® & ¢ o

Each variable z; is the flow sent along the j-th edge
The cost of sending 1 unit of flow is ¢;

Flow cannot exceed capacity u;

There must be a minimum flow /; (usually, 0)

Total production of flow at vertex i is determined by b,

B So solving the network program consists in
k‘inding the feasible flow along the graph that minimizes the cost
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Minimum Cost Flow Problems

min i + xo + 3x3 + 10x4

1 0 1 1 il 5
-1 1 0 0 af — 0
0 —1 -1 —1 3 _5

0<xz <4 0<xz3<4
O§$2§2 OSZE4§10

oy
[17074] ~7 [Cj 7€j 7uj]
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Network Simplex Method

B Network programs satisfy Hoffman & Gale's conditions.

So simplex method is guaranteed to give integer solutions (if 7, u, b in 7Z)
B Moreover we can specialize the simplex method for network programs

B This lecture is devoted to this specialization: the network simplex method

B [n the first place we need to revisit a bit of graph theory

‘ 5/ 35



N

B The vertex-edge incidence matrix of digraph G = (V, E) is a matrix A s.t.:

Vertex-Edge Incidence Matrix

€& Rows are labelled by vertices

¢ Columns are labelled by edges

¢ Foreach v €V and e € E, coefficient a, . of Ais
° 1 ife=(v,-)
e —1 ife=(,v)
o 0  otherwise

B Given a network program whose matrix is A,
the vertex-edge incidence matrix of its associated digraph is precisely A

‘ 5 3



N

Vertex-Edge Incidence Matrix
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Paths and Cycles

N

B A path is a finite sequence P = (vy,e1,v9,..., Uk, €5, Vi) such that
either . = (vp, vp1q1) or e = (v, vp) forall 1T <k < K

B Note that paths can invert the orientation of edges

B The orientation sequence of a path P is (Op(ey),...,0Op(er)), where

[ +1 if €L = (Ukavk—H)

Op(er) § —1 if ep = (Vgg1,vk)
0 otherwise

\

B A cycle is a path such that the initial and the final vertices are the same
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Paths and Cycles

(3,4,1,1,2) is a path with orientation sequence (—1,1)
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Paths and Cycles

B Prop. Let P = (vy,e1,v9,...,05, €5,V 1) be a path. Then

K
§ Op(ek) ’ CLek — eU1 _ eUK+17
k=1

where a. is the column of ¢ in the vertex-edge incidence matrix A,
and e, is the v-th unit vector, i.e., all zeroes except for a 1 at index v
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N

Paths and Cycles

B Prop. Let P = (vy,e1,v9,..., 05, ¢,V 1) be a path. Then

K
§ Op(ek) ’ aek — evl o eUK+17
k=1

where a. is the column of ¢ in the vertex-edge incidence matrix A,
and e, is the v-th unit vector, i.e., all zeroes except for a 1 at index v

Proof. Let k bes.t. 1 <k < K. There are two cases:

1. Ifep = (vp, viy1) then ae, = e, —e,,, and Op(e;) =1
2. e, = (vprr,v) thenae, = ey, . —e, and Op(e;) = —1
In any case Op(ey) - ae, = €y, — €uyy - SO

K
Z OP<€k)'a€k = (ev; —evy )T (evy —euy)+- . ‘+<eUK_eUK+1) — Cu1 T Cuk

k=1
‘ 10/ 3



Paths and Cycles

N

B Prop. Let P = (vy,e1,v9,...,05, €5,V 1) be a path. Then

K
§ Op(ek) ’ CLek — evl _ eUK+17
k=1

where a. is the column of ¢ in the vertex-edge incidence matrix A,
and e, is the v-th unit vector, i.e., all zeroes except for a 1 at index v

B Cor. If C' = (v,e1,v0,..., 0, x5, V11) IS a cycle,
the columns a., ., ac,, ..., a., of A are linearly dependent.



Paths and Cycles

N

B Prop. Let P = (vy,e1,v9,...,05, €5,V 1) be a path. Then
K
ZOP(ek) ’ aek — evl _ eUK+17
k=1

where a. is the column of ¢ in the vertex-edge incidence matrix A,
and e, is the v-th unit vector, i.e., all zeroes except for a 1 at index v

B Cor. If C' = (v,e1,v0,..., 0, x5, V11) IS a cycle,
the columns a., ., ac,, ..., a., of A are linearly dependent.

Proof. If v = v 1 then
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Paths and Cycles
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Trees

N

M A graphis

€ ocyclic if it has no cycles
€ connected if for any pair of vertices u, v there is a path from u to v

€ a tree if it is acyclic and connected

M Thm. For a graph 7" with at least one vertex the following are equivalent:

& ['is atree

€ For any pair of vertices u, v there is a unique path from u to v
€ I has one less edge than vertices and is connected

€ I has one less edge than vertices and is acyclic

B A subgraph S of & is spanning if it covers all vertices in (&

Thm. Every connected graph has a subgraph that is a spanning tree.



Trees

N

M Thm. For any 7" subgraph of (- that is a tree with at least two vertices,
the columns {a. | e € T’} of A are linearly independent.
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N

M Thm. For any 7" subgraph of (- that is a tree with at least two vertices,
the columns {a. | e € T’} of A are linearly independent.

Trees

Proof. By contradiction.

Let 7" be a tree with the minimum number of vertices /V such that
{a. | e € T'} are linearly dependent, i.e., there are ). not all null s.t.

Z)\eae =0

ecT

If N = 2 then 7" has one edge, say e. But A\., a. # 0 and \.a. = 0!

So NV > 2. Let v be a leaf of 7" and let ¢, be the only edge in 7" that has
v as an endpoint. Let 7’ be the tree obtained from 7" by removing ¢,
From

)\evaev + Z )\eae =0

ecT’

by projecting onto the row of v we have )\, = 0.

. Hence the tree 77 is a subgraph of G with V — 1 > 2 vertices whose

columns are linearly dependent. Contradiction! 13/ 35



Paths and Cycles
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N

B Thm. If G is a connected graph with n > 0 nodes then rank(A) =n — 1

Reformulating Network Programs
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Reformulating Network Programs

N

B Thm. If G is a connected graph with n > 0 nodes then rank(A) =n — 1

Proof. ( has a spanning tree 1', which has n — 1 edges.
Its columns are linearly independent, so rank(A) > rank(7") =n — 1.

But since adding all rows of A we get 0, finally rank(A) =n — 1.
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Reformulating Network Programs

N

B Thm. If G is a connected graph with n > 0 nodes then rank(A) =n — 1

B Let us assume graphs of network programs are connected, so m > n — 1
(otherwise, work independently on the connected components)

B So the matrix of a network program has rank n — 1.
But the simplex method requires to have a full-rank matrix!

B \We add an extra variable w with a unit column e,, where r is taken
arbitrarily from {1,...,n}, and such that it is forced to have value 0:

min ¢l

Ax +e,w =0
¢ <z <u,
0<w<0

‘ 15 / 35



N

B Thm. If G is a connected graph with n > 0 nodes then rank(A) =n — 1

Reformulating Network Programs

B Let us assume graphs of network programs are connected, so m > n — 1
(otherwise, work independently on the connected components)

B So the matrix of a network program has rank n — 1.
But the simplex method requires to have a full-rank matrix!

B \We add an extra variable w with a unit column e,., where r is taken

arbitrarily from {1,...,n}, and such that it is forced to have value 0:
min ¢!z w
Ax +e,w =0
¢ <z <u,
0<w<0

B We associate to such a reformulated network program a rooted graph

. with root vertex r and root edge w ( “going nowhere")
15 / 35
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Reformulating Network Programs

Here we choose as a root vertex r = 2

min 1 + xo + 3x3 + 10x4

(331\ O§$1§4
I 0 1 1 0 X9 5 0 <29 <2
—1 1 0 0 1 I3 — 0 O§$3§4
0 -1 -1 —1 0 X4 —9 0< x4 <10
\ w 0<w<0

L1
[1,0,4] > [Cj ,Ej ,Uj]
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Characterization of Bases

B Thm. Let A be the matrix of a rooted graph (- with root vertex r.
If 1" is a spanning tree for G then B = e, U {a.|e € T} is basis of (A |e,;)
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Characterization of Bases

B Thm. Let A be the matrix of a rooted graph (- with root vertex r.
If 1" is a spanning tree for G then B = e, U {a.|e € T} is basis of (A |e,;)
Proof. Let n be the number of vertices of (. As I is a spanning tree,
T has n — 1 edges. Hence B = e, U {a. |e € T’} has n columns.

Let us prove that B spans R", i.e., that
for any 1 <17 < n we can write e; as linear combination of columns of B

Two cases:
¢ If i =7 trivial

® Ifi#r let P= (v =1,e1,00,...,05,€5, V11 =7) beapathinT
from vertex ¢ to vertex r. As

> Opler) - e, = e — e
we have
er + > h1 Op(er)  ae, = e

Altogether B is a basis for (A|e,)

‘ 17 / 35



Characterization of Bases

B Thm. Let A be the matrix of a rooted graph (- with root vertex r.
If 1" is a spanning tree for G then B = e, U {a.|e € T} is basis of (A |e,;)
Proof. Let n be the number of vertices of (. As I is a spanning tree,
T has n — 1 edges. Hence B = e, U {a. |e € T’} has n columns.

Let us prove that B spans R", i.e., that
for any 1 <17 < n we can write e; as linear combination of columns of B

Two cases:
¢ If i =7 trivial

® Ifi#r let P= (v =1,e1,00,...,05,€5, V11 =7) beapathinT
from vertex ¢ to vertex r. As

> Opler) - e, = e — e
we have
er + > h1 Op(er)  ae, = e

Altogether B is a basis for (A|e,)

B Cor. rank(Ale,) =n
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Characterization of Bases

B Thm. Let A be the matrix of a rooted graph (- with root vertex r.
If B is basis of (A |e,) then e, € B and {¢|a. € B} is spanning tree of G
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Characterization of Bases

B Thm. Let A be the matrix of a rooted graph (- with root vertex r.
If B is basis of (A |e,) then e, € B and {¢|a. € B} is spanning tree of G
Proof. Let n be the number of vertices of - as usual.

Since rank(A) =n — 1 and rank(A|e,) = n we have that e, € B.
So the graph 7" induced by {¢|a. € B} has n — 1 edges.

Moreover, by linear independence, 7' cannot contain cycles.
Hence 7" has at least (n — 1) + 1 = n vertices. But G has n vertices.

Thus 7" has exactly n vertices, and so is spanning.
Since 1" has one less edge than vertex and is acyclic, it must be a tree.

All in all, 7" is a spanning tree.



Characterization of Bases

w N =
~
|
S = =

|
—_ = O
|
—_ O
|
—_ O
o = O Ot
N~ —
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Characterization of Bases

w N =
~
|
S = =

|
—_ = O
|
—_ O
|
—_ O
o = O Ot
N~ —
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N

Specializing the Simplex Method

B \Where do we use the basis inverse in the simplex method?

20 / 35



Specializing the Simplex Method

1. Initialization: Find an initial feasible basis B
Compute B~ ', 3 =B 1b, 2 = cgﬁ

T T

2. Pricing: Compute 7/ =cLB 'and d; =¢; — 7l aj.
If for all j € R,d; > 0 then return OPTIMAL
Else let ¢ be such that d, < 0. Compute o, = B 'q,

3. Ratio test: Compute 7= {i |1 <i<m, a, >0}
If 7 = () then return UNBOUNDED
Else compute 6 = minieg(%) and p such that 0 = Br
q

4. Update:
B=B-{k,}U{q} B =B+ (ag — ax,)e,
szﬁ, Bizﬁi—ﬁaé if ©+#4p Z=z+0d,
Go to 2.



N

Specializing the Simplex Method
B \Where do we use the basis inverse in the simplex method?

@& In pricing: we compute the multipliers 7/ = ch_l
¢ In ratio test: we compute the ¢g-th column of the tableau o, = B_laq

& In initialization: we compute the initial basic solution 3 = B~ 'b

B Equivalently:

& In pricing: we solve the equation y’ B = ¢/ (and then set 7 = y))
¢ In ratio test: we solve the equation Bx = a, (and then set o, = z)

¢ In initialization: we solve the equation Bx = b (and then set [ = x)

B These equations can be efficiently solved with the graph representation

B So the network simplex method doesn’t require to maintain basis inverses



Solving y' B = ¢’

N

B Let A be the matrix of a rooted graph G with root vertex r.
Let B be a basis for (A|e,).

B We know that e, € B and 7" = {e¢|a. € B} is a spanning tree for (.
L.

B In the system of equations y' B = ¢

¢ cach column (= edge) of B corresponds to one equation
¢ cach row (= vertex) of B corresponds to one variable

B Each equation either involves 1 variable (column e,.) or 2 (otherwise)
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Solving y' B = ¢’

y2:O?

1 4 5
1 0\ 1

B=| -1 0 1] 2
o -1 0/ 3

Let us solve 7/ B = ¢!, where v/ = (y1 y» y3)and ¢! = (1 10 0)

1 1 0
(v1 v ys )| -1 01 |=(yi—v2 vi—Yys 2 )
0 —1 0
= 1 ~1 Note that by doing
= 10 ~ 14 a preorder traversal from root node 2
= 0 ~5 we can solve the equations
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Solving y' B = ¢’

y2=0?

I 4 5

1 0\ 1
b= -1 01 2

0 —1 0 3

Let us solve 7/ B = ¢!, where v/ = (y1 y» y3)and ¢! = (1 10 0)

1 1 0
(vi w2 w3)| -1 01 )=(yi—v2 vi—vs ¥ )
0 —1 0
y1—y2 = 1 ~1 y2 = 0
{ Yyr —yYys = 10 ~4 Yy1 — Y2 = 1 — Y1 = y2_|_1:1
= 0 ~5 nn—ys = 10 = y3 = y1 —10=-9
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N

B Let us take the root vertex r as the root of 7. Let w be the root edge.

Solving y' B = ¢’

B Tosolve y' B = ¢! call solve(L,T), where

solve(Vertex p, Tree S) { // p is the parent of the root of S
Vertex v = root(S);
it (v == 1) Y] = clw]
else if ((p, v) € E) y[v] = ylp] = cl(p, v)];

else ylvl = ylpl + (v, p)l;
solve(v, S. left ()); .
solve(v, S.right ()); } T

ROOT

It is a preorder traversal of 7.

At each recursive call (except 1lst one)

we handle a new equation

(= column = edge) with 2 vars y,, and vy,
in which one is already assigned (v,) and

h 4 ]
1 V 1
' ’ '
1 /7 1
1 / \ I
\ \ '
\ ! \ 1
' '
\ I' | '
\ '
\ 1 | !
\ \ 1 '
\ '
\ \ 1 ’
\ / '
\ \ ’

/
\ '
\ \\ / ’
\ /
. \ N // ’
A N P ’
I € otner IS no X > . {
v . . S~ < .
\ - 7
. 7
N 7
. 7
N 7
N .
N .
N .
N -




Solving y' B = ¢’

N

B Let us take the root vertex r as the root of 7. Let w be the root edge.
B Tosolve y' B = ¢! call solve(L,T), where

solve(Vertex p, Tree S) { // p is the parent of the root of S
Vertex v = root(S);
it (v == 1) Y] = clw]
else if ((p, v) € E) y[v] = ylp] = cl(p, v)];

else ylvl = ¥lp] + (v, p)I;
solve(v, S. left ());
)

solve(v, S.right()); }

If v = 7 then the equation is vy’ e, = ¢y, i.e., Uy, = Cy.



N

B Let us take the root vertex r as the root of 7. Let w be the root edge.

Solving y' B = ¢’

B Tosolve y' B = ¢! call solve(L,T), where

solve(Vertex p, Tree S) { // p is the parent of the root of S
Vertex v = root(S);
it (v == 1) Y] = clw]
else if ((p, v) € E) y[v] = ylp] = cl(p, v)];

else ylvl = ylpl + (v, p)l;
solve(v, S. left ()); .
solve(v, S.right ()); } T

ROOT

If ¢ = (p,v) € F then the equation is

yT<ep - ev) — Yp — Yoy = Ce,

Le., Yy = Yp — Ce.

1
i 7 ;
1 V 1
i 4 '
' ’ '
1 / \ I
[ \ 1
\ ! \ 1
\ '
\ I' 1 1
v '
\ 1 | !
\ 1 1
\ \ U
\ \ 1 ’
\ / '

\ \ ’
\ \ / ’
\ \ / ’
\ ’
\ A // ’
A N P ’
\\ A - I/

\ \\\ o ’

\ o ’

N .,

\ .

N .,

N .

N .

N .

N .

N .



N

B Let us take the root vertex r as the root of 7. Let w be the root edge.

Solving y' B = ¢’

B Tosolve y' B = ¢! call solve(L,T), where

solve(Vertex p, Tree S) { // p is the parent of the root of S
Vertex v = root(S);
it (v == 1) Y] = clw]
else if ((p, v) € E) y[v] = ylp] = cl(p, v)];

else ylvl = ylpl + (v, p)l;
solve(v, S. left ()); .
solve(v, S.right ()); } T

ROOT

If ¢ = (v,p) € E then the equation is

yT<ev - ep) = Yv — Yp = Ce,

Le., Yy = Yp + Ce.

1
i 7 ;
1 V 1
i 4 '
' ’ '
1 / \ I
[ \ 1
\ ! \ 1
\ '
\ I' 1 1
v '
\ 1 | !
\ 1 1
\ \ U
\ \ 1 ’
\ / '

\ \ ’
\ \ / ’
\ \ / ’
\ ’
\ A // ’
A N P ’
\\ A - I/

\ \\\ o ’

\ o ’

N .,

\ .

N .,

N .

N .

N .

N .

N .
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Solving Bx = c. Case e, — ¢

B Let A be the matrix of rooted graph G with root vertex r.
Let B be a basis for (A|e,).

B We know that e, € B and T"= {e|a. € B} is a spanning tree for .

B In the ratio test, ¢ will be one of the columns of A.

B If cisof the form e; — ¢;,
let I° be the path in 7" going from vertex i to vertex ;.

Then recall that
ZOP(G) Qe = €] — €
ecP

B Hence the orientation sequence gives us already the solution.



Solving Bx = c. Case e, — ¢

N

1 4 5
1 1 0\ 1

B=1| -1 0 1| 2
o -1 0/ 3
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Solving Bx = c. Case e, — ¢

N

1 4 5

1 0\ 1
B=| -1 01| 2

0o -1 0/ 3

Let us solve Bx = ¢, where 2! = (21 24 x5), and
cl'=(cicae3)=(01 —1)=el —el

Path from 2 to 3: P; = (2,1,1,4,3) with orientation sequence (—1,1). So:

m v — 1
m o, =1

H o —0
27 / 35
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Solving Bx = c. General case

B Let A be the matrix of a rooted graph G with root vertex r.
Let B be a basis for (A e, ).

B We know that e, € B and T"= {e|a. € B} is a spanning tree for .

B Forany 1 <i¢ <n thereis a path P, from 7 to r, i.e,,
P, = (vy =1,e1,...;ex, v = 1) in T. But recall that

e, = er + Zé(:l OPz'(ek) " Aey,

B Let us assume B is of the form (a;,,ap,,...,ar, ,,e,). Then
e; = e + 25— Op,(kj) - ax,
as edges k; not in /; will have a 0 coefficient by definition of Op,. So
—1
c=Yiniae = (Xinie) e+ o (X On(ky) -y,
Let z,, = > " i, x5 =) ¢ Op(kj) for 1 <j <n. Then Bx = ¢!
. B Solving Bx = ¢ amounts to traverse I keeping track of edge orientation

28 / 35



Solving Bx = c. General case
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Solving Bx = c. General case

1 4 5
1 0\ 1

B=| -1 0 1] 2
o -1 0/ 3

Let us solve Bz = ¢, where 21 = (1 24 x5)!, and
' =(cicae3)! =01 —1)! =el —el

There is no need to consider the path P, from 1 to 2, as ¢; = 0.
Moreover > = (2), and hence Op,(:) = 0.
Path from 3 to 2: P; = (3,4,1,1,2) with orientation sequence (—1,1).

H ZC1203-OP3(1):(—1)-1:—1

B ry=c3-0Op(4)=(-1)-(-1)=1
‘I I5:C1+02‘|—03:0‘|‘1‘|’(_1):0 29 / 35



Example

Let us apply one iteration of the simplex method to

min i + xo + 3x3 + 10x4

1
—1
0

—_ = O

1 1
0 O
-1 -1

/2\

L3

oS = O

o

1
[17074] ~ [Cj 7£j 7uj]

O§x1§4
OSCCQSQ
0§$3§4
0§$4§10
0§£B5§O
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Example

Let us consider the basis 53 corresponding to variables (1, x4, x5)

1
[1)0)4] ~ {Cj 7£:i 7uj]

Moreover, let us assume that:

B non-basic variable x5 is set to its lower bound 0
B non-basic variable x5 is set to its upper bound 4

31/ 35



Example

B 2 lower bound 0
B 3 upper bound 4

Let us compute the initial basic solution: ©5 = B~ 'b — B " 'Rap
So x5 = B_1(5e1 — 563) — B_lag 0— B_lag 4 = 5B_1(e1 — eg) — 4B_1CL3
= B_l(el — eg)

The path from 1 to 3 is 7 = (1, x4, 3) with orientation sequence (1)
So the only non-zero value for a basic variable is for x4, with value 1

. Hence the basis is feasible and its solution is (1, xo, 23, 24, 25) = (0,0,4,1,0)

32 /35



Example

B 2 lower bound 0
B 3 upper bound 4

Let us do the pricing, i.e.,
compute d; = ¢; — c%;B_laj = cj — 7TTCLJ' for each non-basic variable z;

The solution to 7/ B = ¢}, is (my, m, m3) = (1,0, —9), and so:

B for zo: dQICQ—ﬂ'T(eg—eg):CQ—7T2—|—7T3:—8
H forxg: d3203—7TT(el—eg)203—7'('1—|—7T3:—7

any variable x5 is candidate for entering the basis .



Example

x5
[0,0,0]

1

[17074] ~ {Cj ’6.7' 7“.7]

Z2

{5}~ D — {-5)

B 2 lower bound 0
B 3 upper bound 4
H (551,332,3337554,555) — <070747 170)

Let us do the ratio test.
We need to compute oy = B 'as, and we get a2 = (—1,1,0). Then

0 = min(u, Eq,mm{ﬁ’b- | ol > 0}, mm{ﬁ" E| ol < 0})

21004

= min( , =) =1
‘ The outgoing basic variable is . 34 /35




Example

Tl
[17074] ~ {Cj ’6.7' 7“.7]

Non-basic variable 25 enters the basis

Basic variable 2, leaves the basis with value 0

New basis B corresponds to (1, x9, 5)

New basic solution: Bp = x4+ 0, Bi = B; — Qoz if ©+#p

® 1,=0+1=1
4 flzo—l( ):
4 Zf5:O—1(O):O

And the process continues...

I B The basic solution for the new basis is (71, 7o, 73,74, 75) = (1,1,4,0,0)

35 /35
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