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Abstract Support Vector Machines are a family of algorithms for the analysis of
data based on convex Quadratic Programming. We derive randomized algorithms for
training SVMs, based on a variation of Random Sampling Techniques; these have
been successfully used for similar problems. We formally prove an upper bound on
the expected running time which is quasilinear with respect to the number of data
points and polynomial with respect to the other parameters, i.e., the number of at-
tributes and the inverse of a chosen soft margin parameter. [This is the combined
journal version of the conference papers (Balcázar, J.L. et al. in Proceedings of 12th
International Conference on Algorithmic Learning Theory (ALT’01), pp. 119–134,
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1 Introduction

The Support Vector Machine (SVM in short) is a modern mechanism for two-class
classification and regression problems. Since the present form of SVM was pro-
posed [15], SVMs have been used in various application areas, and their classification
power has been investigated in depth from both experimental and theoretical points
of view [16]. An important feature is that their way of working, by identifying the so-
called “support vectors” among the data, offers important contributions to a number
of problems related to Data Mining. The purpose of this paper is to give a fast and
theoretically justified algorithm—SVM training algorithm—that finds such support
vectors from a huge input data set. Our algorithm is based on a variation of Random
Sampling Techniques, which have been successfully used for similar problems.

The currently employed forms of SVM can be applied to nonseparable data as
well, by means of the so-called “soft margin” formulation, which will be described
precisely below. In this case, outliers (i.e., erroneous data or exceptions) can be han-
dled in the same way, while being penalized, as the other normal input data. The
influence of the outliers is adjusted by the use of the so-called “soft margin parame-
ter”, which is denoted as D ≤ 1 throughout this paper.

Algorithmically, the SVM training amounts to the identification of the solution of
a convex quadratic programming (QP in short) problem. (It was proved in [30] that a
similar technique is able to help choosing an appropriate kernel.) Though convex QP
problems are polynomial-time solvable, they are still not so easy. According to [6]
and [19], even the currently best method requires in the worst case TQP(n,m) =
m3/2n2, where, in the context of the SVM training, n is the number of attributes1

and m is that of examples for a given data set. Thus, to scale up to really large data
sets, the standard QP algorithms alone are inappropriate since their running times
grow fast in m. Therefore, many algorithms and implementation techniques have
been developed for training SVMs efficiently; see, e.g., [11, 12, 19, 23, 26, 33].

Among the proposed speed-up techniques, the “subset selection” [33] has been
used as an effective heuristic [10], whose motivation is the same as our algorithm.
Roughly speaking, the subset selection is a technique for the speed-up of SVM train-
ing by dividing the original QP problem into small pieces, thereby reducing the
size of each QP problem. Well known variations of subset selection techniques are
chunking, decomposition, and sequential minimal optimization (SMO in short); see
[15, 16, 27, 29] for the details. In particular, variants of SMO have become popular
because they outperform the others in several experiments. The performance of these
active-subset techniques has been extensively examined, but only a few number of

1Precisely, n here is the number of attributes plus 1, but we ignore this additive difference here.



Theory Comput Syst

theoretical analysis have been reported. The convergence of some of such algorithms
has been theoretically shown in [22, 25]; more recently, some polynomial bounds
on the number of subproblem solving steps have been obtained theoretically for the
SVM-light (under a certain assumption) [24] and for some variation of the subset
selection technique [21]. In this paper, we propose another variation of the subset
selection technique and prove that it converges on average within quasilinear sub-
problem solving steps and, in total, time quasilinear in m and polynomial in the other
parameters. We also discuss the extension of our approach to the support vector re-
gression, the regression problem under ε-insensitive loss by means of SVM.

Our algorithm seems similar to the one proposed by Pavlov et al. [28], which
also involves a distribution of probability on the data points and samples like we
will do. While our approach is quite similar to boosting, theirs is literally boosting,
with the same constants and normalizations. However, boosting was designed with
the purpose of improving the generalization error, whereas for the SVM training,
the classifier to be found is always the same and the sampling only serves as an
algorithmic means of faster computation; this is indeed the way of using randomness
in our algorithm.

We follow a soft margin SVM formulation by Bennett and Bredensteiner [5]. With
this formulation, they gave a nice geometric interpretation of the soft margin parame-
ter D ≤ 1. This formulation is the same as the standard soft margin SVM formulation,
provided that D is small enough, more technically, small enough so that nontrivial
solution exists. In other words, such a small D should be used [5] in this formula-
tion; this criteria is in fact recommended in the context of linear programming type
classification [7]. We will also show a way to determine appropriate D algorithmi-
cally. It should be also noted here that the formulation is similar to ν-SVM [31, 32].
In the ν-SVM formulation, D is simply fixed to 1/m, while another parameter ν is
introduced to give a weight to θ+ − θ− (see (P5) in our Sect. 2); then the choice
of ν becomes important for the ν-SVM formulation. See [5] for discussion on the
relationship between the formulation of Bennett and Bredensteiner and the ν-SVM
formulation.

The purpose of our research is to provide a fast and theoretically justified SVM
training algorithm. We propose the use of the random sampling techniques that have
been developed and used for combinatorial optimization problems; see, e.g., [1, 13,
20]. It is straightforward to apply some of the random sampling techniques [20] for
the determination of a maximum margin separating hyperplane for the two-class clas-
sification problem, if the data set is linearly separable in the original feature space. On
the other hand, the problem becomes complicated when the given data set is not lin-
early separable. Here the geometric interpretation of Bennett and Bredensteiner [5]
is used for applying the same random sampling technique. Our algorithm solves a
relatively small QP subproblem at each iteration. We prove that the expected number
of these iteration steps is O(δ lnm), where each iteration needs O(m) time besides
solving some QP subproblem. On the other hand, the size of each QP subproblem
is bounded by O(δ2). Hence, the overall time bound is O((δ lnm)(m + TQP(n, δ2))

= O(lnm(δm + δ4n2)). Here δ is a new parameter called a “combinatorial dimen-
sion”; this δ is n+1 if no outlier exists, but it could be large if there are many outliers.
Therefore, our algorithm has an advantage (over simply solving the original QP prob-
lem) if n � m and δ can be bounded by O(n). In this sense, our algorithm as it is
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may not be practical. But we hope that our approach and analysis of the obtained
algorithm could be used for theoretical investigation on the performance of the other
similar algorithmic approaches.

Although the above worst case time bound is not appealing, it is still possible that
our algorithm performs well even in some practical cases. Unfortunately, our proved
upper bound for δ is min((n+1)/D,m); but we conjecture that it is small (i.e., almost
linearly bounded by n) in some cases, in particular, after removing very bad outliers.
Also although our theoretical analysis is made on some fixed QP subproblem size
(i.e., O(δ2)), we may choose much smaller subproblems. We can guarantee that the
output of our algorithm (if it yields) is correct no matter how δ is set and/or the sub-
problem size is chosen; the only problem is that the algorithm does not terminate in
the expected number of steps. Thus, by running the algorithm from some small δ and
some small subproblem size, and by doubling these parameters if the algorithm does
not seem to terminate, we can execute the algorithm with quite reasonable parame-
ters. This type of experimental studies are our future work.

2 Support Vector Machines, Optimization, and Random Sampling

Here we explain basic notions on SVM and random sampling techniques. We mainly
explain those necessary for our discussion. For SVM, see, e.g., the textbook [16] or
the survey [6]; and for random sampling techniques, see the survey [20].

The SVM training for the two-class classification problem can be phrased as fol-
lows. Given a set of labeled examples, we have to determine a hyperplane separating
positive and negative examples with the largest possible margin, i.e., maximal sepa-
ration from all the data points.

A possible formulation for the problem is presented as follows. Suppose that we
are given a set of m examples xi , 1 ≤ i ≤ m, in an n-dimensional space, say R

n. Each
example xi is labeled by yi ∈ {1,−1} denoting the classification of the example. We
assume here that the data set is linearly separable, i.e., a hyperplane separating the
two classes of examples exists; the nonseparable case, which is our main object, will
be discussed shortly. The SVM training problem that will be discussed in this paper
is essentially to solve the following optimization problem (P1).

Max Margin (P1)

min.
1

2
‖w‖2 − (θ+ − θ−)

w.r.t. w = (w1, . . . ,wn), θ+, and θ−,

s.t. w · xi ≥ θ+, if yi = 1, and
w · xi ≤ θ−, if yi = −1.

Here we follow [5] and use their formulation. The problem can be restated with a
single threshold parameter as given in the original paper [15].

Remarks on Notations Throughout this paper, we use X to denote the set of exam-
ples, and let n and m denote the dimension of the example space and the number of
examples respectively. Also we use i for indexing examples (and their labels), and xi
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and yi to denote the ith example and its label respectively. The range of i is always
{1, . . . ,m}.

By the solution of (P1), we mean the hyperplane that achieves the minimum cost.
We sometimes consider a partial problem of (P1) that minimizes the target cost under
some subset of constraints. A solution to such a partial problem of (P1) is called
a local solution of (P1) for the subset of constraints. Given a solution, its support
vectors are the data points xi for which, at the solution, the corresponding inequality
is tight; that is, w · xi = θ+ if yi = 1, and w · xi = θ− if yi = −1.

Intuitively, the maximal margin separator does not necessarily lie towards either
class, and therefore provides an idea why it could generalize better. Formal discus-
sions can be found in [16], where it is proved that, in the linearly separable case, the
generalization error is bounded by a term that depends on the margin but not on the
dimensionality of the space. In fact, the dimension could be actually infinite if a way
to operate with the corresponding vectors would exist, and the trained SVM would
still obey a reasonable bound on the generalization error.

An important feature of SVM is that it is also applicable for the nonseparable case.
More precisely, for nonseparable data we can take two positions: (i) the case where
we consider that a hyperplane is too weak to be a classifier for our given examples,
and that we should be able to fit them better nonlinearly; and (ii) the case where we
consider that there are some erroneous examples or exceptions, i.e., “outliers”, which
should be somehow identified and allowed to be misclassified. Of course, it would
be better if we can use a nonlinear classifier. Nevertheless, the second approach is
important as well if we suspect that outliers exist in a given set of examples. The
usability of SVM is due to the fact that we can use both.

The first subcase is solved by the SVM approach by mapping examples into a
much higher dimension space; we come back to this point later on. The second sub-
case is solved by relaxing constraints by introducing slack variables or “soft margin
error”. That is, we consider the following generalization of the problem (P1), corre-
sponding to the soft margin hyperplane separation problem.

Max Soft Margin (P2)

min.
1

2
‖w‖2 − (θ+ − θ−) + D ·

∑

i

ξi

w.r.t. w = (w1, . . . ,wn), θ+, θ−, and ξ1, . . . , ξm,

s.t. w · xi ≥ θ+ − ξi, if yi = 1, and
w · xi ≤ θ− + ξi, if yi = −1, and
ξi ≥ 0.

Again this formulation from [5] is different from the standard one [15]. But it is
shown [5] that these two formulations are equivalent provided that D is small enough
so that a nontrivial solution exists.

For a given set X of examples, suppose we solve the problem (P2) and obtain
the optimal hyperplane. Then an example in X is called an outlier if it is misclassi-
fied with this hyperplane. On the other hand, examples other than outliers are called
normal examples. Throughout this paper, we use � to denote the number of outliers.
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Notice that this definition of outlier is relative both to the hypothesis class and to
the soft margin parameter D, which determines the degree of influence of the out-
liers. Note that D should be fixed in advance; that is, D is a constant throughout the
training process. This point will be discussed later.

Again, the concept of support vector for (P2) is defined in terms of tight inequali-
ties: that is, w · xi = θ+ − ξi if yi = 1, and w · xi = θ− + ξi if yi = −1.

For the soft margin case, some generalization error bounds exist but tend to be
weaker, and/or depend on particular properties of the underlying probability distrib-
ution. The formulation, however, turns out to be close to those obtained from apply-
ing regularization theory to the problem of fitting the examples as well as possible
[17, 18]: the sum of slacks corresponds to minimizing the error, whereas the norm of
the vector corresponds to a regularization term, with regularizer factor 1/D; except
that the bias terms do not correspond to such a regularized problem.

2.1 LP-type Optimization Problems and the Sampling Lemma

We explain now, briefly, the essentials of the abstract framework for discussing ran-
domized sampling techniques that was given by Gärtner and Welzl [20]. (The idea,
and its algorithmic application as in our Theorem 2.2 below, can be found already in
the paper by Clarkson [13], where a randomized algorithm for linear programming
has been proposed. Indeed, a similar idea has been used [1] to design an efficient
randomized algorithm for quadratic programming. Here we explain the framework
and the algorithm following [20].)

Randomized sampling techniques, particularly, the Sampling Lemma below, are
applicable for many “LP-type” problems. Here we use (D, φ) to denote an abstract
LP-type problem, where D is a set of elements and φ is a function mapping any
R ⊆ D to some value space. In the case of our problem (P1), for example, we can
consider an LP-type problem (D1, φ1), where D1 is X, and φ1 is a mapping from
a given subset XR of X to the local solution of (P1) for the subset of constraints
corresponding to XR . Of course, there is a certain set of conditions [20] that any
LP-type problem must satisfy. But we omit the explanation here and simply mention
that our (D1, φ1) clearly satisfies these conditions.

For any R ⊆ D, a basis of R is an inclusion-minimal subset B of R such that
φ(B) = φ(R). The combinatorial dimension of (D, φ) is the size of the largest basis
of D. We will use δ to denote the combinatorial dimension. For the problem (P1),
each basis is a minimal set of support vectors. Hence, the combinatorial dimension
of (P1) is at most n + 1, which is due to the fact that the number of support vectors
for (P1) is at most n + 1

Consider any LP-type problem, and any subset R of D. A violator of R is an
element e of D such that φ(R∪ {e}) 	= φ(R). An element e of R is extreme in R if
φ(R− {e}) 	= φ(R). In our case, for any subset XR of X, let (w, θ+, θ−) be a local
solution of (P1) obtained for XR . Then xi ∈ X is a violator of XR (or, more directly,
a violator of (w, θ+, θ−)) if the constraint corresponding to xi is not satisfied by
(w, θ+, θ−).

Consider again any LP-type problem (D, φ). Let U be a set consisting of u ele-
ments of D. U may be a multiple set, i.e. a set containing possibly some elements
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more than once. In order to discuss the case when elements of D are chosen into R
according to some possibly nonuniform probability, we will use U as domain instead
of D, and will consider simply that R is a subset of U . Though obvious, the following
relation is important for our discussion.

e violates R ⇐⇒ e is extreme in R∪ {e}. (1)

Define vR and xR to be the number of violators and extremes of R in U respectively.
The following bound, which is also easy from the definition, is important.

xR ≤ δ (= the combinatorial dimension of (D, φ)). (2)

We are ready to state the Sampling Lemma. (Here, for the completeness, we
present the proof given in [20].)

Lemma 2.1 Let (D, φ) be any LP-type problem. Assume some weight scheme u on D
that gives an integer weight to each element of D. Let u(D) denote the total weight.
For a given r , 0 ≤ r < u(D), we consider the situation where a set of r elements
of D has been chosen randomly, according to their weights. Let R denote the set
of chosen elements, and let vR be the weight of violators of R. Then we have the
following bound on the expected value of vR:

Exp(vR) ≤ u(D) − r

r + 1
· δ. (3)

Proof For a given weight scheme u on D, we define U as a multiple set containing
exactly u(x) copies of each element x in D. Then choosing a set R of r elements
randomly from D according to their weights is essentially the same as choosing one
set R from all possible

(
u(D)

r

)
(multi)subsets of U uniformly at random.

For randomly selected R, consider the values vR and xR. Let vr and xr denote
their expected values Exp(vR) and Exp(xR). Then we prove

(r + 1)vr = xr+1(u(D) − r). (4)

The bound of the lemma follows from this and the bound (2).
The above relation (4) is derived easily from the following. Here we use

(U
r

)
to

denote the set of all r-element subsets of U .
(

u(D)

r

)
vr =

∑

R∈(Ur )

∑

e∈U−R
[e violates R]

=
∑

R∈(Ur )

∑

e∈U−R
[e is extreme in R∪ {e}]

=
∑

Q∈( U
r+1)

∑

e∈Q
[e is extreme in Q] = xr+1

(
u(D)

r + 1

)
.

�

See [20] for additional explanations, variations for other sampling schema, impor-
tant related results such as tail bounds, and a large number of incarnations of this
Sampling Lemma.
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2.2 Preliminary Algorithmics

Consider first the separable case (P1). We can solve this optimization problem by
using a standard general quadratic programming algorithm. In some applications,
however, the number m of examples is much larger than the dimension n (in other
words, many more constraints than variables). This is the situation where randomized
sampling techniques are effective.

We first describe how to adapt the general-purpose randomized algorithm
from [20], which works for arbitrary LP-type problems. The adaptation of both the
algorithm and its analysis is straightforward, but it serves here the purpose of a pre-
liminary easier case that simplifies later on the discussion of our new algorithm.

The idea is simple. Pick up a certain number of examples from X and solve (P1)
under the set of constraints corresponding to these examples. We choose examples
randomly according to their “weights”, where initially all examples are given the
same weight. Clearly, the obtained local solution is, in general, not the global so-
lution, and it does not satisfy some constraints; in other words, some examples are
misclassified by the local solution. Then double the “weight” of such misclassified ex-
amples, and then pick up some examples again randomly according to their weights.
If we iterate this process several rounds, the weight of “important examples”, which
are support vectors in our case, grows exponentially fast, and hence, they are likely
to be chosen. Note that once all support vectors are chosen at some round, then the
local solution of this round is the true one, and the algorithm terminates at this point.
By using the Simple Sampling Lemma, we can prove that the algorithm terminates
in O(n logm) rounds on average.

Now we present in more detail the algorithm in Fig. 1. We use u to denote a
weight scheme that assigns some integer weight u(xi ) to each xi ∈ X. For this weight
scheme u, consider a multiple set U containing each example xi exactly u(xi ) times.
Note that U has u(X) (= ∑

i u(xi )) elements. Then by “choose r examples randomly
from X according to u”, we mean to select a set of examples randomly from all

(
u(X)

r

)

subsets of U with equal probability.
For analyzing the efficiency of this algorithm, we use the Simple Sampling

Lemma 2.1. From it, we can prove the following bound. (Again we state the proof for
the completeness, though it is immediate from the general argument given in [20].)

procedure OptMargin
set weight u(xi ) to be 1 for all examples xi in X;
r ← 6δ2; % δ ≤ n + 1.
repeat

XR ← choose r examples from X randomly according to u;
(w, θ+, θ−) is a solution of (P1) for XR;
V ← the set of violators in X of the solution;
if u(V ) ≤ u(X)/(3δ) then double the weight u(xi ) for all xi ∈ V ;

until V = ∅;
return the last solution;

end-procedure.

Fig. 1 A first randomized SVM training algorithm
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Theorem 2.2 The average number of iterations executed in the OptMargin algorithm
is bounded by 6δ lnm = O(n lnm). (Recall that |X| = m and δ ≤ n + 1.)

Proof We say a repeat-iteration is successful if the if-condition holds in the iteration.
We first bound the number of successful iterations. For this, we analyze how the

total weight u(X) increases. Consider the execution of any successful iteration. Since
u(V ) ≤ u(X)/3δ, by doubling the weight of all examples in V , i.e., all violators,
u(X) increases by at most u(X)/(3δ). Since u(X) is initially m, after t successful
iterations, we have u(X) ≤ m(1 + 1/(3δ))t .

Let X0 ⊆ X be a fixed minimal set of support vectors of (P1). X0 constitutes a
basis, and thus it defines the same solution hyperplane as X; thus, if all elements
of X0 are chosen into XR , i.e., X0 ⊆ XR , then there is no violator for XR . At each
successful iteration (if it is not the end) some xi of X0 must not be in XR , which
implies that it is a violator of XR by the fact that X0 is a basis. Hence, u(xi ) gets
doubled. Since |X0| ≤ δ, there is some xi in X0 that gets doubled at least once every
δ successful iterations. Therefore, after t successful iterations, u(xi ) ≥ 2t/δ .

Therefore, we have the following upper and lower bounds for u(X).

2t/δ ≤ u(X) ≤ m(1 + 1/(3δ))t .

This implies that t < 3δ lnm as long as we have not reached the last iteration. That
is, the algorithm terminates within less than 3δ lnm successful iterations.

Next we must estimate how often a successful iteration occurs. Here we use the
Sampling Lemma. Consider the execution of any repeat-iteration. Let u be the cur-
rent weight on X, and let R and V be the set chosen at this iteration and the set of
violators of XR . Then this XR corresponds to R in the Sampling Lemma, and we
have u(V ) = vR. Hence from the above bound 3, we can bound the expectation of
u(V ) by (u(X) − r)δ/(r + 1), which is smaller than u(X)/(6δ) by our choice of r .
Thus, the if-condition is satisfied if u(V ) is less than double its own average, which
happens with probability at least 1/2. This implies that the expected number of iter-
ations is at most twice as large as the number of successful iterations. Therefore, the
algorithm terminates on average within 2 · 3δ lnm steps. �

Thus, while this randomized OptMargin algorithm needs to solve some subprob-
lem of (P1) for about 6n lnm times on average, the number of constraints needed to
consider at each time is about 6n2. Hence, if n is much smaller than m, then this
algorithm is faster than solving (P1) directly.

We want to apply a similar technique for the nonseparable case. It seems that we
can simply apply the same sampling technique for solving (P2). But this approach
is not so straightforward. For example, we need to redefine the notion of “violator”.
Notice that for any solution hyperplane (even the optimal one), there must be some
examples that are misclassified by it. Thus, we cannot simply regard a misclassified
example as a violator. Intuitively, it seems reasonable to consider an example as a
violator to the current local solution if it is misclassified by the solution and it is
not used to obtain the solution. It turns out that this intuitive approach works. Our
first main technical contribution is to give a formal justification to this intuition and
derive a random sampling based algorithm for (P2). We will do so by using alternative
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formulations of (P2) given in [5], which also helps us to understand the structure of
the optimal solution of (P2).

For designing SVM training algorithms, it is also important that the computation
can be done in such a way that the only operations acting on the data points are scalar
products, and that the output hyperplane can be defined as a linear combination of the
data points. These are necessary for us to use kernels mapping into feature spaces and
to be able to use much more complex classifiers [16]. We will see that our derived
algorithm satisfies these requirements.

3 Alternative Formulations

To go on we need an alternative formulation of (P2), which is derived based on an
intuitive geometric interpretation of (P2) that has been given by Bennett and Breden-
steiner [5].

3.1 Derivation of the Formulation

For the completeness, we review the alternative formulations of (P2) given in [5].
First, it is shown [5] that (P2) is equivalent to the following problem (P3). (More
precisely, the problem (P3) is the Wolfe dual of (P2).)

Reduced Convex Hull (P3)

min.
1

2

∥∥∥∥
∑

i

yisixi

∥∥∥∥
2

w.r.t. s1, . . . , sm,

s.t.
∑

i:yi=1

si = 1,
∑

i:yi=−1

si = 1, and 0 ≤ si ≤ D.

Note that
∥∥∥∥
∑

i

yisixi

∥∥∥∥
2

=
∥∥∥∥

∑

i:yi=1

sixi −
∑

i:yi=−1

sixi

∥∥∥∥
2

.

That is, this is the distance between two points in the convex hulls of positive and
negative examples. In the separable case, it is the distance between two closest points.
On the other hand, in the nonseparable case, we give some restriction to the influence
of each example and consider only points defined by examples in such a way that
each example cannot contribute more than D.

As mentioned in [5], the meaning of D is intuitively explained by considering its
inverse k = 1/D. (Here we assume that 1/D is an integer. Throughout this paper, we
use k to denote this constant.) Then our objective can be regarded as the distance be-
tween the convex hulls of “composed examples”, points that are defined as a center of
k examples. Then resulting convex hulls are reduced ones and they may be separable
by some hyperplane. In the extreme case where k = m+ = m− (where m+ and m−
are respectively the number s of positive and negative examples), we have only one
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positive and one negative composed examples, which are clearly separable (unless
they are the same).

Remarks on the Choise of D Although we will assume that D = 1/k for some inte-
ger k > 0, this is simply for our explanation and this restriction is not essential for
executing our algorithm. Also note that we do not have to use a single constant for
the soft margin parameter D. In particular, it would be more reasonable to use two
D+ and D− (hence, k+ and k−) for positive and negative examples. But for simplify-
ing our notation, we will discuss with a single soft margin parameter D throughtout
the paper. The modification of our algorithm to a two or more soft margin parameter
cases is easy.

We state the above intuition formally by reformulating (P3). Let Z be the set of
composed examples zI that is defined by

zI = xi1 + xi2 + · · · + xik

k
,

with some k distinct elements xi1,xi2, . . . ,xik of X with the same label (i.e., yi1 =
yi2 = · · · = yik ). That is, each composed example is the mass center of a group of
k homogeneously labeled initial data points. The label yI of the composed example
zI inherits its members’. Throughout this note, we use I for indexing elements of Z

and their labels. The range of I is {1, . . . ,M}, where M
def= |Z|. Note that M ≤ (

m
k

)
.

For each zI , we use zI to denote the set of original examples from which zI is com-
posed. (For distinguishing from composed examples zI , we will call xi an original
example.)

Then it is easy to see that (P3) is equivalent to the following (P4).

Convex Hull of Reduced Points (P4)

min.
1

2

∥∥∥∥
∑

I

yI sIzI

∥∥∥∥
2

w.r.t. s1, . . . , sM,

s.t.
∑

I :yI =1

sI = 1,
∑

I :yI =−1

sI = 1, and 0 ≤ sI ≤ 1.

More formally, the same optimal value is achieved by solutions {s∗
i }i=1,...,m and

{s∗
I }I=1,...,M satisfying the following for all i, 1 ≤ i ≤ m.

1

k

( ∑

I :xi∈zI

s∗
I

)
= s∗

i . (5)

This is because for any solution {s∗
i }i=1,...,m, we can find {s∗

I }I=1,...,M satifying the
above for all i.
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In this paper, we further consider the Wolfe primal of this problem again. Then we
come back to the one almost identical to (P1)!

Max Margin for Composed Examples (P5)

min.
1

2
‖w‖2 − (η+ − η−)

w.r.t. w = (w1, . . . ,wn), η+, and η−,

s.t. w · zI ≥ η+, if yI = 1, and

w · zI ≤ η−, if yI = −1.

In general, composed examples may not be separable. But they are separable for
sufficiently large k, in which case it can be shown that (P2) and (P5) are essentially
equivalent. More precisely, from the observation given in [5], we can show the fol-
lowing relationship between (P2) and (P5).

Theorem 3.1 Suppose that k is large enough so that the obtained composed ex-
amples are linearly separable. Then the weight vector for the optimal separating
hyperplane, i.e., w∗, coincides for (P2) and (P5). (Note that the margin parameters
(θ∗+, θ∗−) and (η∗+, η∗−) are usually different.)

Note that the problem (P5) is essentially the same as (P1); thus, we can use our
randomized algorithm OptMargin of Fig. 1 for (P5). In fact, the problem (P5) is
regarded as the LP-type problem (D5, φ5) similar to (D1, φ1) for (P1), where D5

is Z, and φ5 is a mapping from a given subset ZR of Z to the local solution of (P5).
In particular, the combinatorial dimension of (P5) is n + 1, the same as that of (P1).
Only the difference is that there are now M = O(mk) composed examples (hence, so
many constraints). This number is quite large, but this is the situation suitable for the
sampling technique.

Suppose now that we use OptMargin for solving (P5). From our analysis, the ex-
pected number of iterations is O(n lnM) = O(kn lnm). That is, we need to solve QP
problems with n+ 2 variables and O(n2) constraints for O(kn lnm) times. Although
this is not bad at all, there are unfortunately some serious problems. The algorithm
needs, at least as it is, a large amount of time and space for “book keeping” com-
putation. First of all, we have to keep weights of all M composed examples in Z.
Secondly, for finding violators and for modifying weights, we have to go through Z,
which takes at least O(M) steps. Also it is not so easy to choose composed examples
randomly according to their weights. Some solution to these problems were proposed
in [2], but the proof of the running time of the resulting algorithm depended on an
unproven hypothesis.

In this paper, instead of using OptMargin directly to (P5), we derive an algorithm,
based on a nontrivial geometric lemma, that handles only m weights and avoids
searching for violators on all of Z. In fact, this algorithm is a natural generaliza-
tion of OptMargin for (P2). Also since it uses only scalar products on data points, it
combines with any desired kernel.
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3.2 Properties of the Solutions

Before deriving the algorithm, let us first examine solutions to (P2) and (P5).
Throughout this subsection, we assume that k is large enough so that the set of com-
posed examples are linearly separable.

For a given example set X, let Z be the set of composed examples. Let
(w∗, θ∗+, θ∗−, ξ∗) and (w∗, η∗+, η∗−) be the solutions of (P2) for X and (P5) for Z

respectively, sharing w∗ as explained above. Let Xerr,+ and Xerr,− denote the sets of
positive/negative outliers. That is, xi belongs to Xerr,+ (resp., Xerr,−) if and only if
yi = 1 and w∗ · xi < θ∗+ (resp., yi = −1 and w∗ · xi > θ∗−). We use �+ and �− to
denote the number of positive/negative outliers.

Under the LP-type interpretation (D5, φ5) of (P5), consider any fixed basis Z0
of Z. In order to facilitate understanding, we assume nondegeneracy throughout the
following discussion. Note that every element of the basis is extreme in Z. Hence,
we call elements of Z0 final extremers. By definition, the solution of (P5) for Z is
defined by the constraints corresponding to these final extremers.

By analyzing the Karush–Kuhn–Tucker (in short, KKT) condition for (P2), we can
prove the following lemma. (For the sake of simplicity, this lemma is stated only for
the positive examples; but the corresponding properties clearly hold for the negative
examples.)

Lemma 3.2 We use symbols defined above. In particular, assume that composed ex-
amples in Z are linearly separable under the current choice of k. Let zI be any
positive final extremer, i.e., an element of Z0 such that yI = 1. Then the following
properties hold.

(a) w∗ · zI = η∗+.
(b) Xerr,+ ⊆ zI . Hence, �+ ≤ k.
(c) We may consider that Xerr,+ 	= zI , i.e., �+ < k.
(d) For every xi ∈ zI , if xi /∈ Xerr,+, then we have w∗ · xi = θ∗+.
(e) If Xerr,+ is not empty, then we have η∗+ < θ∗+.

Proof (a) Since Z0 is the set of final extremers, (P5) can be solved only with the
constraints corresponding to elements in Z0. Suppose that w∗ · zJ > η∗+ for some
positive zJ ∈ Z0 including zI of the lemma. Let Z′ be the set of such zJ ’s of Z0. If
Z′ indeed contained all positive examples in Z0, then we could set η+ with η∗+ − ε

for some ε > 0 and still satisfy all the constraints, which contradicts the optimality
of the solution. Hence, we may assume that Z0 − Z′ still has some positive example.
Then it is well known (see, e.g., [8]) that a local optimal solution to the problem (P5)
with the constraints corresponding to elements in Z0 is also locally optimal to the
problem (P5) with the constraints corresponding to only elements in Z0 − Z′. Fur-
thermore, since (P5) is a convex programming, a local optimal solution is globally
optimal. Thus, the original problem (P5) is solved with the constraints corresponding
to elements in Z0 − Z′. This contradicts our assumption that Z0 is the set of final
extremers.

(b) Since (P2) is a convex minimization problem, the KKT-point of (P2) is ob-
tained from its solution (w∗, θ∗+, θ∗−, ξ∗). That is, with some (s∗,u∗), the tuple
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(w∗, θ∗+, θ∗−, ξ∗, s∗,u∗) satisfies the following so called KKT-condition. (Below we
use i to denote indices of examples, and let P and N respectively denote the set of
indices i of examples such that yi = 1 and yi = 0. We use e to denote the vector with
1 at every entry.)

w∗ −
∑

i∈P

sixi +
∑

i∈N

s∗
i xi = 0, De − s∗ − u∗ = 0,

−1 +
∑

i∈P

s∗
i = 0, −1 +

∑

i∈N

s∗
i = 0,

∀i ∈ P [s∗
i (w∗ · xi − θ∗+ + ξ∗

i ) = 0], ∀i ∈ N [s∗
i (w∗ · xi − θ∗− − ξ∗

i ) = 0],
u∗ · ξ∗ = 0 (which means (De − s∗) · ξ∗ = 0), and ξ∗,u∗, s∗ ≥ 0.

From these requirements, we have the following relation. (Note that the condition
s∗ ≤ De below is derived from the requirements De − s∗ − u∗ = 0 and u∗ ≥ 0.)

w∗ =
∑

i∈P

s∗
i xi −

∑

i∈N

s∗
i xi ,

∑

i∈P

s∗
i = 1,

∑

i∈N

s∗
i = 1, and 0 ≤ s∗ ≤ De.

In fact, s∗ is exactly the optimal solution of (P3).
Consider any xi ∈ Xerr,+; we will show below that xi ∈ zI for any zI ∈ Z0. Since

ξ∗
i > 0, from the requirements that (De− s∗) · ξ∗ = 0 and that De− s∗ ≥ 0 it follows

that D − s∗
i = 0; that is, s∗

i = 1/k. Then from (5) we have
∑

I :xi∈zI
s∗
I = 1. On

the other hand, from the constraint of (P4), we have
∑

I :yI =1 s∗
I = 1. Hence, s∗

I > 0
implies xi ∈ zI for any I . Now by the equivalence of (P4) and (P5), we see that the
final extremers are exactly points contributing to the solution of (P4). That is, for
any I , it holds that zI ∈ Z0 if and only if s∗

I > 0. Therefore, for any zI ∈ Z0, we have
xi ∈ zI .

(c) If Z0 contains more than one positive element, then the relation Xerr,+ 	= zI is
immediate from the above. A subtle case is when zI is the unique positive element
of Z0. Suppose that all xi ∈ zI are outliers w.r.t. (w∗, θ∗+, θ∗−, ξ∗). In this case, how-
ever, the same optimal value is obtained by using θ+ = w∗ · xi as θ∗+ for any xi ∈ zI .
Thus, we may assume that θ∗+ is the smallest w∗ · xi , in which case there is at least
one element not in Xerr,+.

(d) Consider any index i in P such that xi appears in some of the final extremer
zI ∈ Z0. Since s∗

I > 0, we can show that s∗
i > 0 by using the equation (5). Hence,

from the requirement si(w
∗ · xi − θ∗+ + ξ∗

i ) = 0, we have

w∗ · xi − θ∗+ + ξ∗
i = 0.

Thus, if xi 	∈ Xerr, i.e., it is not an outlier or ξ∗
i = 0, then we have w∗ · xi = θ∗+.

(e) From (a), we have

η∗+ = w∗ · xi1 + xi2 + · · · + xik

k
.
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Since Xerr,+ is not empty, some of these xi1, . . . ,xik are outliers; for such an out-
lier xij , it holds that w∗ · xij < θ∗+. On the other hand, as shown in (c), we have
w∗ · xij = θ∗+ for all normal examples in Z0. Thus,

η∗+ = w∗ · xi1 + xi2 + · · · + xik

k
<

kθ∗+
k

= θ∗+. �

Let us give some intuitive interpretation to the facts given in this lemma. (Again
we only consider, for the simplicity, the positive examples.) The fact (a) of the lemma
shows that all final extremers are located on some hyperplane whose distance from
the base hyperplane w∗ · z = 0 is η∗+. Essentially, (b) means that, when the final
extremers are obtained, the set of outliers can be obtained as

⋂
zI ∈Z0

zI , the set of
examples appearing in all final extremers. On the other hand, the fact (d) states that
all original normal examples, i.e., examples not in Xerr,+, appearing in some final
extremer are all located again on some hyperplane whose distance from the base
hyperplane is θ∗+ > η∗+. (Here we assume that k > �+ and each final extremer contains
k − �+ normal examples.) Now consider the point

v+
def= 1

�+
·
( ∑

xi∈Xerr,+
xi

)
,

namely, the center of positive outliers. Define μ∗+ = w∗ · v+. Then we have θ∗+ ≥
η∗+ ≥ μ∗+; that is, the hyperplane defined by the final extremers is located between
the one having all normal examples in the final extremers and the one having the
center v+ of outliers. More specifically, since every final extremer is composed from
all �+ positive outliers and k − �+ normal examples, we have

θ∗+ − η∗+ : η∗+ − μ∗+ = �+ : k − �+.

4 Our Algorithm

Now we are ready to derive the algorithm for (P2). First we give a rather rough outline
of the algorithm, and then discuss its details formally. Throughout this section, we
again assume that k (= 1/D) is large enough so that the set of composed examples is
linearly separable.

We use the same notations as in the previous sections. X is the set of original ex-
amples xi , i.e., input data, and Z is the set of composed examples zI made up from X.
Our goal is to find a maximal margin separator of these composed examples. As ex-
plained in the previous section, the application of the algorithm OptMargin to (P5)
requires some heavy task such as book keeping of all weights of composed examples.
This problem may be solved by associating weights to original examples xi rather
than to composed examples. Instead of generating composed examples according to
their weights, we first generate original examples according to their weights, and
define the set of composed examples that are made up from the generated original
examples. More specifically, we define Pk to be a mapping from any subset X′ of
X to the set of all composed examples consisting only of k elements of X′. Then
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procedure OptMargin_Composed
set weight u(xi ) to be 1 for all examples xi in X;
r ← 6δ2;
loop

XR ← choose r elements from X randomly according to their weights;
ZR ← Pk(XR);
(w, η+, η−) ← the solution of (P5) for ZR;
if no composed example is misclassified by (w, η+, η−) then exit;
V ← the set of “violator” under the interpretation of (D2, φ2);
double the weight of examples in V (unless u(V ) is too large);

end loop;
compute (w, θ+, θ−) from the last solution (w, η+, η−);
return (w, θ+, θ−);

end procedure.

Fig. 2 A new randomized SVM training algorithm (outline)

we consider the following procedure: (1) generate a set XR of examples from X,
(2) compute the set ZR = Pk(XR), (3) solve (P5) on ZR , and (4) if the obtained lo-
cal solution is not satisfiable, then increase the weight of examples in X that cause a
violator of the current solution. For the implementation of this idea, we introduce a
new LP-type problem (D2, φ2), where D2 is X, and φ2 is a mapping from any subset
XR of X to the solution of (P5) on Pk(XR). Based on this new interpretation, we can
outline our new sampling algorithm as presented in Fig. 2.

There are several points that have to be clarified. First, we need to show that the
defined (D2, φ2) is indeed an LP-type problem. Intuitively, (D2, φ2) is parallel to
the LP-type problem (D5, φ5) defined for (P5). In fact, φ2(XR) = φ5(Pk(XR)), and
(D2, φ2) can be considered as a special case of (D5, φ5), where we focus on the sets
defined by Pk(XR) with XR ⊆ X (= D2) for a subset of Z (= D5). In order to show
that (D2, φ2) is indeed parallel to (D5, φ5) and hence it satisfies the conditions for
LP-type problems, it is important to establish the following relationship: for any XR ,
ZR = Pk(XR) has a violator in the sense of φ5 if and only if XR has a violator in the
sense of φ2. This relation is proved by using Lemma 3.2.

Lemma 4.1 For any XR ⊆ X, let ZR = Pk(XR). Also let (w, θ+, θ−) and
(w, η+, η−) be respectively the solution of (P2) on XR and (P5) on ZR . Then the
following three statements are equivalent.

(i) There exists a composed example zI ∈ Z that is misclassified by (w, η+, η−).
(Thus, this zI is a violator of ZR under the interpretation of (D5, φ5).)

(ii) There exists an original example xi ∈ X −XR such that Pk(XR ∪{xi}) contains
a composed example that is misclassified by (w, η+, η−). (Thus, this xi is a
violator of XR under the interpretation of (D2, φ2).)

(iii) There exists an original example xi ∈ X − XR that is misclassified by
(w, θ+, θ−).
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Remark Precisely speaking, for the solution (w, θ+, θ−), we consider the one defined
in the proof of Lemma 3.2(c).

Proof Since (ii) ⇒ (i) is trivial, we show that (i) ⇒ (iii) and (iii) ⇒ (ii). Here we
consider only positive examples, the negative case being analogous.

In the following proof, we will make use of Lemma 3.2. Notice that ZR is the set
of all composed examples made from XR . Thus, Lemma 3.2 holds with X = XR and
Z = ZR .

(i) ⇒ (iii): Suppose that there exists a positive composed example zI that is mis-
classified by (w, η+, η−); that is, w · zI < η+. Pick any final extremer z0 of ZR .
Then we argue first that zI contains some misclassified example xi , i.e., an example
with w · xi < θ+, that is not in z0. Suppose otherwise; that is, all misclassified origi-
nal examples of zI are accounted for in z0. Since some correctly classified example
xj exists in z0, and it satisfies w · xj = θ+ (Lemma 3.2(c), (d)), this would imply
w · zI ≥ w · z0. But this contradicts the assumption w · zI < η+, because w · z0 = η+.

(iii) ⇒ (ii): Suppose that there exists a positive example xi ∈ X − XR that is mis-
classified by (w, θ+, θ−). This means that w · xi < θ+. Consider any final extremer
z0 of ZR . Then its corresponding inequality is tight; that is, w · z0 = η+. Also it fol-
lows from Lemma 3.2(b) and (c) that z0 contains all misclassified original examples
of XR and that the remaining examples xj ∈ z0 fulfill w · xj = θ+. Construct zI by
replacing one of such xj ’s with xi . Then we have w · zI < w · z0 = η+. Hence zI is
misclassified by (w, η+, η−); furthermore, zI is in Pk(XR ∪ {xi}). �

This lemma provides us with a way to find violators of the generated set XR in
our algorithm. That is, if and only if it is not in XR and it is misclassified by the
solution of (P2) on XR . Thus, by solving (P2) on XR and by using its solution, we
can compute the set V violators of XR . Furthermore, the lemma also guarantees that
no composed example is misclassified (by the current solution for ZR) if and only if
V = ∅. Hence, the stopping condition can be checked by testing whether V = ∅. This
means that we do not have to solve (P5) on ZR ; in fact, it is even not necessary to
compute ZR! These observations lead to our algorithm stated in Fig. 3. (We use the
same condition as before for determining when weights should get increased.)

procedure OptSoftMargin
set weight u(xi ) to be 1 for all examples xi in X;
r ← 6δ2; % See Lemma 4.2 for the bound for δ.
repeat

XR ← choose r examples from X randomly according to u;
(w, θ+, θ−) is a solution of (P2) for XR;
V ← the set of examples in X − XR that are misclassified by (w, θ+, θ−);
if u(V ) ≤ u(X)/(3δ) then double the weight u(xi ) for all xi ∈ V ;

until V = ∅;
return the last solution;

end-procedure.

Fig. 3 The final randomized SVM training algorithm
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Finally, we estimate the combinatorial dimension δ of (D2, φ2). (See a remark at
the end of this section for the tightness of this bound.)

Lemma 4.2 The combinatorial dimension δ of (D2, φ2) is at most k(n + 1).

Proof Recall that the combinatorial dimension of (D1, φ1) is at most n + 1; then, by
the same argument, we can bound the combinatorial dimension of (D5, φ5) by n + 1.
That is, every basis of D5 consists of at most n + 1 composed examples.

Now assume to the contrary that some basis X1 of (D2, φ2) has more than k(n+1)

elements. Let Z1 = Pk(X1). We may assume that both X1 and Z1 contain examples
from both positive and negative ones so that the problems (P2) and (P5) are nontriv-
ial.2 Consider any basis Z2 of Z1. Then by definition, we have φ2(Z2) = φ2(Z1); in
other words, the partial solution of (P2) for Z2 is the same as the one for Z1.

Let X2 be a subset of X1 such that Z2 = Pk(X2). As explained above, since Z2
has at most n + 1 composed examples, X2 has at most k(n + 1) examples. Hence,
there exists some element x0 in X1 −X2, which must be a violator of X2, since X1 is
a basis. In other words, x0 is misclassified by the partial solution of (P2) on X2. But
then from Lemma 4.1, there must be some violator of Z2 in Z1, which contradicts
the fact φ2(Z2) = φ2(Z1). �

Now we conclude our analysis and estimate the total running time of the algo-
rithm. This can be made in exactly the same way as the one for the separable case
(Theorem 2.2), and we have the following theorem.

Theorem 4.3 The average number of iterations executed in the OptSoftMargin algo-
rithm is bounded by 6δ lnm = O(n lnm), where |X| = m and δ ≤ k(n + 1).

Notice here that our obtained algorithm uses solutions of (P2) for selected orig-
inal examples. Thus, any algorithm solving (P2) should work; in particular, we can
use any kernel method so long as it works for solving the original soft margin prob-
lem (P2). But note also that the combinatorial dimension δ may get larger depending
on the feature space.

Some Remark on the Combinatorial Dimension The combinatorial dimension δ is
an important complexity parameter in our algorithm. First as stated above, it is used
to bound the average number of iterations. Also recall that the number r of samples
at each iteration—the sampling parameter—is determined by r = 6δ2. (Though this
choice of r is sufficient for proving our bound, our preliminary experiments show
that much smaller value of r is sufficient. It is our future work to study how to select
the sampling parameter r , in particular, for popular kernels.)

In the above lemma, we give only a simple bound for the combinatorial dimen-
sion δ; that is, δ ≤ k(n + 1). Our experiments, however, indicate that actual δ seems
to be much smaller, and it is quite likely that we can give much better bounds for δ. In

2We can define our LP-type problems, e.g., (D2, φ2) so that X1 has no extreme element (hence, X1 is not
a basis) if its corresponding subproblem of (P2) is trivial.
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An example of reduced convex hulls and separating hyperplanes for n = 3 and k = 3. We
assume that all composed negative examples are on the surface of the cone (top), while all
composed positive examples (except three explained below) are under the shadowed triangular
plane (bottom). Here we focus on three composed positive examples that are located at vertices
of the shadowed triangle. We assume that two original positive examples are located at a, b,
and c respectively, and that one original example exists at d. Then the three composed exam-
ples are those cosisitng of two points at a (resp., b and c) and one point at d. The soft margin
or the distance between reduced convex hulls is the distance of two points indicated as +.

Fig. 4 An example for indicating δ cannot be n + 1 + k (part 1)

fact, one might argue as follows to bound δ ≤ n+1+k: Suppose that for a given set X

of examples, the number of outliers to each local solution of (P2) is at most �, where
we may assume3 that � ≤ k (Lemma 3.2). Then there are at most n+1+� ≤ n+1+k

examples for which the constraint inequality of (P2) is tight. (At most � examples xi

with ξi > 0, and at most n + 1 examples xi with ξi = 0.) In other words, the solution
hyperplane is determined by these at most n + 1 + k examples; hence, it seems that δ

is bounded by n + 1 + k. Unfortunately, however, an example given in Figs. 4 and 5
suggests that this easy argument would not be correct. (The idea of this example has
been pointed out by Léonard Rodriguez.)

Nevertheless, the example is somewhat unconclusive, and we still think that one
could show a much better bound for δ. We also leave this problem for our future
research topics.

5 Extension to Support Vector Regression

The regression problem under ε-insensitive loss by means of SVM can be phrased as
follows. We are given a set of points in a product space X ×Y , where the coordinates

3What we have from Lemma 3.2 is �+, �− < k, which guarantees only � < 2k. But by more precise
argument considering positive and negative examples separately, we can indeed show that � ≤ k; the detail
is left to the reader.
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Suppose that the combinatorial dimension of (D2, φ2) for the examples explained in Fig. 4 is
n + 1 + k = 7. Then the same soft margin must be derived by considering some composed
examples consisting of only 7 points. Clearly 3 (= k) original examples are needed for the
negative side; hence, we can choose at most 4 original examples from the positive side. The
shadowed triangle in the figure shows the reduced convex hull when we choose one example
from each of a, b, c, and d points. As shown in the figure the distance between two reduced
convex hulls is longer than the distance between two + points. The same problem occurs for
any choice of 4 original positive examples.

Fig. 5 An example for indicating δ cannot be n + 1 + k (part 2)

in X act as predictor (or given) information and the coordinate in Y act as response (or
desired) variable. Also given the value of ε for the loss function. We have to determine
a hyperplane approximating the cloud of points, in the sense that the hyperplane
passes near all the points, missing them all by no more than ε on the Y coordinate;
thus all are within a so-called ε-tube around the hyperplane. Of course, if ε is too
small or there are some exceptions, this might be impossible, in the same way as
classifying with a hyperplane a linearly inseparable dataset. The solution for this
case is analogous to the classification approach; that is, soft margins become here
slack quantities that allow, but penalize, points that are too far from the hyperplane.

There are several formalizations of the SVM regression problem; here we consider
the one studied in [9], and explain briefly the reduction of regression to classification
suggested in [9]. (See the references in [9] for the other formulations.)

The formulation we consider here is based on shifting the cloud of points along the
coordinate corresponding to the response variable. Indeed, from the data points and
from the value ε received for the loss function, we construct two new datasets, one
by shifting the response up by ε, and the other by shifting it down by ε. For a large
enough ε for which hard tubes exist, these shifts amount to move the first dataset
to stand fully above the regression hyperplane, and the second dataset to stand fully
below it. Thus, the regression hyperplane has been effectively transformed into a
classification hyperplane, as was desired. To apply the support vectors approach, we
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simply compute the maximal margin separating hyperplane between both translated
sets.

Now let us give a precise formulation of the above idea. As before, suppose that we
are given a set of m examples xi , 1 ≤ i ≤ m, in some n dimensional space R

n. Each
example xi is associated to a value yi ∈ R of the response variable. Also, the ε value
for the loss function is given. Based on the above idea, we formulate the (hard tube)
SV regression problem (SVR) as the optimization problem HardTubeSVR (P6). Note
that we are assuming here that ε is large enough for the problem to have a solution.

HardTubeSVR (P6)

min.
1

2
‖w‖2 + 1

2
σ 2 − (θ+ − θ−)

w.r.t. w = (w1, . . . ,wn), σ, θ+, and θ−,

s.t. w · xi + σ(yi + ε) ≥ θ+, and

w · xi + σ(yi − ε) ≤ θ−.

In the same way that the SVM classifiers are also applicable to the nonseparable
case, an important feature of SVR is that it can be applied also when the value of ε

is too small or there exist some exceptions or erroneous examples. This is done in
classification by relaxing constraints by introducing slack variables or “soft margin
error”. The reduction of regression to classification provides a similar solution, and
we formulate the soft tube SV regression problem as the following SoftTubeSVR (P7).
(These problems (P6) and (P7) are respectively problems (5) and (7) in [9].)

SoftTubeSVR (P7)

min.
1

2
‖w‖2 + 1

2
σ 2 − (θ+ − θ−) + D ·

(∑

i

ξ+
i +

∑

i

ξ−
i

)
,

w.r.t. w = (w1, . . . ,wn), σ, θ+, θ−, ξ+
1 , . . . , ξ+

m , and ξ−
1 , . . . , ξ−

m ,

s.t. w · xi + σ(yi + ε) ≥ θ+ − ξ+
i ,

w · xi + σ(yi − ε) ≤ θ− + ξ−
i ,

ξ+
i ≥ 0, and ξ−

i ≥ 0.

By the solution of the problems HardTubeSVR and SoftTubeSVR, we mean the
hyperplane that achieves the minimum cost. Given a solution of HardTubeSVR,
we have some examples xi—support vectors—for which, at the solution, at
least one of the corresponding inequalities is tight: w · xi + σ(yi + ε) = θ+ or
w · xi + σ(yi − ε) = θ−. On the other hand, for a solution of SoftTubeSVR, there
may exist some examples xi—outliers—whose response variables are off the value
predicted by the hyperplane by more than ε. The softness parameter D determines
the degree of influence of the outliers as in the formulation of (P2).

It is easy to transform these optimization problems to those corresponding to the
classification problems that we have studied in the previous sections. Then we can
simply apply the algorithmics we have developed, and the analysis of the obtained
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solution can be made similarly. We explain below the transformation for the hard
tube SVR and the soft tube SVR.

Hard Tubes

A slight adjustment of the HardTubeSVR (P6) gives the following equivalent specific
classification problem (P1*), where we can see that our examples have both their
predictor and response coordinates and that they are considered as positive examples
in the +ε case and as negative examples in the −ε case.

Max Margin (P1*)

min.
1

2
‖w‖2 + 1

2
σ 2 − (θ+ − θ−)

w.r.t. w = (w1, . . . ,wn), σ, θ+, and θ−,

s.t. (w, σ ) · (xi , yi + ε) ≥ θ+, and

(w, σ ) · (xi , yi − ε) ≤ θ−.

Notice that this formulation is essentially the same as (P1) with n+1 dimensional-
ity. Thus, we can solve this (P1*) by using the algorithm OptMargin in Fig. 1, within
the running time given by the following theorem.

Theorem 5.1 The average number of iterations executed in the OptMargin algorithm
for (P1*) is bounded by 6(n + 2) lnm = O(n lnm).

As shown in [9], a solution (w∗, σ ∗, θ∗+, θ∗−) for (P1*) gives not only the separating
hyperplane but also the two biases that indicate both borders (up and down) of the
solution hard tube. Bi and Bennett proved (Theorem 3.1 [9]) that the optimal value
of ε is obtained by ε∗ = ε − (θ∗+ − θ∗−)/(2σ ∗); that is, ε∗ defines the borders of the
hard tube fitting all examples.

Soft Tubes

We can transform, in the same way as above, the SoftTubeSVR (P7) into the follow-
ing classification problem (P2*).

Max Soft Margin (P2*)

min.
1

2
‖w‖2 + 1

2
σ 2 − (θ+ − θ−) + D ·

(∑

i

ξ+
i +

∑

i

ξ−
i

)
,

w.r.t. w = (w1, . . . ,wn), σ, θ+, θ−,

ξ+
1 , . . . , ξ+

m , and ξ−
1 , . . . , ξ−

m ,

s.t. (w, σ ) · (xi , yi + ε) ≥ θ+ − ξ+
i ,

(w, σ ) · (xi , yi − ε) ≤ θ− + ξ−
i ,

ξ+
i ≥ 0, and ξ−

i ≥ 0.
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Now it is easy to see that (P2*) can be solved similarly by using our OtpSoftMar-
gin algorithm for (P2), within the following time bound.

Theorem 5.2 Supposed that k (= 1/D) is large enough so that two classes of shifted
examples of (P2*) are linearly separable. Then we can solve (P2*) with the Opt-
SoftMargin algorithm, and the average number of iterations executed is bounded by
6δ lnm = O(n lnm), where |X| = m and δ ≤ n + 2 + 2k.

Let (w∗, σ ∗, θ∗+, θ∗−) be a solution for (P2*). Again as in the HardTubeSVM, we
can consider the ε∗-tube with ε∗ = ε − (θ∗+ − θ∗−)/(2σ ∗) (see Theorem 3.2 [9]). But
this means here that all normal examples fit in this soft tube, while the outliers lie its
outside.

6 Procedure for Determining the Parameter k

So far we have discussed by assuming that the parameter k is large enough so that
the set of composed examples Z made up from X is linearly separable. But then,
the choice of the parameter k becomes crucial, and we should provide some way to
determine it. Here we give a way to decide whether k is sufficiently large, and propose
some algorithms for choosing k.

Indeed, other formulations of SVMs always have at least one parameter that has
to be tuned separately. In fact, changing the formulation into an equivalent one (like
we have done for the Bennett and Bredensteiner case) does not always provide val-
ues for those parameters unless the correct solution is known. Thus, a procedure for
determining a valid value for k remains necessary. In fact, as far as we know, very
little is known about methods to choose the right values of these parameters in var-
ious formulations: the most standard way [16] is to try several choices and use the
one with the best performance on the training set, using some sort of cross-validation
mechanism.

Since we have assumed that k is chosen so that the set of composed examples
is linearly separable, let us first consider the “linear separability” as a criteria for
choosing k. We do not know, however, whether this is an appropriate criteria for k.

We hope that our discussion here would open up some algorithmic approach for
determining the influence of erroneous examples.

In the context of linear programming type classification, Bennet and Mangasarian
[7] proposed to use this “linear separability” for choosing weights that are similar to
our influence parameter. There they provide a way to decide whether examples are
linearly separable under a given choice of weights. Here we prove that a similar way
works in our situation. Technically, we prove the following characterization.

Theorem 6.1 Let X be any set of examples, and for any k, let Z be the set of com-
posed examples made up from k examples from X. Let (w∗, θ∗+, θ∗−, ξ∗) be a solution
of (P2) on X. Then ‖w∗‖ > 0 (or, equivalently w∗ 	= 0) if and only if k is large enough
so that Z is linearly separable.
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Remark The problem (P5) does not make sense if k > m+ or k > m−, where m+
and m− are respectively the total number of positive and negative examples in X.
Similarly, the problem (P2) is unbounded if D < 1/m+ or D < 1/m−. Thus, we
assume below that k ≤ m+ and k ≤ m−.

First we note the following facts.

Fact 1 Let (w∗, θ∗+, θ∗−, ξ∗) be an optimal solution of (P2). Then the number of pos-
itive, respectively negative outliers w.r.t. (w∗, θ∗+, θ∗−) is at most k.

Proof The optimal solution (w∗, θ∗+, θ∗−, ξ∗) satisfies the KKT-condition described
in the proof of Lemma 3.2 (b). That is, the following holds for some s∗ and u∗.
(Recall that P and N are used respectively to denote the set of indices of positive and
negative examples. We use e to denote the vector with 1 at every entry.)

w∗ −
∑

i∈P

sixi +
∑

i∈N

s∗
i xi = 0, De − s∗ − u∗ = 0,

−1 +
∑

i∈P

s∗
i = 0, −1 +

∑

i∈N

s∗
i = 0,

∀i ∈ P [s∗
i (w∗ · xi − θ∗+ + ξ∗

i ) = 0], ∀i ∈ N [s∗
i (w∗ · xi − θ∗− − ξ∗

i ) = 0],
u∗ · ξ∗ = 0 (which means (De − s∗) · ξ∗ = 0), and ξ∗,u∗, s∗ ≥ 0.

Now outliers are those xi with ξ∗
i > 0. Then from the above, we have D − si = 0,

i.e., si = 1/k, for every outlier xi . On the other hand, s must satisfy
∑

i∈P s∗
i =∑

i∈N s∗
i = 1. Thus, there are at most k outliers among positive and negative exam-

ples respectively. �

Fact 2 Let (w, θ+, θ−, ξ) be any feasible solution of (P2) such that w = 0. Then the
objective value corresponding to this solution is more than or equal to 0.

Proof The objective value is clearly positive if θ+ ≤ θ−. Thus, we consider here the
case that θ+ > θ−.

Since w = 0, it follows from the constraints of (P2) that θ+ ≤ ξi for every posi-
tive xi , and −θ− ≤ ξi for every negative xi . Then by using the assumption (see the
remark of Theorem 6.1) that Dm+ ≥ 1 and Dm− ≥ 1, we have

θ+ ≤ min
i:yi=+1

ξi ≤ D · m+ ·
(

min
i:yi=+1

ξi

)
≤ D ·

∑

i:yi=+1

ξi, and (6)

−θ− ≤ min
i:yi=−1

ξi ≤ D · m− ·
(

min
i:yi=−1

ξi

)
≤ D ·

∑

i:yi=−1

ξi . (7)

Hence, by adding both sides, we have θ+ − θ− ≤ D · ∑i ξi ; therefore, the objective
value of (P2) for this solution is nonnegative. �
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Proof of Theorem 6.1 Let Z+ and Z− respectively denote the set of all positive and
negative composed examples of Z. By “Z is linearly separable”, we formally mean
that the following holds for some w.

min
zI ∈Z+

w · zI > max
zJ ∈Z−

w · zJ . (8)

(The if direction) Since Z is separable, there must be some w satisfying (8).
Clearly w 	= 0. We construct a feasible solution from w with the negative objective
value, which, with Fact 2, proves that w∗ 	= 0.

First note that for any θ+ and θ−, there exists some ξ such that (w, θ+, θ−, ξ)

satisfies the constraints of (P2). In particular, we can define θ+ and θ− so that

(a) �+ ≤ k − 1, and there are k − �+ positive examples xi such that w · xi = θ+; and
(b) �− ≤ k − 1, and there are k − �− negative examples xi such that w · xi = θ−,

where �+ and �− are respectively the number of positive and negative examples xi

such that ξi > 0. (We also use Xerr,+ and Xerr,− to denote respectively the set of
positive and negative examples xi such that ξi > 0.)

Then we have

min
zI ∈Z+

w · zI ≤ (k − �+)θ+ + ∑
i∈Xerr,+(θ+ − ξi)

k

= θ+ − 1

k
·

∑

i∈Xerr,+
ξi = θ+ − D ·

∑

i∈Xerr,+
ξi .

Similarly, we have

max
zJ ∈Z−

w · zJ ≥ θ− + D ·
∑

i∈Xerr,−
ξi .

Then it follows from (8) that

θ+ − D ·
∑

i∈Xerr,+
ξi > θ− + D ·

∑

i∈Xerr,+
ξi,

and hence,

(θ+ − θ−) − D ·
∑

i

ξi > 0.

Now since the above value is not zero, there must be some b > 0 that satisfies

(θ+ − θ−) − D ·
∑

i

ξi = b‖w‖2.

On the other hand, it is clear that (aw, aθ+, aθ−, aξ) is also feasible for any a > 0,
and the objective value of this solution is now computed as

1

2
‖aw‖2 − (aθ+ − aθ−) + D ·

∑

i

aξi = a2

2
‖w‖2 − ab‖w‖2 = a2‖w‖2

(
1

2
− b

a

)
.
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Thus, by choosing a appropriately, we can make the objective value negative.
(The only-if direction) Suppose that an optimal solution (w∗, θ∗+, θ∗−, ξ∗) of (P2)

satisfies w∗ 	= 0. We show that minzI ∈Z+ w∗ · zI > maxzJ ∈Z− w∗ · zJ .
Consider a composed example z+ with the smallest w∗ · z+. Note that for any

outlier xi and any normal example xj , we have w∗ · xi < w∗ · xj . Furthermore, the
number of positive outliers �+ is at most k (Fact 1). Hence, the value w∗ · z+ is
minimized if z+ contains all positive outliers and the other (normal) elements xj of
z+ satisfies w∗ · xj = θ∗+. Thus, letting Xerr,+ be the set of positive outliers, we have

min
z+∈Z+

w∗ · z+ ≥ (k − �+)θ∗+ + ∑
xi∈Xerr,+(θ∗+ − ξ∗

i )

k

= θ∗+ − 1

k
·

∑

xi∈Xerr,+
ξ∗
i = θ∗+ − D ·

∑

xi∈Xerr,+
ξ∗
i .

Similarly, letting Xerr,− be the set of negative outliers, we have

max
z−∈Z−

w∗ · z− ≤ θ∗− + D ·
∑

xi∈Xerr,−
ξ∗
i .

Thus,

min
z+∈Z+

w∗ · z+ − max
z−∈Z−

w∗ · z− ≥ (θ∗+ − θ∗−) − D ·
∑

i

ξ∗
i .

On the other hand, since w∗ 	= 0 is an optimal solution and the objective value
becomes 0 by the solution (w, θ+, θ−, ξ) = (0,0,0,0), the objective value corre-
sponding to w∗ 	= 0 must be at most 0. Thus, we have

1

2
‖w∗‖2 − (θ∗+ − θ∗+) + D ·

∑

i

ξi ≤ 0,

which implies (noting ‖w∗‖2 > 0)

(θ∗+ − θ∗−) − D ·
∑

i

ξi > 0.

Therefore, we have minzI ∈Z+ w∗ · zI > maxzJ ∈Z− w∗ · zJ . �

Assume, as our working hypothesis, that the separability of composed examples
is an appropriate criterion for choosing the parameter k. Then this theorem provides
us with an algorithmic way to determine k under this criterion. The simplest and
straightforward way is to use the binary search method to find the smallest k (= 1/D)
such that (P2) has a solution with w 	= 0. For this, we need to solve (P2) several times
with different k, which may be computationally hard if there are huge number of
examples. Here again our random sampling approach could be useful. Notice that k

is not large enough even if we have w = 0 for the local solution of (P2). Thus, one
possible approach is to execute the algorithm of Fig. 3 with small k. If k is too small,
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we may be able to find it in earlier steps, and then we can revise (e.g., double) k.
Notice that we do not have to restart the algorithm; we can resume the computation
with the revised k. By this way, we can combine the search for an appropriate choice
of k with the random sampling iteration.

Notice that it is not necessary to use the same parameter k for all examples. In fact,
it seems more reasonable [7] to use at least two independent parameters k+ and k− for
positive and negative examples. Or we may be able to vary the influence parameter D

(= 1/k) on each example. For example, one can use small Di for an example xi that
seems like an outlier. It would be very interesting if this adjustment of Di ’s can be
coordinated with the modification of the weight u(xi ) in our randomized sampling
algorithm. This approach including theoretical and experimental investigations on the
choice of D is left as our future work.
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