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&OXVWHULQJ LV DQ XQVXSHUYLVHG SURFHVV VLQFH WKHUH DUH QR
SUHGHILQHG FODVVHV DQG QR H[DPSOHV WKDW ZRXOG LQGLFDWH
JURXSLQJ SURSHUWLHV LQ WKH GDWD VHW� 7KH PDMRULW\ RI WKH
FOXVWHULQJ DOJRULWKPV EHKDYH GLIIHUHQWO\ GHSHQGLQJ RQ WKH
IHDWXUHV RI WKH GDWD VHW DQG WKH LQLWLDO DVVXPSWLRQV IRU
GHILQLQJ JURXSV� 7KHUHIRUH� LQ PRVW DSSOLFDWLRQV WKH UHVXOWLQJ
FOXVWHULQJ VFKHPH UHTXLUHV VRPH VRUW RI HYDOXDWLRQ DV UHJDUGV
LWV YDOLGLW\� (YDOXDWLQJ DQG DVVHVVLQJ WKH UHVXOWV RI D FOXVWHULQJ
DOJRULWKP LV WKH PDLQ VXEMHFW RI FOXVWHU YDOLGLW\�
,Q WKLV SDSHU ZH SUHVHQW D UHYLHZ RI WKH FOXVWHULQJ YDOLGLW\
DQG PHWKRGV� 0RUH VSHFLILFDOO\� 3DUW , RI WKH SDSHU GLVFXVVHV
WKH FOXVWHU YDOLGLW\ DSSURDFKHV EDVHG RQ H[WHUQDO DQG LQWHUQDO

FULWHULD�
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&OXVWHULQJ LV RQH RI WKH PRVW XVHIXO WDVNV LQ WKH GDWD PLQLQJ
SURFHVV IRU GLVFRYHULQJ JURXSV DQG LGHQWLI\LQJ LQWHUHVWLQJ
GLVWULEXWLRQV DQG SDWWHUQV LQ WKH XQGHUO\LQJ GDWD >�@� 7KXV�
WKH PDLQ FRQFHUQ LQ WKH FOXVWHULQJ SURFHVV LV WR UHYHDO WKH
RUJDQL]DWLRQ RI SDWWHUQV LQWR ´VHQVLEOHµ JURXSV� ZKLFK DOORZ
XV WR GLVFRYHU VLPLODULWLHV DQG GLIIHUHQFHV� DV ZHOO DV WR GHULYH
XVHIXO LQIHUHQFHV DERXW WKHP >�@�

,Q WKH OLWHUDWXUH D ZLGH YDULHW\ RI DOJRULWKPV KDYH EHHQ
SURSRVHG IRU GLIIHUHQW DSSOLFDWLRQV DQG VL]HV RI GDWD VHWV>��
�@� 7KH DSSOLFDWLRQ RI DQ DOJRULWKP WR D GDWD VHW DLPV DW�
DVVXPLQJ WKDW WKH GDWD VHW RIIHUV VXFK D FOXVWHULQJ WHQGHQF\�
GLVFRYHULQJ LWV LQKHUHQW SDUWLWLRQV� +RZHYHU� WKH FOXVWHULQJ
SURFHVV LV SHUFHLYHG DV DQ XQVXSHUYLVHG SURFHVV� VLQFH WKHUH
DUH QR SUHGHILQHG FODVVHV DQG QR H[DPSOHV WKDW ZRXOG VKRZ
ZKDW NLQG RI GHVLUDEOH UHODWLRQV VKRXOG EH YDOLG DPRQJ WKH
GDWD >�@� 7KHQ� WKH YDULRXV FOXVWHULQJ DOJRULWKPV DUH EDVHG RQ
VRPH DVVXPSWLRQV LQ RUGHU WR GHILQH D SDUWLWLRQLQJ RI D GDWD
VHW� $V D FRQVHTXHQFH� WKH\ PD\ EHKDYH LQ D GLIIHUHQW ZD\
GHSHQGLQJ RQ�
L� WKH IHDWXUHV RI WKH GDWD VHW �JHRPHWU\ DQG GHQVLW\

GLVWULEXWLRQ RI FOXVWHUV� DQG
LL� WKH LQSXW SDUDPHWHUV YDOXHV�

,W LV REYLRXV WKDW D SUREOHP ZH IDFH LQ FOXVWHULQJ LV WR
GHFLGH WKH RSWLPDO QXPEHU RI FOXVWHUV WKDW ILWV D GDWD VHW� ,Q
PRVW DOJRULWKPV· H[SHULPHQWDO HYDOXDWLRQV �'�GDWD VHWV DUH
XVHG LQ RUGHU WKDW WKH UHDGHU LV DEOH WR YLVXDOO\ YHULI\ WKH

YDOLGLW\ RI WKH UHVXOWV �L�H�� KRZ ZHOO WKH FOXVWHULQJ DOJRULWKP
GLVFRYHUHG WKH FOXVWHUV RI WKH GDWD VHW�� ,W LV FOHDU WKDW
YLVXDOL]DWLRQ RI WKH GDWD VHW LV D FUXFLDO YHULILFDWLRQ RI WKH
FOXVWHULQJ UHVXOWV� ,Q WKH FDVH RI ODUJH PXOWLGLPHQVLRQDO GDWD
VHWV �H�J� PRUH WKDQ WKUHH GLPHQVLRQV� HIIHFWLYH YLVXDOL]DWLRQ
RI WKH GDWD VHW ZRXOG EH GLIILFXOW� 0RUHRYHU WKH SHUFHSWLRQ RI
FOXVWHUV XVLQJ DYDLODEOH YLVXDOL]DWLRQ WRROV LV D GLIILFXOW WDVN IRU
KXPDQV WKDW DUH QRW DFFXVWRPHG WR KLJKHU GLPHQVLRQDO
VSDFHV�

)RU LQVWDQFH� DVVXPH WKH GDWD VHW LQ )LJXUH �D� ,W FOHDUO\
FRQVLVWV RI WKUHH FOXVWHUV� +RZHYHU� LI ZH FRQVLGHU D
FOXVWHULQJ DOJRULWKP �H�J� .�0HDQV� ZLWK FHUWDLQ LQSXW
SDUDPHWHU YDOXHV �LQ WKH FDVH RI .�0HDQV >�@ WKH QXPEHU RI
FOXVWHUV� VR DV WR SDUWLWLRQ WKH GDWD VHW LQ IRXU FOXVWHUV� WKH
UHVXOW RI FOXVWHULQJ SURFHVV ZRXOG EH WKH FOXVWHULQJ VFKHPH
SUHVHQWHG LQ )LJXUH �E� ,Q RXU H[DPSOH WKH FOXVWHULQJ
DOJRULWKP �.�0HDQV� IRXQG WKH EHVW SDUWLWLRQLQJ LQWR IRXU
FOXVWHUV� +RZHYHU� WKLV LV QRW WKH RSWLPDO SDUWLWLRQLQJ IRU WKH
FRQVLGHUHG GDWD VHW� :H GHILQH� KHUH� WKH WHUP ´RSWLPDOµ
FOXVWHULQJ VFKHPH DV WKH RXWFRPH RI UXQQLQJ D FOXVWHULQJ
DOJRULWKP �L�H�� D SDUWLWLRQLQJ� WKDW EHVW ILWV WKH LQKHUHQW
SDUWLWLRQV RI WKH GDWD VHW� 6LPLODUO\� )LJXUH � SUHVHQWV WKH
EHKDYLRXU RI WKH DOJRULWKP '%6&$1 >�@ XQGHU WKH
FRQVLGHUDWLRQ RI GLIIHUHQW LQSXW SDUDPHWHU YDOXHV� '%6&$1
DFKLHYHV WR SDUWLWLRQ WKH GDWD VHW RSWLPDOO\ LQWR WKUHH FOXVWHUV
�VHH )LJXUH �D� RQO\ XQGHU WKH FRQVLGHUDWLRQ RI WKH VXLWDEOH
LQSXW SDUDPHWHUV· YDOXHV �L�H�� (SV �� 1SV ��� 8VLQJ GLIIHUHQW
LQSXW SDUDPHWHU YDOXHV� LW IDLOV WR ILQG WKH RSWLPDO SDUWLWLRQLQJ
RI WKH GDWDVHW �H�J� )LJXUH �E��

$V D FRQVHTXHQFH� LI WKH FOXVWHULQJ DOJRULWKP SDUDPHWHUV
DUH DVVLJQHG DQ LPSURSHU YDOXH� WKH FOXVWHULQJ PHWKRG UHVXOWV
LQ D SDUWLWLRQLQJ VFKHPH WKDW LV QRW RSWLPDO IRU WKH VSHFLILF
GDWD VHW OHDGLQJ WR ZURQJ GHFLVLRQV� 7KH SUREOHPV RI GHFLGLQJ
WKH QXPEHU RI FOXVWHUV EHWWHU ILWWLQJ D GDWD VHW DV ZHOO DV WKH
HYDOXDWLRQ RI WKH FOXVWHULQJ UHVXOWV KDV EHHQ VXEMHFW RI PDQ\
UHVHDUFK HIIRUWV >�� �� ��� ��� ��@�

,Q WKH VHTXHO� ZH GLVFXVV WKH IXQGDPHQWDO FRQFHSWV RI
FOXVWHULQJ YDOLGLW\� )XUWKHU PRUH� LQ 3DUW , RI WKH SDSHU ZH
SUHVHQW WKH H[WHUQDO DQG LQWHUQDO YDOLGLW\ FULWHULD ZKLOH WKH
UHODWLYH RQHV ZLOO EH GLVFXVVHG LQ WKH IRUWKFRPLQJ 3DUW ,, RI
WKH SDSHU�
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7KH SURFHGXUH RI HYDOXDWLQJ WKH UHVXOWV RI D FOXVWHULQJ
DOJRULWKP LV NQRZQ XQGHU WKH WHUP FOXVWHU YDOLGLW\� ,Q JHQHUDO
WHUPV� WKHUH DUH WKUHH DSSURDFKHV WR LQYHVWLJDWH FOXVWHU
YDOLGLW\ >��@� 7KH ILUVW LV EDVHG RQ H[WHUQDO FULWHULD� 7KLV LPSOLHV
WKDW ZH HYDOXDWH WKH UHVXOWV RI D FOXVWHULQJ DOJRULWKP EDVHG RQ
D SUH�VSHFLILHG VWUXFWXUH� ZKLFK LV LPSRVHG RQ D GDWD VHW DQG
UHIOHFWV RXU LQWXLWLRQ DERXW WKH FOXVWHULQJ VWUXFWXUH RI WKH GDWD
VHW� 7KH VHFRQG DSSURDFK LV EDVHG RQ LQWHUQDO FULWHULD� ,Q WKLV
FDVH WKH FOXVWHULQJ UHVXOWV DUH HYDOXDWHG LQ WHUPV RI TXDQWLWLHV
WKDW LQYROYH WKH YHFWRUV RI WKH GDWD VHW WKHPVHOYHV �H�J�
SUR[LPLW\ PDWUL[�� 7KH WKLUG DSSURDFK RI FOXVWHULQJ YDOLGLW\ LV
EDVHG RQ UHODWLYH FULWHULD� +HUH WKH EDVLF LGHD LV WKH HYDOXDWLRQ
RI D FOXVWHULQJ VWUXFWXUH E\ FRPSDULQJ LW WR RWKHU FOXVWHULQJ
VFKHPHV� UHVXOWLQJ E\ WKH VDPH DOJRULWKP EXW ZLWK GLIIHUHQW
LQSXW SDUDPHWHU YDOXHV�

7KH WZR ILUVW DSSURDFKHV DUH EDVHG RQ VWDWLVWLFDO WHVWV DQG
WKHLU PDMRU GUDZEDFN LV WKHLU KLJK FRPSXWDWLRQDO FRVW�
0RUHRYHU� WKH LQGLFHV UHODWHG WR WKHVH DSSURDFKHV DLP DW
PHDVXULQJ WKH GHJUHH WR ZKLFK D GDWD VHW FRQILUPV DQ D�SULRUL
VSHFLILHG VFKHPH� 2Q WKH RWKHU KDQG� WKH WKLUG DSSURDFK DLPV
DW ILQGLQJ WKH EHVW FOXVWHULQJ VFKHPH WKDW D FOXVWHULQJ
DOJRULWKP FDQ GHILQH XQGHU FHUWDLQ DVVXPSWLRQV DQG
SDUDPHWHUV�

,Q WKH UHVW VHFWLRQ� ZH SUHVHQW WKH IXQGDPHQWDO FULWHULD
DQG UHSUHVHQWDWLYH LQGLFHV IRU WKH ILUVW WZR DSSURDFKHV�
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,Q WKLV VHFWLRQ� ZH GLVFXVV PHWKRGV VXLWDEOH IRU TXDQWLWDWLYH
HYDOXDWLRQ RI WKH FOXVWHULQJ UHVXOWV� NQRZQ DV FOXVWHU YDOLGLW\

PHWKRGV� +RZHYHU� WKHVH PHWKRGV JLYH DQ LQGLFDWLRQ RI WKH
TXDOLW\ RI WKH UHVXOWLQJ SDUWLWLRQLQJ DQG WKXV WKH\ FDQ RQO\ EH
FRQVLGHUHG DV D WRRO DW WKH GLVSRVDO RI WKH H[SHUWV LQ RUGHU WR
HYDOXDWH WKH FOXVWHULQJ UHVXOWV�

7KH FOXVWHU YDOLGLW\ DSSURDFKHV EDVHG RQ H[WHUQDO DQG
LQWHUQDO FULWHULD UHO\ RQ VWDWLVWLFDO K\SRWKHVLV WHVWLQJ� ,Q WKH
IROORZLQJ VHFWLRQ� DQ LQWURGXFWLRQ WR WKH IXQGDPHQWDO
FRQFHSWV RI K\SRWKHVLV WHVWLQJ LQ FOXVWHU YDOLGLW\ LV SUHVHQWHG�

��� +\SRWKHVLV 7HVWLQJ LQ &OXVWHU 9DOLGLW\
,Q FOXVWHU YDOLGLW\ WKH EDVLF LGHD LV WR WHVW ZKHWKHU WKH SRLQWV
RI D GDWD VHW DUH UDQGRPO\ VWUXFWXUHG RU QRW� 7KLV DQDO\VLV LV
EDVHG RQ WKH 1XOO +\SRWKHVLV� NQRZQ DV +R� H[SUHVVHG DV D
VWDWHPHQW RI UDQGRP VWUXFWXUH RI D GDWDVHW� OHW ;� 7R WHVW WKLV
K\SRWKHVLV ZH DUH EDVHG RQ VWDWLVWLFDO WHVWV� ZKLFK OHDG WR D
FRPSXWDWLRQDOO\ FRPSOH[ SURFHGXUH� ,Q WKH VHTXHO 0RQWH
&DUOR WHFKQLTXHV DUH XVHG DV D VROXWLRQ WR KLJK FRPSXWDWLRQDO
SUREOHPV >��@�

����� +RZ 0RQWH &DUOR LV XVHG LQ &OXVWHU 9DOLGLW\
7KH JRDO RI XVLQJ 0RQWH &DUOR WHFKQLTXHV LV WKH FRPSXWDWLRQ
RI WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ �SGI� RI WKH YDOLGLW\ LQGLFHV�
7KH\ UHO\ RQ VLPXODWLQJ WKH SURFHVV RI HVWLPDWLQJ WKH SGI RI D
YDOLGLW\ LQGH[ XVLQJ D VXIILFLHQW QXPEHU RI FRPSXWHU�
JHQHUDWHG GDWD� )LUVW� D ODUJH DPRXQW RI V\QWKHWLF GDWD VHWV LV
JHQHUDWHG E\ D QRUPDO GLVWULEXWLRQ� )RU HDFK RQH RI WKHVH
V\QWKHWLF GDWD VHWV� FDOOHG ;L� WKH YDOXH RI WKH GHILQHG LQGH[�
GHQRWHG TL� LV FRPSXWHG� 7KHQ EDVHG RQ WKH UHVSHFWLYH YDOXHV
RI TL IRU HDFK RI WKH GDWD VHWV ;L� ZH FUHDWH D VFDWWHU�SORW� 7KLV
VFDWWHU�SORW LV DQ DSSUR[LPDWLRQ RI WKH SUREDELOLW\ GHQVLW\
IXQFWLRQ RI WKH LQGH[� ,Q )LJXUH � ZH VHH WKH WKUHH SRVVLEOH
FDVHV RI SUREDELOLW\ GHQVLW\ IXQFWLRQ·V VKDSH RI DQ LQGH[ T�
7KHUH DUH WKUHH GLIIHUHQW SRVVLEOH VKDSHV GHSHQGLQJ RQ WKH

)LJXUH � �D� $ GDWD VHW WKDW FRQVLVWV RI � WKUHH FOXVWHUV� �E� 7KH UHVXOWV IURP WKH DSSOLFDWLRQ RI .�PHDQV ZKHQ ZH DVN IRXU
FOXVWHUV

�D� (SV �� 1SV � �E� (SV �� 1SV �

)LJXUH � 7KH GLIIHUHQW SDUWLWLRQV UHVXOWLQJ IURP UXQQLQJ '%6&$1 ZLWK GLIIHUHQW LQSXW SDUDPHWHU YDOXHV�
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FULWLFDO LQWHUYDO ρD � FRUUHVSRQGLQJ WR VLJQLILFDQW OHYHO ±

�VWDWLVWLF FRQVWDQW�� $V ZH FDQ VHH WKH SUREDELOLW\ GHQVLW\
IXQFWLRQ RI D VWDWLVWLF LQGH[ T� XQGHU +R� KDV D VLQJOH

PD[LPXP DQG WKH ρD UHJLRQ LV HLWKHU D KDOI OLQH� RU D XQLRQ

RI WZR KDOI OLQHV�
$VVXPLQJ WKDW WKH VFDWWHU�SORW KDV EHHQ JHQHUDWHG XVLQJ U

YDOXHV RI WKH LQGH[ T� FDOOHG TL� LQ RUGHU WR DFFHSW RU UHMHFW WKH
1XOO +\SRWKHVLV +R ZH H[DPLQH WKH IROORZLQJ FRQGLWLRQV >��@�
 

if the shape is right-tailed  
if ( q’s value of our data set, is 
greater than  (1- !) ⋅ r of q i  values ) 
then  
 Reject Ho 
else  
 Accept Ho 
endif 

else if  the shape is left-tailed  
if  (q’s value for our data set, is   
smaller than !⋅ r of q i  values) then  
   Reject  Ho 
 else 
  Accept Ho 
endif  

else if  the shape is two-tailed 
if  ( q is greater than ( !/2) ⋅r number 
of q i  values and smaller than (1- 
!/2) ⋅r of q i values ) 
   Accept Ho 
endif 

endif 

3.2 External Criteria 
%DVHG RQ WKH H[WHUQDO FULWHULD ZH FDQ ZRUN LQ WZR GLIIHUHQW
ZD\V� )LUVWO\� ZH FDQ HYDOXDWH WKH UHVXOWLQJ FOXVWHULQJ VWUXFWXUH
&� E\ FRPSDULQJ LW WR DQ LQGHSHQGHQW SDUWLWLRQ RI WKH GDWD 3
EXLOW DFFRUGLQJ WR RXU LQWXLWLRQ DERXW WKH FOXVWHULQJ VWUXFWXUH

RI WKH GDWD VHW� 6HFRQGO\� ZH FDQ FRPSDUH WKH SUR[LPLW\
PDWUL[ 3 WR WKH SDUWLWLRQ 3�

����� &RPSDULVRQ RI & ZLWK SDUWLWLRQ 3
&RQVLGHU &  ^&�« &P` LV D FOXVWHULQJ VWUXFWXUH RI D GDWD VHW
; DQG 3  ^3�« 3V` LV D GHILQHG SDUWLWLRQ RI WKH GDWD� :H
UHIHU WR D SDLU RI SRLQWV �[Y� [X� IURP WKH GDWD VHW XVLQJ WKH
IROORZLQJ WHUPV�

• 66� LI ERWK SRLQWV EHORQJ WR WKH VDPH FOXVWHU RI WKH
FOXVWHULQJ VWUXFWXUH & DQG WR WKH VDPH JURXS RI SDUWLWLRQ
3�

• 6'� LI SRLQWV EHORQJ WR WKH VDPH FOXVWHU RI & DQG WR
GLIIHUHQW JURXSV RI 3�

• '6� LI SRLQWV EHORQJ WR GLIIHUHQW FOXVWHUV RI & DQG WR WKH
VDPH JURXS RI 3�

• ''� LI ERWK SRLQWV EHORQJ WR GLIIHUHQW FOXVWHUV RI & DQG
WR GLIIHUHQW JURXSV RI 3�

$VVXPLQJ QRZ WKDW D� E� F DQG G DUH WKH QXPEHU RI 66�
6'� '6 DQG '' SDLUV UHVSHFWLYHO\� WKHQ D � E � F � G  0

ZKLFK LV WKH PD[LPXP QXPEHU RI DOO SDLUV LQ WKH GDWD VHW
�PHDQLQJ� 0 1�1����� ZKHUH 1 LV WKH WRWDO QXPEHU RI
SRLQWV LQ WKH GDWD VHW��
1RZ ZH FDQ GHILQH WKH IROORZLQJ LQGLFHV WR PHDVXUH WKH
GHJUHH RI VLPLODULW\ EHWZHHQ & DQG 3�

�� 5DQG 6WDWLVWLF� 5  �D � G� � 0�

�� -DFFDUG &RHIILFLHQW� -  D � �D � E � F��

7KH DERYH WZR LQGLFHV UDQJH EHWZHHQ � DQG �� DQG DUH
PD[LPL]HG ZKHQ P V� $QRWKHU LQGH[ LV WKH� 

�� )RONHV DQG 0DOORZV LQGH[�
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ZKHUH P�  D � �D � E�� P� D � �D � F��

)LJXUH �� &RQILGHQFH LQWHUYDO IRU �D� WZR�WDLOHG LQGH[� �E� ULJKW�WDLOHG LQGH[� �F� OHIW�WDLOHG LQGH[� ZKHUH T�S LV WKH ±

SURSRUWLRQ RI T XQGHU K\SRWKHVLV ��� >��@



)RU WKH SUHYLRXV WKUHH LQGLFHV LW KDV EHHQ SURYHQ WKDW
KLJK YDOXHV RI LQGLFHV LQGLFDWH JUHDW VLPLODULW\ EHWZHHQ & DQG
3� 7KH KLJKHU WKH YDOXHV RI WKHVH LQGLFHV DUH WKH PRUH VLPLODU
& DQG 3 DUH� 2WKHU LQGLFHV DUH�
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+LJK YDOXHV RI WKLV LQGH[ LQGLFDWH D VWURQJ VLPLODULW\ EHWZHHQ
; DQG <�

�� 1RUPDOL]HG � VWDWLVWLF�
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ZKHUH ;�L� M� DQG <�L� M� DUH WKH �L� M � HOHPHQW RI WKH PDWULFHV
;� < UHVSHFWLYHO\ WKDW ZH KDYH WR FRPSDUH� $OVR ¬[� ¬\� ³[� ³\
DUH WKH UHVSHFWLYH PHDQV DQG YDULDQFHV RI ;� < PDWULFHV� 7KLV
LQGH[ WDNHV YDOXHV EHWZHHQ ²� DQG ��

$OO WKHVH VWDWLVWLFV KDYH ULJKW�WDLOHG SUREDELOLW\ GHQVLW\
IXQFWLRQV� XQGHU WKH UDQGRP K\SRWKHVLV� ,Q RUGHU WR XVH WKHVH
LQGLFHV LQ VWDWLVWLFDO WHVWV ZH PXVW NQRZ WKHLU UHVSHFWLYH
SUREDELOLW\ GHQVLW\ IXQFWLRQ XQGHU WKH 1XOO +\SRWKHVLV� +R�
ZKLFK LV WKH K\SRWKHVLV RI UDQGRP VWUXFWXUH RI RXU GDWD VHW�
7KLV PHDQV WKDW XVLQJ VWDWLVWLFDO WHVWV� LI ZH DFFHSW WKH 1XOO
+\SRWKHVLV WKHQ RXU GDWD DUH UDQGRPO\ GLVWULEXWHG� +RZHYHU�
WKH FRPSXWDWLRQ RI WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ RI WKHVH
LQGLFHV LV FRPSXWDWLRQDO H[SHQVLYH� $ VROXWLRQ WR WKLV
SUREOHP LV WR XVH 0RQWH &DUOR WHFKQLTXHV� 7KH SURFHGXUH LV
DV IROORZV�

For i = 1 to r 
Generate  a data set X i  with N vectors 
(points) in the area of X (i.e., 
having the same dimension with those 
of the data set X). 

Assign  each vector y j, i  of X i  to the 

group that x j  ∈ X belongs, according 
to the partition P. 

Run the same clustering algorithm 
used to produce structure C, for 
each X i , and let C i  the resulting 
clustering structure. 

Compute  q(C i ) value of the defined 
index q for P and C i . 

End For 
Create  scatter-plot of the r validity 
index values , q(C i ) (that computed 
into the for loop).

$IWHU KDYLQJ SORWWHG WKH DSSUR[LPDWLRQ RI WKH SUREDELOLW\
GHQVLW\ IXQFWLRQ RI WKH GHILQHG VWDWLVWLF LQGH[� LWV YDOXH� OHW T�
LV FRPSDUHG WR WKH T�&L� YDOXHV� OHW TL� 7KH LQGLFHV 5� -� )0� �
GHILQHG SUHYLRXVO\ DUH XVHG DV WKH T LQGH[ PHQWLRQHG LQ WKH
DERYH SURFHGXUH�

([DPSOH� $VVXPH D GDWD VHW� ;� FRQWDLQLQJ ��� WKUHH�
GLPHQVLRQDO YHFWRUV �SRLQWV�� 7KH SRLQWV RI ; IRUP IRXU

FOXVWHUV RI �� SRLQWV HDFK� (DFK FOXVWHU LV JHQHUDWHG E\ D
QRUPDO GLVWULEXWLRQ� 7KH FRYDULDQFH PDWULFHV RI WKHVH
GLVWULEXWLRQV DUH DOO HTXDO WR ���,� ZKHUH , LV WKH �[� LGHQWLW\
PDWUL[� 7KH PHDQ YHFWRUV IRU WKH IRXU GLVWULEXWLRQV DUH >����
���� ���@ 7� >���� ���� ���@ 7� >���� ���� ���@ 7� DQG >���� ���� ���@ 7�
:H LQGHSHQGHQWO\ JURXS GDWD VHW ; LQ IRXU JURXSV DFFRUGLQJ
WR WKH SDUWLWLRQ 3 IRU ZKLFK WKH ILUVW �� YHFWRUV �SRLQWV�
EHORQJ WR WKH ILUVW JURXS 3�� WKH QH[W �� EHORQJ WR WKH VHFRQG
JURXS 3�� WKH QH[W �� EHORQJ WR WKH WKLUG JURXS 3� DQG WKH
ODVW �� YHFWRUV EHORQJ WR WKH IRXUWK JURXS 3�� 7KH .�0HDQV
FOXVWHULQJ DOJRULWKP LV UXQ IRU N  � FOXVWHUV� $VVXPLQJ WKDW
& LV WKH UHVXOWLQJ FOXVWHULQJ VWUXFWXUH WKH YDOXHV RI WKH LQGLFHV
IRU WKH FOXVWHULQJ & DQG WKH SDUWLWLRQ 3 DUH FRPSXWHG� 7KXV
ZH JHW 5  ����� -  ����� )0  ���� DQG �  ����� 7KHQ WKH
VWHSV GHVFULEHG DERYH DUH IROORZHG LQ RUGHU WR GHILQH WKH
SUREDELOLW\ GHQVLW\ IXQFWLRQ RI WKHVH IRXU VWDWLVWLFV� :H
JHQHUDWH ��� GDWD VHWV ;L� L  ��«� ���� DQG HDFK RQH RI WKHP
FRQVLVWV RI ��� UDQGRP YHFWRUV �LQ � GLPHQVLRQV� XVLQJ WKH
XQLIRUP GLVWULEXWLRQ� $FFRUGLQJ WR WKH SDUWLWLRQ 3 GHILQHG
HDUOLHU IRU HDFK ;L WKH ILUVW �� RI LWV YHFWRUV DUH DVVLJQHG WR 3�

DQG WKH VHFRQG� WKLUG DQG IRUWK JURXSV RI �� YHFWRUV WR 3�� 3�

DQG 3� UHVSHFWLYHO\� 7KHQ .�0HDQV LV UXQ L�WLPHV� RQH WLPH
IRU HDFK ;L� VR DV WR GHILQH WKH UHVSHFWLYH FOXVWHULQJ VWUXFWXUHV
RI GDWDVHWV� GHQRWHG &L� )RU HDFK RI WKHP WKH YDOXHV RI WKH
LQGLFHV 5L� -L� )0L� �L� L �� «���� DUH FRPSXWHG� &RQVLGHULQJ
WKH VLJQLILFDQFH OHYHO ±  ���� DQG WKHVH YDOXHV DUH FRPSDUHG
WR WKH 5� -� )0 DQG � YDOXHV FRUUHVSRQGLQJ WR ;� 7KHQ WKH

QXOO K\SRWKHVLV LV DFFHSWHG RU UHMHFWHG ZKHWKHU ���±�⋅U  �� ²
����� ���  �� YDOXHV RI 5L� -L� )0L� �L DUH JUHDWHU RU VPDOOHU
WKDQ WKH FRUUHVSRQGLQJ YDOXHV RI 5� -� )0� �� ,Q RXU FDVH WKH
5L� -L� )0L� �L YDOXHV DUH DOO VPDOOHU WKDQ WKH FRUUHVSRQGLQJ
YDOXHV RI 5� -� )0� DQG �� ZKLFK OHDG XV WR WKH FRQFOXVLRQ
WKDW WKH QXOO K\SRWKHVLV +R LV UHMHFWHG� 6RPHWKLQJ WKDW ZH
ZHUH H[SHFWLQJ EHFDXVH RI WKH SUHGHILQHG FOXVWHULQJ VWUXFWXUH
RI GDWD VHW ;�

����� &RPSDULVRQ RI 3 ZLWK SDUWLWLRQ 3

/HW 3 LV WKH SUR[LPLW\ PDWUL[ RI D GDWD VHW ; DQG 3 LV LWV
SDUWLWLRQLQJ� 3DUWLWLRQ 3 FDQ EH FRQVLGHUHG DV D PDSSLQJ

J� ;Æ ^�«QF`�
ZKHUH QF LV WKH QXPEHU RI FOXVWHUV�
$VVXPLQJ WKH PDWUL[ < GHILQHG DV�
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otherwise             ,0

xg)g(x if             ,1
ji,Y

ji � L� M  �«1�

� �RU QRUPDOL]HG �� VWDWLVWLF FDQ EH FRPSXWHG XVLQJ WKH
SUR[LPLW\ PDWUL[ 3 DQG WKH PDWUL[ <� %DVHG RQ WKH LQGH[
YDOXH� ZH PD\ KDYH DQ LQGLFDWLRQ RI WKH WZR PDWULFHV·
VLPLODULW\�

7R SURFHHG ZLWK WKH HYDOXDWLRQ SURFHGXUH ZH XVH WKH
0RQWH &DUOR WHFKQLTXHV DV PHQWLRQHG DERYH� ,Q WKH
´*HQHUDWHµ VWHS RI WKH SURFHGXUH WKH FRUUHVSRQGLQJ PDSSLQJV
JL LV JHQHUDWHG IRU HYHU\ JHQHUDWHG ;L GDWD VHW� 6R LQ WKH
´&RPSXWHµ VWHS WKH PDWUL[ <L LV FRPSXWHG IRU HDFK ;L LQ RUGHU
WR ILQG WKH �L FRUUHVSRQGLQJ VWDWLVWLF LQGH[�



��� ,QWHUQDO &ULWHULD�

8VLQJ WKLV DSSURDFK RI FOXVWHU YDOLGLW\ WKH JRDO LV WR HYDOXDWH
WKH FOXVWHULQJ UHVXOW RI DQ DOJRULWKP XVLQJ RQO\ TXDQWLWLHV DQG
IHDWXUHV LQKHULWHG IURP WKH GDWDVHW� 7KHUH DUH WZR FDVHV LQ
ZKLFK ZH DSSO\ LQWHUQDO FULWHULD RI FOXVWHU YDOLGLW\ GHSHQGLQJ
RQ WKH FOXVWHULQJ VWUXFWXUH� D� KLHUDUFK\ RI FOXVWHULQJ VFKHPHV�
DQG E� VLQJOH FOXVWHULQJ VFKHPH�

����� 9DOLGDWLQJ KLHUDUFK\ RI FOXVWHULQJ VFKHPHV�
$ PDWUL[ FDOOHG FRSKHQHWLF PDWUL[� 3F� FDQ UHSUHVHQW WKH
KLHUDUFK\ GLDJUDP WKDW LV SURGXFHG E\ D KLHUDUFKLFDO
DOJRULWKP� 7KH HOHPHQW 3F�L� M� RI FRSKHQHWLF PDWUL[
UHSUHVHQWV WKH SUR[LPLW\ OHYHO DW ZKLFK WKH WZR YHFWRUV [L DQG
[M DUH IRXQG LQ WKH VDPH FOXVWHU IRU WKH ILUVW WLPH� :H PD\
GHILQH D VWDWLVWLFDO LQGH[ WR PHDVXUH WKH GHJUHH RI VLPLODULW\
EHWZHHQ 3F DQG 3 �SUR[LPLW\ PDWUL[� PDWULFHV� 7KLV LQGH[ LV
FDOOHG &RSKHQHWLF &RUUHODWLRQ &RHIILFLHQW DQG GHILQHG DV�
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ZKHUH 0 1⋅�1����� DQG 1 LV WKH QXPEHU RI SRLQWV LQ D
GDWDVHW� $OVR� ¬S DQG ¬F DUH WKH PHDQV RI PDWULFHV 3 DQG 3F

UHVSHFWLYHO\� DQG DUH GHILQHG LQ WKH HTXDWLRQ ����
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0RUHRYHU� GLM� FLM DUH WKH �L� M� HOHPHQWV RI 3 DQG 3F

PDWULFHV UHVSHFWLYHO\� 7KH &3&& DUH EHWZHHQ ²� DQG �� $
YDOXH RI WKH LQGH[ FORVH WR � LV DQ LQGLFDWLRQ RI D VLJQLILFDQW
VLPLODULW\ EHWZHHQ WKH WZR PDWULFHV� 7KH SURFHGXUH RI WKH
0RQWH &DUOR WHFKQLTXHV GHVFULEHG DERYH LV DOVR XVHG LQ WKLV
FDVH RI YDOLGDWLRQ�

����� 9DOLGDWLQJ D VLQJOH FOXVWHULQJ VFKHPH
7KH JRDO KHUH LV WR ILQG WKH GHJUHH RI PDWFK EHWZHHQ D JLYHQ
FOXVWHULQJ VFKHPH &� FRQVLVWLQJ RI QF FOXVWHUV� DQG WKH
SUR[LPLW\ PDWUL[ 3� 7KH GHILQHG LQGH[ IRU WKLV DSSURDFK LV
+XEHUW·V � VWDWLVWLF �RU QRUPDOL]HG � VWDWLVWLF�� $Q DGGLWLRQDO
PDWUL[ IRU WKH FRPSXWDWLRQ RI WKH LQGH[ LV XVHG� WKDW LV
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ZKHUH L� M  ��«� 1�
7KH DSSOLFDWLRQ RI 0RQWH &DUOR WHFKQLTXHV LV DOVR KHUH

WKH ZD\ WR WHVW WKH UDQGRP K\SRWKHVLV LQ D JLYHQ GDWD VHW�

�� &21&/86,216 $1' 75(1'6 ,1

&/867(5,1* 9$/,',7<

&OXVWHU YDOLGLW\ LV RQH RI WKH PRVW LPSRUWDQW LVVXHV LQ FOXVWHU
DQDO\VLV UHODWHG WR WKH LQKHUHQW IHDWXUHV RI WKH GDWD VHW XQGHU
FRQFHUQ� ,W DLPV DW WKH HYDOXDWLRQ RI FOXVWHULQJ UHVXOWV DQG WKH
VHOHFWLRQ RI WKH VFKHPH WKDW EHVW ILWV WKH XQGHUO\LQJ GDWD�

7KH PDMRULW\ RI DOJRULWKPV DUH EDVHG RQ FHUWDLQ FULWHULD LQ
RUGHU WR GHILQH WKH FOXVWHUV LQ ZKLFK D GDWD VHW FDQ EH
SDUWLWLRQHG� 6LQFH FOXVWHULQJ LV DQ XQVXSHUYLVHG SURFHVV DQG

WKHUH LV QR D�SULRUL LQGLFDWLRQ IRU WKH DFWXDO QXPEHU RI
FOXVWHUV SUHVHQWHG LQ D GDWD VHW� WKHUH LV QHHG RI FOXVWHULQJ
UHVXOWV· YDOLGDWLRQ� :H SUHVHQWHG D VXUYH\ RI WKH PRVW NQRZQ
YDOLGLW\ FULWHULD DYDLODEOH LQ OLWHUDWXUH� FODVVLILHG LQ WKUHH
FDWHJRULHV� H[WHUQDO� LQWHUQDO� DQG UHODWLYH� ,Q 3DUW , RI WKH
SDSHU ZH GLVFXVV UHSUHVHQWDWLYH YDOLGLW\ LQGLFHV RI LQWHUQDO DQG
H[WHUQDO FULWHULD ZKLOH LQ 3DUW ,, ZH ZLOO SUHVHQW YDOLGLW\
DSSURDFKHV EDVHG RQ UHODWLYH FULWHULD DORQJ ZLWK VDPSOH
H[SHULPHQWDO HYDOXDWLRQ�

7KH YDOLGLW\ DVVHVVPHQW DSSURDFKHV SURSRVHG LQ WKH
OLWHUDWXUH ZRUNV EHWWHU ZKHQ WKH FOXVWHUV DUH PRVWO\ FRPSDFW�
+RZHYHU� WKHUH DUH DSSOLFDWLRQV ZKHUH ZH KDYH WR KDQGOH
DUELWUDU\ VKDSHG FOXVWHUV �H�J� VSDWLDO GDWD� PHGLFLQH� ELRORJ\��
,Q WKLV FDVH WKH WUDGLWLRQDO YDOLGLW\ FULWHULD �YDULDQFH� GHQVLW\
DQG LWV FRQWLQXLW\� VHSDUDWLRQ� DUH QRW DQ\ PRUH VXIILFLHQW�

7KHUH LV D QHHG IRU GHYHORSLQJ TXDOLW\ PHDVXUHV WKDW
DVVHVV WKH TXDOLW\ RI WKH SDUWLWLRQLQJ WDNLQJ LQWR DFFRXQW� L�
LQWUD�FOXVWHU TXDOLW\� LL� LQWHU�FOXVWHU VHSDUDWLRQ DQG LLL�
JHRPHWU\ RI WKH FOXVWHUV� XVLQJ VHWV RI UHSUHVHQWDWLYH SRLQWV�
RU HYHQ PXOWLGLPHQVLRQDO FXUYHV UDWKHU WKDQ D VLQJOH
UHSUHVHQWDWLYH SRLQW�

$OVR DQRWKHU FKDOOHQJH LV DGGUHVVLQJ WKH LVVXH RI DQ
LQWHJUDWHG GDWD PLQLQJ UHVXOWV TXDOLW\ DVVHVVPHQW PRGHO� 7KH
IXQGDPHQWDO FRQFHSWV DQG FULWHULD IRU D JOREDO GDWD PLQLQJ
YDOLGLW\ FKHFNLQJ SURFHVV KDYH WR EH LQWURGXFHG DQG
LQWHJUDWHG WR GHILQH D TXDOLW\ PRGHO�

$&.12:/('*(0(176

7KLV ZRUN ZDV VXSSRUWHG E\ WKH *HQHUDO 6HFUHWDULDW IRU
5HVHDUFK DQG 7HFKQRORJ\ WKURXJK WKH 3(1(' ������ ����
SURMHFW�

5()(5(1&(6

>�@ 0LFKDHO -� $� %HUU\� *RUGRQ /LQRII � 'DWD 0LQLQJ
7HFKQLTXHV )RU PDUNHWLQJ� 6DOHV DQG &XVWRPHU 6XSSRUW� -RKQ
:LOOH\ 	 6RQV� ,QF� �����

>�@ 'DYH� 5� 1� � �9DOLGDWLQJ IX]]\ SDUWLWLRQV REWDLQHG
WKURXJK F�VKHOOV FOXVWHULQJ�� 3DWWHUQ 5HFRJQLWLRQ /HWWHUV� 9RO
���� SS�������� �����

>�@ (VWHU� 0�� .ULHJHO� +�3�� 6DQGHU� -�� ;X� ;�� �$ 'HQVLW\�
%DVHG $OJRULWKP IRU 'LVFRYHULQJ &OXVWHUV LQ /DUJH 6SDWLDO
'DWDEDVHV ZLWK 1RLVH�� 3URFHHGLQJV RI �QG ,QW� &RQI� 2Q
.QRZOHGJH 'LVFRYHU\ DQG 'DWD 0LQLQJ� 3RUWODQG� SS� �������
�����

>�@ )D\\DG� 0� 8�� 3LDWHVN\�6KDSLUR� *�� 6PXWK 3��
8WKXUXVDP\� 5�� $GYDQFHV LQ .QRZOHGJH 'LVFRYHU\ DQG 'DWD
0LQLQJ� $$$, 3UHVV� ����

>�@ *DWK ,�� *HYD $�%� ´8QVXSHUYLVHG RSWLPDO IX]]\
FOXVWHULQJµ� ,((( 7UDQVDFWLRQV RQ 3DWWHUQ $QDO\VLV DQG
0DFKLQH ,QWHOOLJHQFH 9RO� ������ �����

>�@ *XKD� 6� 5DVWRJL� 5�� 6KLP .�� �52&.� $ 5REXVW
&OXVWHULQJ $OJRULWKP IRU &DWHJRULFDO $WWULEXWHV�� 3XEOLVKHG
LQ WKH 3URFHHGLQJV RI WKH ,((( &RQIHUHQFH RQ 'DWD (QJLQHHULQJ�
�����

>�@ +DQ� -�� .DPEHU� 0� 'DWD 0LQLQJ� &RQFHSWV DQG 7HFKQLTXHV�
0RUJDQ .DXIPDQQ 3XEOLVKHUV� �����



>�@ -DLQ� $�.�� 0XUW\� 0�1�� )O\Q� 3�-�� ´'DWD &OXVWHULQJ� $
5HYLHZµ� $&0 &RPSXWLQJ 6XUYH\V� 9RO���� 1R�� �����

>�@ 0DF4XHHQ� -�%� �6RPH 0HWKRGV IRU &ODVVLILFDWLRQ DQG
$QDO\VLV RI 0XOWLYDULDWH 2EVHUYDWLRQV�� ,Q 3URFHHGLQJV RI �WK
%HUNOH\ 6\PSRVLXP RQ 0DWKHPDWLFDO 6WDWLVWLFV DQG 3UREDELOLW\�
9ROXPH ,� 6WDWLVWLFV� SS�������� �����

>��@ 5H]DHH� 5� /HOLHYHOGW� %�3�)�� 5HLEHU� -�+�&� �$ QHZ
FOXVWHU YDOLGLW\ LQGH[ IRU WKH IX]]\ F�PHDQ�� 3DWWHUQ
5HFRJQLWLRQ /HWWHUV� ��� SS� �������� �����

>��@ 7KHRGRULGLV� 6�� .RXWURXEDV� .�� 3DWWHUQ UHFRJQLWLRQ�
$FDGHPLF 3UHVV� �����

>��@ ;LH� ;� /� %HQL� *�� �$ 9DOLGLW\ PHDVXUH IRU )X]]\
&OXVWHULQJ�� ,((( 7UDQVDFWLRQV RQ 3DWWHUQ $QDO\VLV DQG PDFKLQH
,QWHOOLJHQFH� 9RO���� 1R�� �����


