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Goal
o Given some algorithm A taking inputs from some
set Z, we would like to analyze the performance of
the algorithm as a function of the input size (and
pOssiBly Other parameters).
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Why?
@ To predict the resources (time, space. ...) that the
algorithm will consume

o To compare algorithm A with competing
aHternatives

o To improve the algorithm, By spotting the
performance roOttlenecks

o To explain orserved rehavior
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o The performance u:Z — N depends on each
particular instance of the input

o We have to introduce some notion of size:
|-]:Z = N, we may safely assume that each
I, ={z € I||z| =n} is finite

o Worst-case:

,u,Lworsrt](n) = max{u(z) |z € Z,}
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o To analyze “typical Behavior" or the performance of
randomized algorithms, we have to assume some
prorasilistic distrisution on the input and/or the
alaorithm’s choices; hence, we consider the
performance as a family of random variasles
{tn}n>0; in : Ip = N

o Averace-case:

W(n) = Elun] = Y kPlun = K]
k>0
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When we assume uniformly distriruted inputs

1
Plz] = #—Z,ﬁor alz €I,

our proglem is one of counting, ea.,

ZEGI.,-L ,U,(.’E)

E[,un] = 4T,
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One of the most important tools in the analysis of
alaorithms are cenerating functions:

A(z,u) = Z Z[P[u,n = k] z"u”

n>0k>0

For the uniform distrirution

Yns0 Lk>0 0n k2" U*  B(z,u)
2on>0@n2" B(z,1)

With apr =#{z € I||z| =n A p(z) =k} and a, = #1,

A(z,u) =
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The equations Before can Be expressed sywmeolically

B(z,u) = Zz\m\uu(m)

zeT

The ratio of the n—th coefficients of B(z,u) and
B(z,1) is the proeragility @eneratina function of u,

[2"]B(z, u)

u) = = 'u,lc - - - * ' 7

k>0
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Taking derivatives wrt. u and setting u = 1 we et
the expected value, second factorial momentt, ...

0" A(z,u)
ou’ u=1

S Bl 2"

n>0

A (z) =

For example,

Vi) = E[pn2] -~ Elnl? = 2740 (2) - (2" A(2))?
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The symeolic method translates comeinatorial
constructions to functional equations over
aenerating functions.

Example: Consider the counting generatina function
of a comrinatorial class A:

A(z) = Z anz" = Z zlel

n>0 acA

4 A= BxCthen

A)= S ZRl = ST R = [ ST BN [ ST

acA (Byy)eBxC BeB yeC
= B(z) - C(2)
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A dictionary of (lakelled) comrinatorial constructions
and GF’s

{e} 1
{Z} z
A+ B A+ B
Ax B A-B
Seq(A) ﬁ
Set(A) | exp(A)
Cycle(A) | log -1
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A trivial example: since a Binary tree is either an empty
tree (lea$) or a root toaether with two Binary
(surtrees, we have

B={e}+{Z}xBxB
Hence the countina GF of Binary trees is

B(z) = 1+ zB?%(2)
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Solving the equation refore for B(z) and since
B(O) - bo - 1)

1-v/1-4z 0
B(z) = { % 270
1 z=0.

Extracting the n—th coefficient of B(z) we £ind
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A more sophisticated example arises in the analysis of
the numpeer Of Branch mispredictions made By
Quicksort (Kalicosi, Martinez, Sanders, 2006L).
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We have a random permutation o of [1..n] and we scan
it from left to right. Assume o1 = k.

o For 2 < i< k,we say there is a left rrach
misprediction whenever o;_1 < k and o; > k, or
0,1 >k and og; < k.
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We have a random permutation o of [1..n] and we scan
it from left to right. Assume o; = k.
o For 2 < i< k,we say there is a left rrach
misprediction whenever o;_1 < k and o; > k, or
0,1 >k and og; < k.
o For k <j<mn,thereis aright BM if 0,41 < k and
o; >k, 0or o1 >kando; <k
o Additionally, there is a left BM i 05 > k and a riaht
BPM it o, <k
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o We want to know the expected numrer of rranch
mispredictions when the choosen pivot is the k—th
element of the array.
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o We transform the oriainal prorlem to counting
Bitstrings. Given a Bistring z of lenath k starting
with a O and containing t + 1 O’s, the numeer of
left BMs is the numpeer of times we £ind a O
followed By a |, or a | followed gy a O in z.
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o We want to know the expected numrer of rranch
mispredictions when the choosen pivot is the k—th
element of the array.

o We transform the oriainal prorlem to counting
Bitstrings. Given a Bistring z of lenath k starting
with a O and containing t + 1 O’s, the numeer of
left BMs is the numpeer of times we £ind a O
followed By a |, or a | followed gy a O in z.

o We &0 from a permutation o to a Bitstring z By
setting z; =0 if 0; < o1 = k,and z; = 1 otherwise.
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i
O

Antr = NUMBEr OF strinas OF lenath n with t O's
ending at state A and incurring r BMs

bntr = NUMBEr OF strinas of lenath n with t O’s
ending at state B and incurring r BMs
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t,r n
A(zi'u’) Z) = Z antrT U 2,

n,r,t

B(IB,U, Z) = z bn,t,rwturzn)

n,r,t
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i
O

A=14z2A+ zuzB,
B = 2B + zuA.
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1—2+4+uz

C=A+B=

(1—z)<1—uy—”1“f2§2)

Take derivatives with respect to u, set u = 1, and
extract the coefficient Ri: of zF 1yt in C; then
multiply By the numprer of random permutations
Producing a Bitstring with t + 1 O’s amona the first k
Bits and sum £or all t.
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Another important set of techniQues comes $rom
complex variarle analysis.

Linder suitasle technical conditions, if F(z) is analytic in
a disk D ={z € C||z| < 1} and has a sinale dominant
singularity at z = 1 then

F(z) ~ G(2) = [¢"]F(2) ~ ["]G(2)

This is one of the useful transfer lemmas of Flajolet
and Odlyzko (1990). Many other similar resutts are
extremely useful when computing asymptotic estimates
for the n—th coefficient of a generating function.
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In recent years, complex analysis techniQues and
pertureation theory have reen used to prove powerful
results such as Hwana's Quasi-power theorem, which
allows one to prove the converaence in law to a
Qaussian distrisution of many comainatoriial
parameters in strinas, permutations, trees, ete, as well
as local limits and the speed Of converaence.
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Another example is motivated By the analysis of a
compinatorial alaorithm that shuffles two trees.

Given two Binary trees Ty and T their shuffle or
intersection is defined as follows
O i-PT1:DOFT2:D,

T ATy =
bR {o(LlﬂLg,RlﬂRg) if T, = o(L;, R;)
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Let

S(z,y) = Y.  Pr(Ty,T)|Ti N Tl Ty
(T1,T2)eBxB

The coefficient of z™y" in S(z,y) is the averace size
Of the intersection Of a pair of trees with sizes m
and n, resp.
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£ we assume independenttly drawn trees then
PI‘(Tl,TQ) = PI‘(Tl) . PI‘(TQ)

[# we assume that the total size of (T1,7:) is n and all
possigle partitions are equally likely (Binary search tree
Prorasility model

PI(Tl) PI(TQ)
Pr(Ty,T5) = ——————~—~
r(Ty, T2) Ty + |To] + 1
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Furthermore,

o In the uniform proerarility model Pr(T) = 1/b,, with
n = |T|.
o In the Binary search tree model

.t i T =0,
r = I r H
PO e T = o(L, R),
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In the Binary search tree proeagility model, the symeolic
method yields the hypereolic PDE that S(z,y) satisfies

82S(z,y) 1 S(z,y)

0zdy (1 —z)2(1 —y)? * 2(1 —z)(1 - y)’

and S(z,0) = S(0,y) =0.
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£ we consider

W(z) = é/o S(t, ) dt

then [2"]Y(z) is the averaace size of the intersection
Of a pair of trees of total size n drawn according to
the Binary search tree proeagility model.
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A delicate analysis of the solution of the PDE for
S(z,y) shows that

Y(2) ~ (3 +2v2) - Jo (2\/51 In <i>) ,

with Jy(z) the Bessel function of first kind of order
O.
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The function 9¥(z) has a uniQue dominant singulary at
z—=1 85 z = 1, we have

Jo (2\/51 In (%))

~ e In E%) e (0l )
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ApPPING transfer lemmas

sn = [2"9(2) ~ ¢ ”ﬂf—n (1 O (ﬁ))

3422
¢ B4 /AT (2v2)

and
= 0.8050738...
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Conclusion

We've just seratched the surface of the rich numeer
Of applications of discrete mathematics £or the analysis
of algorithms.

| hope | have convinced you that Analysis of Algorithms

is deeply rooted in mathematics, most notarly discrete
mathematics.
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Several of the talks in the minisymposium show nice
applications of the techniQues Briefly descrired here,
arising in the analysis Of sortina and selection
algorithms, automata theory, muttidimensional data
structures, polynomial factorization, decomposarle
compinatorial structures, union-£ind data structures,
ete

Other talks will present other elecant and powerful
techniques that we havent presented Nnow.
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