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The &oal

o Given some alaorithm A taking inputs £rom some
set 7, we would like tO analyze the performance of
the alaorithm as a function of the input size (and
pOssiBly Other parameters).
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Why should we analyze alcorithms?

@ To predict the resources (time, space. ...) that the
algorithm will consume
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Why should we analyze alcorithms?

@ To predict the resources (time, space. ...) that the
algorithm will consume

@ To compare algorithm A with competing
akternatives

o To improve the algorithm, By spotting the
performance roOttlenecks

o To explain orserved rehavior
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Concepts < definitions

o The performance u:Z — N depends on each
particular instance of the input

o We have to introduce some notion of size:
|-]:Z = N, we may safely assume that each
I, =4z € I||z| =n} is finite

@ Worst-case:

§2°r9(n) = max{u(z) |z € T}
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o To analyze “typical Behavior" or the performance of
randomized algorithms, we have to assume some
prorasilistic distrisution on the input and/or the
alaorithm’s choices; hence, we consider the
performance as a family of random variasles
{tn}n>0; in : Ip = N

o Averace-case:

W(n) = Elun] = Y kPlun = K]
k>0
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When we assume uniformly distriruted inputs

1
Plz] = #—Z,ﬁor alz €I,

our proglem is one of counting, ea.,

ZEGI.,-L ,U,(.’E)

E[,un] = 4T,
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One of the most important tools in the analysis of
alaorithms are cenerating functions:

A(z,u) = Z Z[P[u,n = k] z"u”

n>0k>0

For the uniform distrirution

znzo ZkZO a’n,kznuk o [znuk]B(z) u)
[2"] Y0802 [27]B(z,1)

With apr =#{z € I||z| =n A p(z) =k} and a, = #1,

[2"u*)A(z,u) = [2"u"]
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The equations Before can Be expressed sywmeolically

B(z,u) = Zz\m\uu(m)

zeT

The ratio of the n—th coefficients of B(z,u) and
B(z,1) is the proeragility @eneratina function of u,

[2"]B(z, u)

u) = = 'u,lc - - - * ' 7

k>0
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Taking derivatives wrt. u and setting u = 1 we et
the expected value, second factorial momentt, ...

0" A(z,u)
ou’ u=1

S Bl 2"

n>0

A (z) =

For example,

Vitn] = E[1n2] +Elpn] - E[pn]” = [2"]A®) (2)+[2"] A(2) - ([2"]A(2))?
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The symrolic method
The sywmeolic method translates comeinatorial
constructions to functional equations over
aenerating functions.

Example: Consider the counting generatina function
of a8 comrinatorial class A:

A(z) = Z anz™ = Z 2lel

n>0 acA

4 A= BxC then

Alz)= Y2l = 3 lekhl = <Zzﬁ> (Z zv)

acA (Byy)eBxC BeB yeC
= B(z) - C(2)
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A dictionary of (lakelled) comrinatorial constructions
and GF’s

{e} 1
{Z} z
A+ B A+ B
Ax B A-B
Seq(A) ﬁ
Set(A) | exp(A)
Cycle(A) | log -1
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Complex analysis

Another important set of techniQues comes $rom
complex variagle analysis.

Under suitarle technical conditions, if F(z) is analytic in
a disk D ={z € C||z| < 1} and has a sinale dominant
singularity at z = 1 then

F(2) ~ G(z) = [2"]F(z) ~ [2"]G(2)

This is one of the useful transfer lemmas of Flajolet
and Odlyzko (1990). Many other similar resutts are
extremely useful when computing asyvptotic estimates
for the n—th coefficient of a generating function
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For example, i

F(z) ~ G(2) - (1 _ %) L H)

as z — p, the dominant singularity of F(z), fOr some
analytic G(z) and H(z) and a ¢ {—1,—2,...} then

a—1

Z"|F(2) ~ G(p)p "=

) (1 + O(n*l))
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Complex analysis

INn recent years, complex analysis techniQues and
pertureation theory have reen used to prove powerful
results such as Hwana's Quasi-power theorem, which
allows one to prove the converaence in law to a
Gaussian distripution of many comeinatorial
parameters in strings, permutations, trees, ete, as well
as local limits and the speed Of converaence.
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A trivial example: Counting Binary trees

A BiNary tree is either an empty tree (leaf) or a root
together with two Binary (sugrtrees:

B={e}+{Z2} xBxB
Hence the countina GF of Binary trees is

B(z) = 1 + zB*(2)
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Solving the equation refore for B(z) and since
B(O) - bo - 1)

1-v/1-4z 0
B(z) = { % 270
1 z=0.

Extracting the n—th coefficient of B(z) we £ind

n () an 32
[z }B(z):n—H~4 7
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2.Nd example: The averace cost of ruilding BSTs

A Binary search tree T for a set Of elements X
convtains some y € X at its root; its suetrees L and R
are Binary search trees recursively constructed for the
sets X~ ={zeX|z<y}land XT ={z€ X|y< z}.

Binary search trees (BSTs) are useful for fast lookup,
and support Both dynamic insertions and deletions.
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To insert some Nnew item w into a BST, we compare w
to the element y at the root of T. 1§ w < y then we
insert w recursively in the left sugtree of 7. I# y < w
we insert recursively in the right sugtree. |§ at any
point we have to insert the element into an empty
tree, we simply make w the root of the new tree.

() (e)

Sp— 5@\5% \D o of \
LS

OO
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How much does it cost to ruild a8 BST of size n?

Let d(z,T) dencte the depth (= edaes £rom the root)
of element z in T. K is the numBer of elements with
which z was compared when we inserted it at some
Previous step.

Hence, the cost I(T) to uild T is

I(T) = Z d(z,T)

zecT

I(T) is also called the internal path lenath of T.
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Let n=|T|
o If T is a linked list (at most one NoN-empty sustree
per node) then I(T) =n(n—1)/2

o |[# T is perfectly Balanced then I(T) = ©(nlogn).
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INn 8 random BST any element has the same proragility
of Being its root; hence the proeagility that |L| =k is
1/n for all k, 0 < k < n.

HLHE] otherwise.

1 i£ T is empty,
o7 - { Pty
T
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0 i£ T is empty,
I(L)+I(R)+|T| -1 otherwise.
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I(z) = Y P[T) I(T)2T!
eB

- PR )+ 1R 4]+ R)ER
(L,R)EBXB

N
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9 S pLPRII(L) + I(R) + |L| + |R|)zHHR
= > PlL]P[R]I(L)z A

+ > PILIP[RII(R)ZMHE

+ >0 PILIPR]|L|2EHR

* P[L] P[R] | R|2/FI+ IR
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dI

5 =2 S° P I(T) T plTy) 2T

(T1,T2)eBxB

+2 Z P[Ty] \Tl\zm‘ P[T5] 4|l
(T1,T2)eBXB

=2 ( Z ]P[Tﬂ I(Tl)le) . ( Z P[TQ}ZTZ‘)

T eB ToeB

+ 2 (Z ]P)[Tﬂ T12T1> . (Z P[T2]2T2>

T eB TocB
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1
1—2

ST pTT =3 2 =

TEB n>0

d 1 z
Z P[T] |T|2T! = Z nz" =z— =
fon s dzl1—2z (1-2)?
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ﬂ_zI(z) 2z
dz "1—-2z (1-2)3

1(0) =0
U

ln(liz) 22
&) =202 -2y
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E[I,] = [z"]I(z) = 2(n — 1)H,
~2nlnn + 2ny + O(logn)

1
H, = —~1 -t
> P nn+vy+0(n ")

1<k<n
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3rd example: Insertion in K-d trees
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S
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3rd example: Insertion in K-d trees

2 e
4
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3rd example: Insertion in K-d trees

2 e
5 /
| .

|
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3rd example: Insertion in K-d trees

g {\
s /N
1 A2
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3rd example: Insertion in K-d trees

o
a’g >\

AA
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Insertion in relaxed K-d trees

rkdt insert (rkdt t, const Elem& x) {

int n = size(t);
int u = random(0,n);
if (u == n)

return insert_at_root(t,
else { // t cannot be empty

int i = t -> discr;
if (x[i] < t -> keyl[il)
t -> left = insert(t
else
t -> right = insert(t

return t;
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Deletion in relaxed K-d trees

rkdt delete (rkdt t, const Elem& x) {

if (t == NULL) return NULL;
if (t -> key == x)
return join(t -> left, t -> right);

int i = t -> discr;
if (x -> key[i] < t -> key[il)

t -> left = delete(t -> left, x);
else

t -> right = delete(t -> right, x);
return t;
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Split: Case =
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Split: Case 4
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Split: Case 4
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Split: Case 42
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Split: Case 42

Proeasgilistic analysis of alaorithms: What's it aood $or? Univ. von Stellensosch



Split: Case 42

77
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Split: Case 42

—
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Analysis of split/join

9 s, — ava. NuUMBer Of visited Nnodes in a split
@ m, = ava. NumRer Of visited nodes in a join

)
2 j+1 2(K —1)
Sp=1+— Z s; + Z S;
nK 055en n+1 nK 055en
K-1
t o D My,
K .
0<5<n

where m, ; is proagility of joinina two trees with
total size .
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o The recurrence for s, is

2 j+1 2(K —1)
Sp =14+ —7 Z s; + Z s;
nK 0§j<nn+1 nK 055en
2(K — 1) n-—j
Y e 2. ny1

0<5<n

with so = 0.

o The recurrence £or m, has exactly the same shape
with the réles of s, and m, interchanaed; it easily
follows that s, = m,.
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o Detine

S(z) = Z Sp2"

n>0

o The recurrence for s, translates to

zd25‘ 1-22dS
dz? 1—2 dz
<3K2 ) S(2) 2
—2 (2 = ,
K (1-2)2 (1-2)3

with initial conditions S(0) =0 and S’(0) = L.
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o The homoaeneous second order linear ODE is of
hyperaeometric type.

@ An easy particular solution of the ODE is

1<K)1
2\K—-1)1-z2
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Theorem

The generating function S(z) of the expected cost of
split is, for any K > 2,
) : }
z | — )
=2

1 1
S(z) = 5@ {(1 o Fy

where a = a(K) =} (1+/17- 12).

(l—a 2—«a
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Theorem

The expected cost s, Of splitting a relaxed K-d tree of

size n is

with

sn = 1(K)n? ) + o(n),
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Plot of 7(K)
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