The average complexity of the Circuit Value Problem^�

J.Díaz^y M.J.Serna^y P.Spirakis^z T.Tsukiji^x

Abstract In this paper we analyze the expected depth of a circuit randomly generated from a uniform model. We show that the expected depth of such circuits is polylogarithmic in the number of gates. This result allows us to place the monotone circuit value problem in average NC. Furthermore we show that asymptotically the expected depth of such circuits with N gates is at most c log N where c = 3.768 . . .

1 Introduction

The Circuit Value Problem (CVP) consists in deciding whether a given Boolean circuit with values assigned to the input gates produces value 1 as output. The problem was shown to be P-complete for general circuits by Ladner [Lad75]. Goldschlager proved that the problem remains P-complete for the more restrictive class of monotone circuits with bounded fan-out [Gol77]. These results indicate that the problem is inherently sequential and therefore, assuming that NC ≠ P, CVP can not be solved quickly in parallel with a feasible amount of processors. However it could still be the case that there is an algorithm using a polynomial number of processors that solves the problem in polylogarithmic time for “almost all” instances. This approach has been considered for other P-hard problems, for example in [CRT87] and [CF90]. In [JRS94] a new complexity measure for circuit’s is introduced. It relates to the minimum parallel time needed to evaluate the circuit, this is always upper bounded by circuit’s depth. That means that each gate will be evaluated the first time that its output can be computed, for example when evaluating an OR gate, if some of its inputs gets the value 1, it is not needed to wait for the second input value. Although they are able to show that this measure helps when the inputs to the circuit are

∗This research was supported by the ESPRIT BRA Program of the EC under contract no. 7141,project ALCOM II.

†Departament de Llenguatges i Sistemes, Universitat Politècnica Catalunya Pau Gargallo 5, 08028- Barcelona, diaz@lsi.upc.es/mjserna@lsi.upc.es ‡Computer Technology Institute, Patras University, spirakis@cti.gr §Dept. of Computer Science, Tokyo Institute of Technology, Meguro-ku Ookayama, Tokyo 152, Japan, tsukiji@cs.titech.ac.jp

drawn at random, the modification in the evaluation algorithm does not seem to improve the average bound for the circuit value problem. The present work does not have any relation with [JRS94]. Both works have different goals, differt types of measures and consider the input distribution on differnt objects.

A natural way to evaluate a circuit consists in computing level by level the values of its gates, evaluating in parallel all the gates at the same level. The time needed to do this is closely related to the circuit’s depth; in the worst case, the size and depth of a circuit have the same magnitude, but on the other hand, shallow circuits can be quickly evaluated in parallel using this procedure.

In this article we are interested in the average time needed for this evaluation procedure. We consider two classes BC and UC of monotone bounded/unbounded fan-out circuits, and show that on the average these circuits have polylogarithmic depth with respect to their size. The average is measured considering a uniform distribution on the circuit descriptions, i.e., every circuit description is counted once. As usual the circuit description will be the sequence of numbered inputs and gates with their respective fan-in connections. This result implies that on the average, the Circuit Value Problem for monotone circuits can be computed in polylogarithmic time using a polynomial number of processors.

In [EGLW90], synchronous relaxation is proposed as an efficient method for parallel simulation. That paper indicates that the simulation time can be modelled by the depth of the so-called “event dependency graph” which represents dependencies between subsystems in large circuit-switched communication networks. The structure of the event dependency graph is very similar to our incremental circuit graph, in the sense that each node (call identifier) has at most two predecessors. The longest path length (critical path length) in that graph then is an upper bound on the number of iterations needed to compute correctly the status of all the events in the system. In cited work, the authors define a randomized version of the event dependency graph where they assume that each coupling event involves exactly two subsystems. As our result shows, the expected depth of the critical path (parallel simulation time) is asymptotically Θ(log N). This improves the approximate estimation of [EGLW90] which is Θ(log N/ log log N) for δ = Θ(1), where δ is the ratio between coupling events and network sites.

2 The Uniform Incremental Model

A Boolean circuit α, with n inputs is a finite directed acyclic graph with labelled nodes. Nodes with in-degree 0 are called the input nodes, all the remaining nodes are the gates. Each gate has associated a function from a given set of boolean functions. A circuit is monotone when the set of functions is restricted to the fan-in two {∨, ∧} gates. Let n be the number of inputs, m the number of gates and N = n + m be the total number of nodes in the circuit. The depth of a gate g is defined to be the length of the longest directed path from the inputs (all at depth zero) to g. The depth of the circuit is the maximum of the depth of its gates, let d denote the depth of a circuit. Notice that the depth function produces a layering of any circuit. Given a circuit, the level L_k will consist of all nodes at depth k. For general background on circuit complexity see [Sav76, Weg87].

A description of a monotone circuit α is a sequence (α_1, . . . , α_N ) where each α_i is either an assignment of a value 1/0 to an input, or f(α_j , α_k) for f ∈ {∧, ∨} (gate), with j, k < i. The value v(α_i) of a gate α_i in the circuit α, is defined as follows: If α_i is an input 1/0 then v(α_i) = 1/0 and if α_i = f(α_j, α_k) then v(α_i) = f(v(α_j), v(α_k)). We define the value of the circuit, v(α), to be v(α_n). The fact that every gate is connected only to gates with a smaller number prevents feedback loops. Each description corresponds to a labelled directed acyclic graph of restricted in-degree. We keep n nodes with in-degree 0 and unbounded out-degree corresponding to the n circuit inputs. The remaining m nodes correspond to gates and will have in-degree two. Assuming that circuit gates are only gates {∧, ∨}, each description in which neither the gate functions nor the inputs are fixed, can generate 2^{m+n} different circuits. We examine circuits w.r.t. their topology, i.e. as labelled directed acyclic graphs of restricted in-degree and/or out-degree.

In order to construct circuits at random, we use an incremental process starting by the inputs, adding a gate at each time. The way each new node randomly chooses its inputs allows us to model different classes of circuits.

A non-input node is defined to be saturated when its out-degree (fan-out) is equal to a pre-specified constant (e.g. 2). We consider that all input nodes are always non-saturated.

We start with the n input nodes. When a new node is added, first it selects equiprobably at random non-saturated node as its first input. Again a second node is selected equiprobably at random from the set of non-saturated nodes, as second input.

Let BC denote the class of circuits generated by the above procedure. Notice that all circuits generated in such a way have fan-in two and constant fan-out. Moreover, the incremental procedure provides a topological ordering of the circuit, by assigning to each gate the number of the time step at which it is added.

Consider a second model in which we drop the condition of distinguishability between saturated and non-saturated nodes. Let the class UC be the class of circuits constructed as follows: Start with the n input nodes. When a new node is added, it will have as inputs two different nodes selected uniformly at random among all the nodes in the current graph. Circuits in UC have gates with unbounded fan-out and fan-in two.

Notice that UC and BC are classes of circuits each one with an underlying probability distribution.

Let us now analyze the probability that a circuit in UC has high out-degree. Given a circuit C ∈ UC for any node v of C, then

Pr{v is selected k^′ times } ≤ ( 1 n )k0

Thus

Pr{ there is a node selected k^′ times } ≤ (n + m) ( 1 n )k0

Let E be the event “no node is selected more than k^′ times” for constant k^′. That is the equivalent as the event “the circuit C has bounded fan-out (k^′) and fan-in two”. Thus we have,

Lemma 1 Any circuit in UC with N = O(n^k) gates have constant fan-out k^′, with probability of 1 − n^{k−k} 0 , for k^′ > k + 2.

We shall not restrict our models to circuits with polynomial, in the number n of inputs, number N of gates. In the general case we get,

Lemma 2 Any circuit in UC with N nodes has fan-out O(log N) with probability at least 1 − N^{−δ} for some constant δ > 2.

In the next section we will restrict ourselves to UC circuits, as it is easier to work with them, however for circuits with polynomially many gates the expected depth of circuits in the UC and BC models, relates as follows.

Lemma 3 Let d be the depth of a random circuit with O(n^k) nodes in the UC model, and let d^′ be the depth of a random circuit of the same size in the BC model. Then we have

(1 − n^{−(k−2)})E[d^′] ≤ E[d] ≤ E[d^′] + n^{−2} . Proof. Let d be a random variable indicating the depth of a circuit C ∈ UC. E[d] = E[d/E]P (E) + E[d/E]P (E) thus, E[d] ≥ E[d/E]P (E) and E[d] ≤ E[d/E]P (E) + n^kP (E) ≤ E[d/E] + n^kP (E) therefore (1 − n^{−(k} 0_{−k)} )E[d/E] ≤ E[d] ≤ E[d/E] + n^kn^{−(k} 0_{−k)} Choosing k^′ ≥ 2k + 2 we get the result. 2

The previous equation tells that in the case of polynomial size circuits, we just need to compute E[d] in the UC model to infer results for the BC model. This allows us to work on the UC model.

3 Analysis of the circuit’s depth

Assume that we have a circuit constructed uniformly incrementally in the UC model, consisting of N = n + m nodes.

An obvious lower bound on the depth of the class of UC of circuits, can be easily obtained. In the work of /citePit94 the class of random recursive trees is defined. A random recursive tree (unordered) T_n is constructed as follows : T_1 consists of a single vertex (root) labelled 1. Generally, T_N is a tree on the vertex set V_N on the vertices 1, 2, · · · , n . To obtain T_{N +1} from T_N , the vertex N + 1 is joined by an edge to a vertex v chosen uniformly at random from the set V_N . The following theorem is proved in [Pit94],

Theorem 1 (Pittel) The height h_N of of a recursive tree of size N, satisfies the strong law h_N ln n → e = 2.718 · · · a.s. In the case of a circuit ,C , from the class UC , let us assume that the input nodes are connected via a random recursive tree having one of them as root. Then, starting from the last added node, drop one of its two inputs at random. Do this for the second to the last added node, and so on, untill all the nodes have just one random input each. This construction is just an extenssion of the random recursive tree of the inputs to a bigger random recursive tree of all the nodes and of the same root. The construction always delivers a tree, since from any gate there is a path to the root remaining. Denote this tree T (N) where N = n + m with m being the gates added to the inputs. Clearly this tree is a subgraph of the circuit C and its height is lower bounding the depth of the circuit C. But the above stated result says that the asymptotic depth of T (N) is e ln N . Thus , the depth of C is , with probability one , at least e ln N , since each outcome of UC includes at least one such random recursive tree and all such trees are possible outcomes when all circuits UC are considered. Thus we get :

Theorem 2 The expected depth of circuits in the class UC with N nodes is bounded below by e ln N where e = 2.718 · · ·.

Let us turn to the upper bound. We would like to know how many additional levels Δ(N) will be created when adding N/ log(N) new nodes. (In other words we wish to study how much the depth increases).

To compute an upper bound Δ^∗(N) for Δ(N), assume that all N nodes are at the highest possible level. Such a case presents the maximum growth in the depth of the new formed circuit. We prove first an upper bound for the Δ^∗(N).

Lemma 4 For some constants γ > 1 and δ > 2, with probability at least 1 − N^{−δ} we have Δ^∗(N) ≤ γ log N.

Proof. Let L_d be the current highest possible level (before any of the N/ log N nodes were added). Let L_{d+1} be the immediate next new level created.

Assume that a new node goes to L_{d+1} with probability p_1, actually p_1 is a function in the number of currently added nodes, but through the whole process of adding the N/ log N nodes will be bigger than 1 − 2^{N/ log N}_{N +N/log N} ≥ 1/2. By the Chernoff bounds the maximum size of L_{d+1} is | L^{max}_{d+1} |= Θ(^N_{log N} ), with probability at least 1 − exp(−^{β2}_2^N_{log N} ), for any β ∈ (0, 1).

For i = 1, 2, . . . , k define E_i as the event that when adding N/ log N nodes we get that | L^{max}_{d+i} |= Θ(^N_{logi N} ).

Conditioning in E_1, a new node goes to L_{d+2} with probability (of success) p_2 = 2^{|Ld+1|}_N . Considering the additions when | L^{max}_{d+1} | /2 ≤| L_{d+1} |≤| L^{max}_{d+1} | we get p_2 = Θ(^1_{log N} ). By the Chernoff bounds the number of nodes added to L_{d+2} will be at most twice p_2 | L^{max}_{d+1} | /2, which means that | L^{max}_{d+2} |= Θ( N log^2 N ) with probability at least 1 − exp(−^{β2}_2^N_{log2 N} ) for any β ∈ (0, 1).

Using the same argument as before, conditioning on the events E_1, . . . , E_k, we get that for any β ∈ (0, 1), | L^{max}_{d+k+1} |= Θ( N log^{k+1} N ) with probability at least 1 − exp(−^{β2}_2^N_{logk+1 N} ).

The process can be carried out until the case k = k_{max} = Θ( log N log log N

) where there are at most a log N remaining nodes to be placed (the last nodes can create at most a log N additional levels). For this case we get, Pr{all E_i hold for k = 1, . . . , k_{max} − 1} = Pr(E_1) Pr(E_2/E_1) . . . Pr(E_{kmax−1}/E_1, . . . , E_{kmax−2}) ≥ ∏k_{max−1} k=1 (1 − exp(−^{β2}_2^N_{logk N} )) ≥ 1 − ∑k_{max−1} k=1 exp(−^{β2}_2^N_{logk N} ) ≥ 1 − Θ(^{log N}_{log log N} ) exp(−^{β2}_2 log N).

Therefore we can choose a δ > 2 to get this probability at least 1 − N^{−δ}, which implies that with high probability, the expected upper bound for the increment of the number of levels is at most Δ^∗(N) = Θ( log N log log N

) + a log N ≤ (a + 1) log N.

Taking γ = a + 1 the lemma follows. 2

As a corollary to the previous lemma, we can obtain the main result. Theorem 3 The expected depth of a random circuit in UC with N nodes is at most γ log^3 N, for some constant γ > 1.

Proof. Let d_N be the random variable denoting the depth of circuits restricted to N nodes. Its expectation E[d_N ] satisfy the following recursion, E[d_N ] + E[Δ(N)] = E[d_{N +} N_{log N} ] using Lemma 4 we get:

E[d_{N (1+} 1_{log N )}] ≤ E[d_N ] + γ log N The solution to the recursion proves the Theorem. 2

Using Lemma 3, we also can state the following result, Theorem 4 The expected depth of a random circuit with N = O(n^k ) gates in BC is at most τ log^3 n for some constant τ > 1.

We can tighten the upper bound when we consider large circuits, to do so we first state a technical lemma.

Lemma 5 Let n_1, . . . , n_k be independent and uniform random numbers in {1, . . . , 2^j }, then E [ 1 2^j + n_1 . . . 1 2^j + n_k ] ≤ ( ln 2 2^j )k

Proof. By definition the the expectation is ∑ 1 2^j + n_1 . . . 1 2^j + n_k P r{n_1, . . . , n_k} Bounding the sum by an integral we get that this cuantity is at most 1 2^{j k} ∫_1 0 . . . ∫_1 0 1 1 + x_1 . . . 1 1 + x_k dx_1 . . . dx_k = ( ln 2 2^j )k

Thus we get the desired bound. 2

Theorem 5 The expected depth of a random circuit in UC with N nodes is at most

(e ln 4 + o(1)) log N

for large N.

Proof. It is enough to prove the case N = 2^k + 1. Let α be a circuit with N nodes obtained in the UC model. Let d_α denote the depth of the circuit.

Notice that α_0 is always an input. Let B_i = {α_j | 2^i < j ≤ 2^{i+1}} for i = 0, . . . , k −1. By definition | B_i |= 2^i. When the depth of the circuit is d + 1, there must be a subsequence h_0, . . . , h_{d+1} of gates such that each h_{i+1} has h_i as one of its inputs.

Given a path h_0, . . . , h_{d+1} we define L_i = {h_j | 2 ≤ j ≤ d + 1 ∧ h_j ∈ B_i} and let l_i =| L_i |.

Let A_d be the event: α has a path of length d+1. Notice that Pr{A_d} = Pr{d_α ≥ d+1}. In order to upper bound this probability we split the event A_d into a set of events using parameters l_i, in such a way that the probability for each new event is easy to estimate.

For given i, m_i, . . . , m_{k−1}, let A_{i,mi,...,mk}�_1 be the event, there is a path h_0, . . . , h_{d+1} such that h_2 ∈ B_i ∧ l_j = m_j for all j ≥ i.

Thus we can express A_d as the union of all events A_{i,mi,...,mk}�_1 where the union is taken over all possible values of i, m_i, . . . , m_{k−1}, where 1 ≤ i < k and m_i, . . . , m_{k−1} runs under the condition m_i ≠ 0 and ∑ i≤j<k mj = d. It is also easy to see that all events are disjoint

thus we get Pr{A_d} = ∑ i,m0,...,m_k�1 Pr{A_{i,mi,...,mk}�_1 } where the sum is taken over all possible values of i, m_i, . . . , m_{k−1}, where m_i, . . . , m_{k−1} runs under the condition m_i ≠ 0 and ∑ i≤j<k mj = d

Pr{A_{i,mi,...,mk}�_1 } can be bounded by the product, for j = i, . . . , k − 1, of the probability of having a path of length m_j in B_j. So, let us analyze the probability of having such a path for a given j. Assume that L_j = {α_2j_{+n1} , . . . , α_2j_{+nmj} } for some choice of n_1, . . . n_{mj} verifying 1 ≤ n_1 < . . . < n_{mj} ≤ 2^j . Then the probability that all h_i ∈ L_j have h_{i−1} as one of its inputs is 2^{mj 1}_{2j+n1} . . .^1_{2j+nmj} . Note that this value takes 1 when m_j=0. Thus Pr{A_{i,m0,...,mk}�_1 } ≤ 2^i ∏ i≤j<k ∑ n1,...,nm_j 2^{mj} ( 1 2^j + n_1 ) . . . ( 1 2^j + n_{mj} )

where n_1, . . . , n_{mj} run under the condition 1 ≤ n_1 < . . . < n_{mj} ≤ 2^j .

In order to estimate this value notice that by removing the condition n_1 < . . . < n_{mj} and asking for m_j independent random numbers in {1, . . . , 2^j} we can bound the total sum by the expected value of^1_{2j+n1} . . .^1_{2j+nmj} under such distribution times the number of summation elements. Thus using Lemma 1 we get Pr{A_{i,m0,...,mk}�_1 } ≤ 2^i ∏ i≤j<k ( 2^j m_j ) ( ln 2 2^j )m_j ≤ 2^i(ln 4)^d ∏ i≤j<k 1 m_j!

So, it holds that Pr{A_d} ≤ (ln 4)^d ∑ 0≤i<k 2^i ∑ m_i,...,m_k�1 ∏ i≤j<k 1 m_j!

where m_i, . . . , m_{k−1} runs under the condition m_j = 0 for j < i and ∑ i≤j<k mj = d. Since summing ∏ i≤j<k 1 m_j ! up for all non-negative mi, . . . , mk−1 with ∑ 0≤j<k mj = d is equal to k^d d! , then Pr{A_d} ≤ 2^k ( k ln 4 (d!)^{1/d} )d

Now to estimate the expected depth we split E[d_α] = E_1 + E_2 where

E_1 = ∑ 0≤d<e ln 4+o(1))k+1

(d + 1) Pr{d_α = d + 1}

E_2 = ∑ d≥e ln 4+o(1))k+1

(d + 1) Pr{d_α = d + 1}

Clearly E_1 ≤ (e ln 4 + o(1))k, furthermore

E_2 ≤ ∑ d≥e ln 4+o(1))k+1

(d + 1)2^k ( k ln 4 (d!)^{1/d} )d

and since^{k ln 4}_{(d!)1/d} =^1_{1+o(1)} when d ≥ e ln 4 + o(1))k + 1 by Stirling’s formula we have that lim_{k→∞} E_2 = 0, and that completes the proof. 2

4 Average complexity of CVP

Recall that the Circuit Value Problem has the following formulation: given an encoding of a boolean circuit α, together with an input assignment x_1, . . . x_n compute α on x_1, . . . x_n.

The standard encoding of a problem instance is a collection of tuples indicating, gate number, type of gate, together with the gate number of its inputs. Thus each input to the CVP problem incorporates a topological ordering of the circuit. Thus the proposed models UC and BC provides a uniform distribution for the instances to CVP restricted to monotone circuits or constant fan-out monotone circuits. As mentioned in the introduction, CVP is P-complete, so there is little hope in finding fast parallel algorithms for the problem. However, based on the results from the previous section we can consider a straightforward parallel algorithm that works fast for most of the possible input instances.

We consider the following algorithm for the PRAM models (see for example [JaJ92] for an introduction to the shared memory SIMD). In order to evaluate the circuit on a PRAM we just start evaluating inputs, after that we proceed by levels. Thus the total time (depending on the model of PRAM we use) will depend on the depth of the circuit and the fan-out, fan-in of the gates, while the number of processors is number of gates. Given a circuit with N gates, fan-in p, fan-out q, and depth d, evaluating on a • CRCW PRAM takes O(d) time

• CREW PRAM takes O(d)O(log q) time

• ERCW PRAM takes O(d)O(log p) time

• EREW PRAM takes O(d)O(log p)O(log q) time using O(N) processors.

From Lemma 2, Theorem 1 and the considerations about time bounds for evaluating the circuits, the expected time is polylog in N, and we have Theorem 6 CVP for monotone circuits is in average NC (with respect to the uniform distribution).

For the BC circuits we get, Theorem 7 For each constant k, CVP for bounded fan-out monotone circuits with n inputs and the number of gates bounded by n^k, is in average NC (with respect to the uniform distribution).

It is easy to see that CVP for bounded fan-out monotone circuits with at most a quadratic number of gates remains P-complete. As a consequence the previous theorem implies that this version of CVP is also in average NC.

5 Conclusions

We have shown that in the uniform model the expected depth for a circuit with N nodes and gates with unbounded fan-out is O(log^3 N) and this holds with high probability (≥ 1−N^{−δ} for some constant δ > 2). This upper bound can also be improved to O(log N) for N large enough. This facts imply that the monotone circuit value problem can be computed in polylogarithmic expected time with a polynomial number of processors.

The previous result also holds in the uniform model for circuits with polynomially (in the number of inputs) many gates and constant fan-out gates. We conjecture that the expected depth is still polylog for the general case in the BC model.

Something to observe is that in the incremental model studied, we have a uniform distribution over circuit encodings but not over circuits. In other words, a circuit considered as a graph without labels on its gates can be produced many times (one for every possible topological sorting of its gates). The estimation of the depth of a circuit in a model that does not distinguish between different labelings is an interesting open question. The distribution used is a natural one. However, changing the probability distribution, we can obtain different behaviours on the depth of the circuit. For instance, if Γ denotes the probability that the next node added increases the depth of the circuit, Γ = 1/N, produces circuits with at most logarithmic expected depth. If we consider the probability distribution given by Γ = 1/|L_d| the expected depth of a circuit is clearly polynomial. It is an interesting open question to study the evolution of the expected depth of a random circuit as the Γ changes between these extreme models. In particular it would be interesting to investigate the existence of threshold values for Γ where the expected depth changes from polynomial to polylog.

References

[CF90] N. Calkin and A. Frieze. Probabilistic analysis of a parallel algorithm for finding maximal independent sets. Random Structures and Algorithms, 1:39–50, 1990.

[CRT87] D. Coppersmith, P. Raghavan, and M. Tompa. Parallel graph algorithms that are efficient on the average. In 28 IEEE Symposium on Foundations of Computer Science, pages 260–269. IEEE Society, 1987.

[EGLW90] S. Eick, A. Greenberg, B. Lubachevsky, and A. Weiss Synchronous Relaxationfor Parallel Simulations with Applications to Circuit-Switched Networks AT&T Bell Labs, Dec 1990, Proc. 1991 SCS Multiconference.

[Gol77] L.M. Goldschlager. The monotone and planar circuit value problems are log space complete for P. SIGACT News, 9:25–29, 1977.

[Gur91] Y. Gurevich. Average case analysis. J. Computer and System Sciences, 42:346– 398, 1991.

[JaJ92] J. JaJa. An introduction to parallel algorithms. Addison-Wesley, 1992. [JRS94] A. Jakoby, R. Reischuk and C. Schindelhauer. Circuit Complexity: from the worst case to the average case. In STOC 94, pages 58–67, 1994.

[Lad75] R.E. Ladner. The circuit value problem is log space complete for P. SIGACT News, 7:18–20, 1975.

[Pit94] B. Pittel. Note on the heights of Random Recursive Trees and Random m-ary search trees. Random Structures and Algorithms, 5:337–347, 1994.

[Sav76] J. Savage. The complexity of Computing. John Wiley, Chichester, 1976. [Weg87] I. Wegener. The Complexity of Boolean Functions. Wiley-Teubner, Chichester- Stuttgart, 1987.