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Abstract
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sentencethat is preserved underextensionson the classis equivalent to an existentialsentence.The
classof all finite structuresdoesnot have theextensionpreservationproperty. We studythepropertyon
classesof finite structuresthatarebetterbehaved.We show thatthepropertyholdsof classesof acyclic
structures,structuresof boundeddegreeandmoregenerallystructuresthatarewide in a sensewe make
precise.Wealsoshow thatthepreservationpropertyholdsfor theclassof structuresof treewidth atmost�
, for any

�
. In contrast,we show thatthepropertyfails for theclassof planargraphs.
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1 Intr oduction

Thesubjectof modeltheoryis concernedwith the relationshipbetweensyntacticandsemanticproperties
of logic. Amongclassicalresultsin thesubjectarepreservationtheoremswhich relatesyntacticrestrictions
on first-orderlogic with structuralpropertiesof theclassesof structuresdefined.A key exampleis theŁoś-
Tarski Theoremwhich assertsthat a first-orderformula is preserved underextensionson all structuresif,
andonly if, it is logically equivalentto anexistentialformula(see[13]). Onedirectionof this resultis easy,
namelythatany formulathatis purelyexistentialis preservedunderextensions,andthis holdson any class
of structures.Theotherdirection,goingfrom thesemanticrestrictionto thesyntacticrestrictionmakeskey
useof thecompactnessof first-orderlogic andhenceof infinite structures.

In theearlydevelopmentof finite-modeltheory, whenit wasrealizedthatfinite structuresaretheones
that are interestingfrom the point of view of studyingcomputation,it was observed that most classical
preservationtheoremsfrom modeltheoryfail whenonly finite structuresareallowed. In particular, theŁoś-
Tarski theoremfails on finite structures[16, 12]. Theseresultssuggestthat theclassof finite structuresis
not well-behaved from thepoint of view of modeltheory. However, whenoneconsidersthecomputational
structuresthatarisein practiceandareusedasinterpretationsfor logical languages(for instance,program
modelsinterpretingspecificationsor databasesinterpretingqueries),in many casesthey arenot only finite
but satisfy other structuralrestrictionsas well. This motivatesthe study, not just of the classof finite
structures,but of well-behavedsubclassesof thisclass.Notethatclassicalmodeltheory, in mostof its more
advancedparts,alsoconsidersrestrictedclassesof structuressuchasstable,simple,o-minimalstructuresor
specificstructuresthatareof interestin otherareasof mathematics.

Therearecertainrestrictionson finite structuresthat have proved especiallyuseful in moderngraph
structuretheoryandalsofrom analgorithmicpoint of view. For instance,many intractablecomputational
problemsbecometractablewhenrestrictedto planargraphsor structuresof boundedtreewidth [4]. This
is also the casein relation to evaluationof logical formulas[9]. A commongeneralizationof classesof
boundedtreewidth andplanargraphsareclassesof structuresthat excludea minor which have alsobeen
extensively studied.

A studyof preservation propertiesfor suchrestrictedclassesof finite structureswas initiated in [1].
There,thefocuswason thehomomorphismpreservation theorem,whosestatuson theclassof finite struc-
tureswasopen. It wasshown that this preservation propertyholdson any classof structuresof bounded
degree,boundedtreewidth or that excludessomeminor (andhascertainotherclosureproperties).In the
presentpaper, we investigatetheŁoś-Tarskiextensionpreservationpropertyon theseclassesof finite struc-
tures. Note that the failureof thepropertyon theclassof all finite structuresdoesnot imply its failureon
subclasses.If oneconsidersthenon-trivial directionof thepreservation theoremon a class� , it saysthat
any sentence� that is preservedunderextensionson � is equivalenton � to anexistentialsentence.Thus,
restrictingto asubclass��� of � weakensboththehypothesisandtheconsequentof thestatement.

We show that the extensionpreservation theoremholdson any classof finite structuresclosedunder
substructuresanddisjointunionsthatis alsowidein thesensethatany sufficiently largestructurein theclass
containsa largenumberof elementsthatarefar apart.This includes,for instance,any classof structuresof
boundeddegree.While classesof structuresof boundedtreewidth arenotwide,they arenearlysoin thatthey
canbemadewide by removing a smallnumberof elements.We usethis propertyandshow that it implies
theextensionpreservation theoremfor theclass	�
 —theclassof structuresof treewidth � or less(notethis
is notasgeneralassayingthatthepropertyholdsfor all classesof boundedtreewidth). Finally, althoughall
classesdefinedby excludedminorsareknown to bealmostwidein thesamesenseas 	�
 is, weshow thatthe
constructiondoesnot extendto them.We provide a counterexampleto theextensionpreservationproperty
for theclassof planargraphs,andindeed,evenfor theclassof planargraphsof treewidth atmostfour. This
contrastswith theresultsobtainedfor thehomomorphismpreservationpropertyin [1] asthis propertywas
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shown to hold onall classesexcludingagraphminor andclosedundersubstructuresanddisjointunions.
Themainmethodologyin establishingthepreservationpropertyfor aclassof structures
 is to show an

upperboundonthesizeof aminimalmodelof afirst-ordersentence� thatis preservedunderextensionson

 . Thewaywe do this is to show thatfor any sufficiently largemodel � of � , thereis apropersubstructure
of � and an extensionof � that cannotbe distinguishedby � . In Section3 we establishthis for the
relatively simplecaseof acyclic structuresby meansof a Hanf locality argument. Section4 containsthe
maincombinatorialargumentfor wide structureswhich usesGaifmanlocality andaniteratedconstruction
of thesubstructureof � . In Section5, thecombinatorialargumentis adaptedto theclasses��� . Finally, in
Section6 we discusstheexistenceof a counterexamplein thecaseof planargraphs.We begin in Section2
with somebackgroundanddefinitions.

2 Preliminaries

We usestandardnotationandterminologyfrom finite modeltheory(see[5]). Someparticulardefinitions
andnotationareexplainedin thissection.

2.1 Relational structures

A relational vocabulary � is a finite setof relationsymbols, eachwith a specifiedarity. A � -structure �
consistsof a universe � , or domain, andan interpretationwhich associatesto eachrelationsymbol �����
of somearity � , a relation ��������� . A graph is a structure "!$#&%('*),+ , where ) is a binaryrelationthat
is symmetricandanti-reflexive. Thus,ourgraphsareundirected,loopless,andwithout paralleledges.

A � -structure- is calleda substructure of � if ./�0� and ��12�0��� for every �3�4� . It is called
an inducedsubstructure if � 1 !5� �46 . � for every ���7� of arity � . Noticetheanalogywith thegraph-
theoreticalconceptof subgraphandinducedsubgraph. A substructure- of � is properif �98!:- . If � is
aninducedsubstructureof - , wesaythat - is anextensionof � . If � is aproperinducedsubstructure,then
- is aproperextension.If - is thedisjoint unionof � with another� -structure,we saythat - is adisjoint
extensionof � . If ;<�2� is a subsetof theuniverseof � , then � 6 ; denotesthe inducedsubstructure
generatedby ; ; in otherwords,the universeof � 6 ; is ; , andthe interpretationin � 6 ; of the � -ary
relationsymbol � is � �=6 ; � .

TheGaifmangraphof a � -structure� , denotedby >?#@�A+ , is the(undirected)graphwhosesetof nodes
is theuniverseof � , andwhosesetof edgesconsistsof all pairs #CBD'*BFEG+ of distinctelementsof � suchthat B
and B E appeartogetherin sometupleof arelationin � . Thedegreeof astructureis thedegreeof its Gaifman
graph,that is, themaximumnumberof neighborsof nodesof theGaifmangraph.

2.2 Neighborhoodsand tr eewidth

Let  H!<#&%('*),+ beagraph.Moreover, let IJ�J% beanodeandlet KMLON beaninteger. The K -neighborhood
of I in  , denotedby PRQS #TIU+ , is definedinductively asfollows:

1. P7QV #TIU+W!5XYI[Z ;
2. P7QS]\_^ #TI`+W!�P7QS #TI`+baJXYcd�J%<e�#Tcf'hgi+j�k) for someg��kP7QS #TIU+]Z .

If � is a � -structure,B is a point in � , and  is the Gaifmangraphof � , we let P �S #CBl+ denotethe K -
neighborhoodof B in  . Whereit causesno confusion,we alsowrite PJ�S #CBl+ for the substructureof �
generatedby thisset.

A treeis anacyclic connectedgraph.A tree-decompositionof  m!<#&%W'*)n+ is apair #po�'*qr+ whereo is a
treeand qOeso�tvu(#&%n+ is a labellingof thenodesof o by setsof verticesof  suchthat:
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1. for every edgewYx_yhz|{n}�~ , thereis anode� of � suchthat wYx_yhz|{,�O���T�*� ;
2. for every xR}J� , theset wY��}d�:�sx7}A���T�*�]{ formsaconnectedsubtreeof � .

Thewidth of a tree-decomposition�p��y*�r� is �������C���d� ���T�*������� . The treewidth of � is thesmallest� for
which � hasa tree-decompositionof width � . Thetreewidthof a � -structureis thetreewidth of its Gaifman
graph.Notethattreeshave treewidth one.

2.3 First-order logic, monadicsecond-orderlogic, and types

Let � be a relationalvocabulary. The atomic formulasof � arethoseof the form ���T�b��y� � � [yh�D¡�� , where
�¢}�� is a relation symbol of arity £ , and � � y� � � [yh� ¡ are first-ordervariablesthat are not necessarily
distinct.Formulasof theform �d¤�¥ arealsoatomic.

Thecollectionof first-order formulasis obtainedby closingtheatomicformulasundernegation,con-
junction,disjunction,universalandexistentialfirst-orderquantification.Thecollectionof existentialfirst-
orderformulasis obtainedby closingtheatomicformulasandthenegatedatomicformulasunderconjunc-
tion, disjunction,andexistentialquantification.Thesemanticsof first-orderlogic is standard.

The collection of monadicsecond-order formulas is obtainedby closing the atomic formulasunder
negation,conjunction,disjunction,universalandexistentialfirst-orderquantification,anduniversalandex-
istentialsecond-orderquantificationoversets.Thesemanticsof monadicsecond-orderlogic isalsostandard.

The quantifierrank of a formula, be it first-orderor monadicsecond-order, is the depthof nestingof
quantifiersin theformula.

Let ¦ be a � -structure,and let §f�Yy� � � [y*§©¨ be points in ¦ . If ª«�T�[�Yy� � � [yh�D¨l� is a formula with free
variables� � y� � � byh� ¨ , we usethenotation ¦¬� ¤­ªr�C§ � y� � � [y*§ ¨ � to denotethefact that ª is true in ¦ when
�f® is interpretedby §©® . If ¯ is an integer, the first-order ¯ -type of §|��y� � � [y*§©¨ in ¦ is the collectionof
all first-orderformulas ªr�T�b�Yy� � � _yh�f¨l� of quantifierrank at most ¯ , up to logical equivalence,for which
¦°� ¤±ªr�C§|��y� � � by*§F¨|� . Themonadicsecond-order¯ -typeof §|�Yy� � � [y*§F¨ in ¦ is thecollectionof all monadic
second-orderformulas ªr�T�b�Yy� � � _yh�f¨�� of quantifierrank at most ¯ , up to logical equivalence,for which
¦²� ¤0ªr�C§ � y� � � [y*§ ¨ � . In this definition,by quantifierrankof a monadicsecond-orderformulawe meanthe
total quantifierrank,whichmeansthatwe includebothfirst-orderandsecond-orderquantifiersin thecount.
Wenotethatsomedefinitionsof monadicsecond-ordertypein theliteraturedistinguishbetweenfirst-order
andsecond-orderquantifierrank[14], but wedo notneedthis refinement.

2.4 Preservation under extensionsand minimal models

Let ³ be a classof finite � -structuresthat is closedunderinducedsubstructures.Let ª be a first-order
sentence.We saythat ª is preservedunderextensionson ³ if whenever ¦ and ´ arestructuresin ³ such
that ´ is anextensionof ¦ , then ¦3� ¤:ª implies ´µ� ¤±ª . Wesaythat ¦ is aminimalmodelof ª if ¦°� ¤:ª
andevery properinducedsubstructure¦·¶ of ¦ is suchthat ¦·¶r¸� ¤¹ª . Thefollowing Lemmastatesthat the
existentialsentencesarepreciselythosethathavefinitely many minimalmodels.Its proof is partof folklore:

Lemma 2.1 Let ³ bea classof finite � -structuresthat is closedunderinducedsubstructures. Let ª be a
first-order sentencethat is preservedunderextensionson ³ . Then,thefollowingareequivalent:

1. ª is equivalenton ³ to an existentialsentence,

2. ª hasfinitely manyminimalmodelsin ³ .

In therestof thepaper, we useseveraltimestheimplicationfrom 2. to 1. Justfor completeness,this is
provedby taking thedisjunctionof theexistentialclosureof theatomictypesof eachof thefinitely many
minimal models.
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3 Acyclic Structures

We begin with thesimplecaseof acyclic structures,by which we meanstructureswhoseGaifmangraphis
acyclic. Weshow thatany classof suchstructuressatisfyingcertainclosurepropertiesadmitstheextension
preservationproperty. Note,for structureswhoseGaifmangraphsareacyclic, thereis no lossof generality
in assumingthatthevocabulary º consistsof unaryandbinaryrelationsonly.

Theproof makesheavy useof a techniqueknown asHanf locality, for which we provide thenecessary
backgroundfirst.

Let » and ¼ bestructures.If ½¿¾4À�ÁÃÂ*Ä5¾¿ÅÆÁ are Ç -tuples,we write È@»JÂ*½DÉiÊËÁµÈC¼MÂ*ÄÌÉ to denote
thatthefirst-order Ç -typeof ½ in » is thesameasthefirst-orderÇ -typeof Ä in ¼ . In particular »µÊ Á ¼
denotesthat thestructures» and ¼ arenot distinguishedby any first-ordersentenceof quantifierrank Ç
or less.Theequivalencerelation Ê Á is characterizedby Ehrenfeucht-Fräısśe games(see,for instance,[5]).
Thesecanbeusedto show thattherelationis acongruencewith respectto disjointunionwith amultiplicity
thresholdof Ç . A precisestatementof thisusefulpropertyis givenin thefollowing lemma.Wewrite »ÎÍ·¼
to denotethedisjointunionof thestructures» and ¼ and Ï[» to denotethedisjointunionof Ï copiesof »
(see[5, Prop.2.3.10]).

Lemma 3.1 Let »�Ð , »·Ñ , ¼·Ð , and ¼,Ñ bestructures,andlet Ç , Ï and Ï`Ò beintegers.

1. If »�Ð«Ê Á ¼·Ð and »MÑ�Ê Á ¼,Ñ then »�ÐÓÍÔ»MÑ�Ê Á ¼·ÐÓÍ¿¼,Ñ .
2. If Ï(ÂhÏ ÒUÕ Ç and »HÊËÁÖ¼ then Ï[»mÊËÁ×Ï Ò ¼ .

A usefulsufficientconditionfor the Ê Á equivalenceof structuresis providedby Hanflocality. TheHanf
typeof radiusØ of astructure» is themultisetof isomorphismtypesof Ø -neighborhoodsof elementsin » .
We saythat two structures» and ¼ areHanf equivalentwith radius Ø andthresholdÙ , written »°ÚËÛÝÜ ÞË¼ ,
if, for every ß7¾àÀ , either thenumberof occurrencesof theisomorphismtypeof áRâÛ ÈCßlÉ in theHanf type
of » is thesameasthat in theHanf typeof ¼ , or it is at least Ù , andconverselyfor every elementã,¾ÎÅ .
Thisallows usto statethefollowing (for aproof seefor instance[14, Theo.4.24]):

Theorem 3.2(Hanf Locality) For everyvocabulary º andevery Ç thereare Ø and Ù such that for anypair
of º -structures » and ¼ if »$Ú ÛÝÜ Þ ¼ then »HÊ Á ¼ .

As afirst steptowardsthemainresultof thissection,weestablishausefulpropertyof connected,acyclic
structureswith degreeatmost2. ThesearestructureswhoseGaifmangraphconsistsof a simplepath.This
is a a very restrictedclassof structures.In particular, any classof suchstructuresis wide, in thesenseof
Theorem4.3 below. Thus,on any classof suchstructures,the extensionpreservation propertyholdsby
virtue of Theorem4.3. However, thepropertyin Lemma3.3 providesa usefulsteppingstonein our proof
for all acyclic structuresandalsoservesasausefulwarm-upfor theproof in Section4.

Lemma 3.3 For every vocabulary º and every Çåä­æ there is a ç such that if » is a º -structure whose
Gaifmangraphis connected,acyclicandof degreeat most2 and è Àéèläàç , thenthere is a disjointextension
¼ of » anda propersubstructure »·Ò of » such that »·ÒfÊ Á ¼ .

Proof: Given Ç , let Ø and Ù be obtainedfrom Theorem3.2. We first considerthe ê�Ø -neighborhoodsof
elementsof » , returninglater to considerØ -neighborhoodswhenwe wish to establishthe Hanf typesof
thestructuresweconstruct.Clearly, the ê�Ø -neighborhoodtypeof anelementdeterminesits Ø -neighborhood
type. Also note that among º -structureswhosedegree is bounded(by 2) thereare only finitely many
isomorphismtypesof ê�Ø -neighborhoods.Let Ï bethenumberof suchtypes,let ë_ì�ê�Ø|ÈTÏMí�îïÉbí±î andlet
çdìðÏbëhÈCÙjí¿ë&É .
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For ñ the isomorphismtype of a ò�ó -neighborhoodin ô , we saythat ñ is frequentif thereareat leastõ÷ö=ø elementsin ô whosetypeis ñ . Sincethereareatmost ù types,thenumberof occurrencesof elements
whosetype is not frequentis lessthan ù÷ú õ�ö�ø&û . Thus,in a pathof length ü theremustbe a sequenceofø consecutive elementsof frequenttype. Let ýfþ ÿ ����� ÿ*ý � be sucha sequence.Among the ò�ó ù ö�� central
elementsof the sequenceý��	� þ ÿ ����� ÿ*ý�

��� � þ�� �	� þ theremustbe a pair ý�� ÿ*ý�� which have the sametype and
suchthat �������×ò�ó . Let � bethesubstructureof ô generatedby theelementsý ��� þYÿ ����� ÿ*ý � . Wedefine�
to be ô� !� and ô#" to bethesubstructureof ô generatedby $&%(' .

Ouraimis to prove ô "�)+* � by showing that ô "-,+��. / � . Wedothisby consideringhow theHanf type
changesin goingfrom ô to ô#" andalsohow it changesin goingfrom ô to � . So,for ñ the isomorphism
typeof an ó -neighborhoodin ô , wesaythat ñ is rare if therearefewer than õ elementsin ô whosetypeis ñ .
Write 0 for thesetof elements1ïý �324�	� þYÿ ����� ÿ*ý � ÿ*ý �5� þYÿ ����� ÿ*ý �6�7�98 . Thatis, 0 consistsof the ó elementsthat
occurimmediatelybefore ' andthe ó elementsthatoccurimmediatelyafter ' in thesequenceý þ ÿ ����� ÿ*ý � .
For any elementý;:�ô thatis not in '=<>0 , ?A@� úCý ûCB ?A@ED� úCý û . For any elementý of ';<F0 , themultiplicity
of the type ñ of ? @� úCý û maydecreasein goingfrom ô to ô#" . However, ñ occursat least õËöÖø timesin ô
andthis multiplicity cannotdecreaseby morethan ø as GH'I<J0KG7L ø . Thus, ñ is not rarein ô " . Clearly the
elementsof 0 mayhave typesin ô#" thataredifferentto their typesin ô andthereforethemultiplicities of
thesetypesmayincrease.

Similarly, for any elementý�:M$ , ?N@� úCý ûOB ?NP� úCý û , thusany type ñ thatoccursin ô hasat leastthe
samemultiplicity in � . Let 'O" B 1ïý�"��� þ ÿ ����� ÿ*ý�"� 8 denotethe elementsin the new disjoint copy of � . If
ý�"QR:!'O" is suchthat � ö óTSVUWLX�Y�¿ó thenthe ó -neighborhoodof ý�"Q is isomorphicto ? @� úCý Q û . Since
the typeof ý Q is frequent,addingto its multiplicity is not significant. Thus,we only needto considerthe
typesof theelementsin 0#" B 1ïý�"��� þ ÿ ����� ÿ*ý�"���7�	� þ ÿ*ý�"��24�	� þ ÿ ����� ÿ*ý�"� 8 . For theseelements,the typesof their
ó -neighborhoodsin � may be new andresult in an increaseof the multiplicities of thesetypesover their
occurrencesin ô . Thus,to establishour resultthat ô "E,+��. / � it sufficesto show that thereis a bijectionZX[ 0]\ 0 " suchthat for all ý!:I0 , ?A@ D� úCý û_^B ?AP� ú Z úCý ûhû . By construction,thereis an isomorphism` [ ?N@� � úCý � û \a?A@� � úCý � û andthereforein particular, for ��ó_LbUJLÔó , ?N@� úCý ��� Q ûc^B ?N@� úCý �5� Q û . Wecannow
definethedesiredbijection

Z
asfollows: for � LbU=LÔó , Z úCý �32 Q � þ ûEB ý�"��2 Q � þ and

Z úCý �6� Q ûEB ý�"�d� Q . e
Wenow usetheabove lemmato obtainasimilar resultfor connectedacyclic structureswithoutabound

on thedegree.This is doneby reducingthecaseof generaldegreeto thosewith degreeat most2 by means
of anappropriatetranslation.For thevocabulary f , thereareonly finitely many first-order g -typesof f -
structures.Let h�þYÿ ����� ÿ	h � beanenumerationof thepossibletypesof ý in ô , whereô is aconnected,acyclic
structureand ýA:�$ . We refer to ý asthedistinguishedelementof ú@ôJÿ*ý û . We definea new vocabulary fi"
whichhasthesamebinaryrelationsas f andaunaryrelation j � for eachh � .

Let ô bea fi" -structurethatis connected,acyclic andof degreeatmost2 with thepropertythatfor each
ýT:k$ thereis a unique � suchthat j � úCý û . We constructfrom ô a f -structure lô asfollows: eachelement
ý;:m$ with j7�húCý û is replacedby astructurenpo of type hq� . Moreover, for any binaryrelation r , úts�ÿ	u û :mrwv@
if, andonly if, either s and u arein thesamestructuren o and úts�ÿ	u û :JrOxzy or s is thedistinguishedelement
of n o , u is thedistinguishedelementof n o D and úCýfÿ*ý�" û :Ar @ . Thestructure lô is not uniquelydetermined
by ô asthereare,in general,many structuresof type h � . However, thefollowing lemmais easilyestablished
alongthelinesof Lemma3.1.

Lemma 3.4 Let ô and � bestructuresconnected,acyclicstructuresof degreeat most2 with theproperty
that for each elementthere is a unique � such that j � holds,and let g be an integer. If ô ) *{� thenlô ) * l� .

Wewill call astructureof theform lô a f -companionof ô .
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Lemma 3.5 For every vocabulary | and every } ~{� there is a � such that if � is a structure whose
Gaifmangraphis connectedandacyclicandwhich containsa pathwith more than � elements,thenthere is
a disjoint extension� of � anda propersubstructure ��� of � such that �#���+�b� .

Proof: Let | � bethevocabulary, asabove, with a unaryrelationfor each} -typeof | -structuresandlet �
beasin Lemma3.3 for thevocabulary |i� . Let �4���������z�	�9� bethepathof length� in � . For each� , let �i� be
thesetof elementsthatarereachable(in theGaifmangraphof � ) from ��� withoutgoingthrough��� for any�N�� � andlet �i� bethesubstructuregeneratedby �i� . Wedefinethe |i� -structure�9� asfollows. Theuniverse
of �9� is ���4�����������	�9��� ; ���������¡  holdsif, andonly if, ��� hastype ¢�� in �7� ; and �����£�	���9 (¤N¥§¦¡¨ if, andonly if,��� � �	� �  ©¤N¥O¨ . Then,it is easilyseenthat � is a | -companionof �ª� (which is defined,sincetheGaifman
graphof � is acyclic).

Let �ª� � and ��� be the structuresobtainedfrom �9� by Lemma3.3. We obtain � � asa | -companion
of �9�#� by replacingeachelement��� by the structure ���i�£�	���«  . This ensuresthat �#� is a substructureof� . Similarly, we obtain � asa | -companionof �9� , ensuringthat � is a disjoint extensionof � . Since�ª� � � � ��� by Lemma3.3,wealsohave � � � � � by Lemma3.4. ¬

Note that in bothLemmas3.3 and3.5 � is not only a disjoint extensionof � , it is in fact thedisjoint
unionof � with asubstructureof � .

In orderto prove themaintheoremof thissection,we needonefurthercompositionpropertyof acyclic
structuresalongthe linesof thepropertiesin Lemma3.1. In orderto defineit, we introducesomefurther
notation. Given an acyclic structure � andan element �­¤�® , for every neighbor ¯ of � let ��° be the
setof elementsin ® which arereachablefrom ¯ (in the Gaifmangraph)without going through � andlet±³²�´ �t¯�  denotethefirst-order} -typeof ¯ in ��° . Wedefinethechild-typeof ¯ with respectto � to bethepair��µ ± ���¶�·¯� 6� ±³² ´ �t¯� ³  where µ ± �����·¯�  is the atomictype of the pair �����·¯�  . Finally, we definethe child-typeof
anelement� , written ¸ ± ¨����-  , to bethemultisetof thechild-typesof its neighborswith respectto � . Write�t�N�	�¹ _º � ���;�·¯�  to denotethat every type either occursthe samenumberof timesin ¸ ± ¨ ���-  asit does
in ¸ ±·» �t¯�  or occursat least } timesin both. Thefollowing lemmais now a straightforward applicationof
games.

Lemma 3.6 If �t�R�	�- Cº � ���;�·¯q  then �t�N�	�¹ �� � ���;�·¯�  .
Wearenow readyfor themaintheoremof thissection.

Theorem 3.7 Let ¼ bea classof acyclic finite structures,closedundersubstructuresanddisjoint unions.
Then,on ¼ , every first-order sentencethat is preservedunder extensionsis equivalentto an existential
sentence.

Proof: Let ½ bea sucha sentenceof quantifierrank } . We aim to show that thereis an ¾ suchthat if �
in ¼ is amodelof ½ with morethan ¾ elementsthen � is notminimal. Let � beasin Lemma3.5, ¿ bethe
numberof distinctfirst-order} -typesof connectedstructuresin ¼ and À bethenumberof distincttypesof
theform ��µ ± �����·¯� 6� ±³²i´ �t¯� ³  where � and ¯ areneighborsin astructurein ¼ . Let ¾ � }J¿c��À9}N  � .

Now, suppose� is aminimal modelof ½ in ¼ with morethan ¾ elements.Weconsiderthreecases.
Case1: � hasmorethan }J¿ distinct connectedcomponents.Thentheremustbe somecollectionof

morethan } suchcomponentsthathave thesamefirst-order} -type.Considerthestructure� � obtainedby
removing oneof thesecomponents.By Lemma3.1 � � � � � , contradictingtheminimality of �N�

If � has }J¿ or fewer connectedcomponents,oneof thesecomponentsmusthave at least ��Àª}N  � ele-
ments.Call this componentÁ thelargecomponent.

Case2: The large componentof � hasa nodeof degreegreaterthan Àª} . Call this node � . The type¸ ± ¨§���-  mustcontaina typewith morethan } occurrences.Let ¯ beaneighborof � thathasthischild-type
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with respectto Â . Let Ã�Ä bethesubstructureof Ã obtainedby removing all elementsin ÅiÆ . By Lemma3.6,
we have Ã Ä-ÇÉÈ Ã againcontradictingtheminimality of Ã .

Case3: If Ê doesnotcontainanodeof degreegreaterthan ËªÌ , it mustcontainapathof lengthÍ . Thus,
by Lemma3.5,thereis a propersubstructureÊ Ä of Ê andadisjoint extensionÎ of Ê suchthat Ê Ä�Ç+È Î .
Let Ã Ä bethestructureobtainedfrom Ã by replacing Ê by Ê Ä and Ï bethestructureobtainedfrom Ã by
replacingÊ by Î . Then,by Lemma3.1, Ã#Ä Ç ÈÐÏ . Notealsothat Ã#Ä and Ï arein Ñ sinceit is closedunder
substructuresanddisjoint unions.Since Ò is preserved underextensionson Ñ , ÏÔÓ ÕÖÒ andhenceÃ Ä Ó ÕVÒ
againcontradictingtheminimality of Ã . ×
4 Wide Structures

This sectionwill focuson classesof structuresthatarewide, meaningthat largeenoughstructurescontain
many pointsthatarepairwisefarapartfrom eachother. It wasshown in [1] thatthehomomorphismpreser-
vationtheoremholdson any wide classof structures.Herewe aim to establishtheanalogousresultfor the
extensionpreservationproperty.

Definition 4.1 A setof elementsØ in a Ù -structure Ã is Ú -scatteredif for everypair of distinct Â¶Û·ÜÉÝmØ we
haveÞNßàNá Â¹âäã;ÞAßàRá Ü�âCÕæå .

Wesaythata classof finite Ù -structures Ñ is wide if for every Ú and Ì thereexistsan Þ such thatevery
structure in Ñ of sizeat least Þ containsa Ú -scatteredsetof sizeÌ .

Thecanonicalexampleof awide classof structuresis thethecollectionof all structuresof degreebounded
by a constant.More generally, any classof structureswhosemaximumdegreeis boundedby çäè6éëê�ì , whereç is thenumberof elementsof thestructure,is wide.

Unfortunately, thetechniquesandargumentsof Section3 basedonHanf locality will notbeenoughfor
ourcurrentpurpose.Instead,wewill have to resortto Gaifmanlocality, for whichweprovide thenecessary
backgroundfirst.

For every integer í!îðï , let ñ áóò Û³ô-âTõöí denotethe first-orderformula expressingthat the distance
betweenò and ô in theGaifmangraphis at most í . Let ñ áóò Û³ô4âY÷øí denotethenegationof this formula.
Notethatthequanfierrankof ñ áóò Û³ô4â(õùí is boundedby í . A basiclocal sentenceis asentenceof theform

á«ú¹ò ê â¶û�û�û á«ú�ò¶ü â
ýþ ÿ
������ ñ áóò � Û ò � â ÷��ªí
	

ÿ
� �
��� é����ëì áóò � â

��
Û (4.1)

where
�

is a first-orderformulawith onefreevariable.Here,
� � � é����ëì áóò � â standsfor therelativizationof

�
to Þ�� áóò � â ; that is, thesubformulasof

�
of the form á«ú�ò â á�� â arereplacedby á«ú¹ò â á ñ áóò Û ò � âpõøí�	 � â , and

the subformulasof the form á��¶ò â á�� â arereplacedby á��¶ò â á ñ áóò Û ò � â;õ í�� � â . The locality radiusof a
basiclocal sentenceis í . Its width is ç . Its local quantifierrank is thequantifierrankof

�
. Wewill usethe

factthatbasiclocal sentencesarepreservedunderdisjoint extensions.Note,however, thatthey maynot be
preservedunderplain extensionssincein thatcasetheneighborhoodscangrow.

Themainresultaboutbasiclocal sentencesis thatthey form a building block for first-orderlogic. This
is known asGaifman’s Theorem(for aproof,see,for example,[5, Theo.2.5.1]):

Theorem 4.2(Gaifman Locality) Every first-order sentenceis equivalentto a Booleancombinationof
basiclocal sentences.

Thefollowing theoremcontainsthemaintechnicalconstructionof thepaper.
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Theorem 4.3 Let � be a classof finite  -structures that is wide and closedundersubstructures and dis-
joint unions. Then,on � , every first-order sentencethat is preservedunderextensionsis equivalentto an
existentialsentence.

Proof: Let ! bea first-ordersentencethat is preservedunderextensionson � . By Gaifman’s Theoremwe
mayassumethat !#"%$'&)(+*�, & , with

, & ".-/ (103254 &/76 -8 (:9;2=< 4 &8:> (4.2)

whereeach4 &? is a basiclocal sentence.Now we definea list of parametersthatwe needin theproof (the
readermayskip this list now anduseit to look up thevalueswhenthey areneeded):@BA is themaximumof thelocality radii of all 4 &? ,@DC is thesumof all widthsof all 4 &? ,@BE is themaximumof thelocalquantifierranksof all 4 &? ,@GF is thenumberof disjunctsin ! , so F "IH JKH .@BL "IM FONDP1QRC ,@DS " ETNVU+AWNVU ,@YX " P M AZN\[5Q M F
N][5QRC^ND_+AZNDP ,@Y` is thenumberof monadicsecond-orderS -typeswith onefreevariable,@Ya is suchthatevery structurein � of sizeat least a containsa M)b Xc`dNeP+AfNg[5Q -scatteredsetof sizeM Lih�[5Qj`ZNDC
NBFkC
N\[ .
Ourgoalis to show thattheminimalmodelsof ! havesizelessthan a . Supposeonthecontrarythat l is a
minimal modelof ! of sizeat least a . We definethe typeof a point minpo to beits monadicsecond-orderS -typein lgq asrt M�m Q . In otherwords,thetypeof m is thecollectionof all monadicsecond-orderformulasu M)v Q of quantifier-rankat most S , up to logical equivalence,for which lwq a rt M�m Q H " u M�m Q . We saythatm realizesits type. The reasonwe considermonadicsecond-ordertypes,insteadof first-ordertypes,will
becomeclearlaterin theproof. Let xzy >k{k{k{|> xR} beall possibletypes.Weneeda coupleof definitions.Let ~
beasubsetof o and x atype.Wesaythat x is coveredby ~ if for all realizationsm of x wehave a rt M�m Q�� ~ .
Wesaythat x is freeover ~ if thereareat leastL realizationsm�y >k{k{k{|> m�� of x suchthat aprt M�m & Q and asrt M�m / Q
arepairwisedisjoint anddo not intersect~ .

Claim 4.4 Thereexistsa radius ��� P�Xc` anda set � of at most M L�hD[5Qj` pointsin o such thateach typeis
eithercoveredby a r� M�� Q or freeover a r� M�� Q .
Proof: We define � and � inductively. Let ���'"�� and ����"T� . Supposenow that � & and � & arealready
defined.Let ~�" a r� 2 M�� & Q . If all typesareeithercoveredby ~ or freeover ~ , thenlet ��"\� & and �d"�� & .
Otherwise,let � beminimal suchthat type x / is neithercoveredby ~ nor freeover ~ . We definea set �
inductively asfollows. Let �Z��"�� . Supposenow that �W� is alreadydefined. If thereis no realizationofx / outsidea r� t M�~]�i�Z� Q , thenlet ��"��Z� andwe aredonewith theconstructionof � . Otherwise,let m�����y
be a realizationof x / outside apr� t M�~��#�Z� Q andlet �Z����y�"��W���G�5m�����yk  . Note that this iterationcannot
continuebeyond Lsh][ stepssinceotherwisex / would befreeover ~ . This meansthat the iterationstops,
andwhenit does H �¡H¢� Lsh�[ and x / is coveredby any setthatcontainsa r� t M�~\�i� Q , andin particularbyasr� 2 � � t M�� & �p� Q . Let � & ��y'"£� & �s� and � & ��y¤"�� & N\P�X . The constructionstopsafter at most ` steps
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becauseat eachsteponenew type is coveredandremainscoveredfor the restof the construction.This
shows that ¥ ¦§¥©¨gª)«i¬V­5®j¯ and °±¨�²�³�¯ , whichprovestheclaim. ´
In thefollowing, we fix ° and ¦ accordingto Claim 4.4. Wesaythata type µ is frequentif it is not covered
by ¶p·¸ ª�¦�® . Otherwisewesaythat µ is rare.

We shallbuild a finite sequenceof sets¹Kº¤»\¹�¼d»�½k½k½¢»%¹¿¾�»eÀ , with Á#¨�Â , sothat thelastset ¹¿¾ in
thesequencewill besuchthatthesubstructureof Ã inducedby ¹ ¾ is apropersubstructureof Ã thatsatisfiesÄ . This will contradictthe minimality of Ã andwill prove the theorem.The sequence¹KÅ is constructed
inductively togetherwith a secondsequenceof sets Æ º »TÆ ¼ »�ÇkÇkÇO»TÆ ¾ »IÀ calledthecenters, anda
sequenceof setsof indices È º »�È ¼ »ÉÇkÇkÇW»�È ¾ »£È (recall that Ä is the disjunctionof the formulas Ê Å
from (4.2) for Ë�ÌDÈ ). Moreover, the following conditionswill be preserved by the inductive construction
for every Ë7Í#Á .

(a) ¹¢ÅÎ»V¶s·Ï ª�ÆÐÅ�® .
(b) ¥ÑÆÐÅ3¥©¨DËÓÒ .
(c) No disjoint extensionof ÃÕÔi¹¢Å satisfiesÖ�×�Ø+Ù�Ú:Ê × .
(d) ¶ ·¸ ª�¦�® and ¶ ·Û ª�Æ Å ® aredisjoint.

(e) ¥ È Å ¥:Ü]Ë .
Observe thatit is adirectconsequenceof property(d) thatthetypeof eachÝ�ÌpÆ Å is frequent.

Let ¹KºZÜ%Æ
ºWÜ\ÈkºZÜ%Þ , andlet usassumethat ¹¢Å , ÆÐÅ and ÈßÅ havealreadybeendefinedwith theproperties
above. Weconstruct¹ Åáà�¼ , Æ Åáà�¼ , and È Åáà�¼ . Let â bethedisjointunionof Ã with acopy of ÃãÔä¹ Å .

Sinceâ is anextensionof Ã , it satisfiesÄ . (4.3)

Therefore,thereexistsan Ë�å�ÌiÈ suchthat â satisfiesÊ Åçæ . By property(c), sincetheextensionis disjoint,we
know that Ë å�èÌ§È Å . Let È Åáà�¼ Ü�È Åêé#ë Ë åíì . For therestof theproof, theindex Ë å will befixedsowe dropany
referenceto it. For example,we will write Ê insteadof Ê Åçæ and î+ï insteadof î Å æï . Recallthat

ÊðÜòñ×kØ1ó î ×Ðô ñõ Ø:öø÷ î õ ½
Since â satisfiesÊ , in particularit satisfiesthe positive requirements:âù¥ Üûú±×kØ1ó7î × . Let ü × be a

minimal setof witnessesin â for theoutermostexistentialquantifiersin î × , andlet ü Üþý ×kØ1ó ü × . We
have ¥Ñü£¥|¨ãÒ . Someof thesewitnessesmaybe in Ã andsomemaybe in thenew copy of ÃTÔ#¹ Å in â .
Let ü#ÿ é ü�� Ü%ü besuchapartition,with ü§ÿ beingthewitnessesin À . Thefollowing claimshows thatü#ÿ canbechosenfar from Æ Å . This will beneededlater.

Claim 4.5 There is a set ü of witnessessuch that ¶ ·Ï à�¼ ª�Æ Å ®�Ôø¶ ·Ï ª�ü#ÿ;®ÎÜ%Þ .
Proof: Fix a set ü of witnessessothat thenumberof points

�
in ü#ÿ for which ¶s·Ï à�¼ ª�Æ Å ® and ¶s·Ï ª � ® are

notdisjoint is minimal. Supposethatthisnumberis notzero,andlet
� Ìpü ÿ with ¶p·Ï à�¼ ª�ÆÐÅ�® Ôð¶p·Ï ª � ® èÜ�Þ .

Let ÝøÌsÆ Å besuchthat ¶ ·Ï à�¼ ª�Ý¿®�Ôø¶ ·Ï ª � ® èÜ%Þ . Then ¶ ·Ï ª � ®W»�¶ ·� Ï à�¼ ª�Ý¿®W»e¶ ·Û ª�Ý¿® . By property(d), the
type µ of Ý is frequent.So let Ýcå bea realizationof µ suchthat ¶s·Ï à�¼ ª�ü é Æ Å ® and ¶p·� Ï à�¼ ª�Ýcå�® aredisjoint.
Suchan Ý å existsbecauseµ is frequentandthus,by Claim 4.4,is freeover ¶ ·¸ ª�¦�® andthushas

«��gªíÂ��\­5®RÒ���¥Ñü é Æ Å ¥
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realizationswhose	 -neighborhoodsarepairwisedisjointanddisjoint from 
��
������ .
Thegoalnow is to find a ��� suchthat 
 �� � ��� ��� 
 �� ����� �� � �!� 
 �" �� � � andsuchthat � and ��� have the

samefirst-order# -typeon $&%'
(��(� � � and $)%*
���(� � � � respectively. If weachieve this,then � � canreplace� asa witnessin +-, , andsince 
 ��.��� � +0/�132 � and 
 �� �.��� �� � � aredisjoint, soare 
 ��.��� � 132 � and 
 ���� ��� � .
Thiswill contradicttheminimality of + .

In order to find � � asabove, let 4 be the first-order # -type of � on $5%6
��� � � � , and let 7 �98:� be the
following first-orderformula:

�<;>=?� @A �CBEDF�G�IH>�9=EJ.DF�LKNMPOQHF�98�J.DF�LKSRTMLU)VW�YX[Z\>]W^`_badcfehgGi �9=?�kjlnm
Note that the conjunctionis finite becausethe first-order # -type 4 containsfinitely many formulasup to
logical equivalence,andthat the quantifierrank of this formula is boundedby RTMoUpRqU # K5r . Also
 �" �� s�'t u 7 �� v� because� canserve asa witnessfor = . Therefore,since  and  � have thesamemonadic
second-orderr -typeandhencethesamefirst-order r -typein 
��" �� v� and 
��" �� � � , also 
��" �� � �wt u 7 �� � � .
Noteherethatwearenotyetusingthefull powerof monadicsecond-ordertype,only thefactthatit contains
thefirst-ordertypeasasubset.Let � � bethewitnessto = in 
(�" �� � �Lt u 7 �� � � , completingtheproof. x

In the following, we fix a set + of witnessessuchthat 
 ��.��� � 132 � %�
 �� � +-, �Puzy . We let { be the
substructureof $ inducedby 
��
 ���|� /�
��� � +-, � /'}E2 . Weclaimthat { satisfiesthepositive requirements
of ~ :
Claim 4.6 { is a substructure of $ such that { t u��P� ]���� � .
Proof: It is obviousthat { is asubstructureof $ . Thepoint,however, is that { is in factthedisjoint union
of the substructureinducedby 
(�
(���|� /6
(���� +-, � andthe substructureinducedby }E2 . This is because}E2 � 
 ���� 132 � and 
 ������ � 132 � is disjoint from 
 �
������ by property(d) andalsodisjoint from 
 ���� +-, � by
Claim4.5. It followsthatthewitnessesfrom � in +6� canalsobefoundin { . Obviously, alsothewitnesses
from � in +-, canbefoundin { . Thisprovesthat { satisfiesthepositive requirementsof ~ . x

Consider� on { . If { is amodelof � , let }v� u 
 �
 ����� /�
 �� � +-, � /w}E2 andwearedone.Noticethat {
is apropersubstructureof $ because$ contains�9�L��VW���?U'�sUo���sU|V pointsthatare �9� 	 �?U'�TMvU�VW� -scattered,
but }v� � 
 �� "�� �E� ��� /�+-,�/�132 � andt � /�+6,�/�132 tsKp�9���NVW���`U���U�����m
If { is not a modelof � it cannotsatisfy ~ . However, by Claim 4.6, { satisfiesthepositive requirements��� ]���� � . Therefore,{ doesnot satisfy ��� ]��� ¡� � . Let ¢�£�¤ suchthat { t u � � . In thenext claim we find
asubstructureof $ thatextends$¥%�} 2 andforcesall its disjoint extensionsto satisfy � � .
Claim 4.7 There exist 1 2 ���`¦ 1 2 and } 2 ���w¦ } 2 asrequiredby conditions(a)–(d).

Proof: Supposethat

� � u¥�<;>8 � �§m�m�mT�<;>8E¨ª©9� @A Z2ª«¬ � H>�98 2 J�8 � ��­®�TM � X Z 2°¯ a c © e²±�³Ci �98 2 � jl
for someM � K´MTJ�� � K®� , andsomeformula ¯ of quantifierrank #�� K # . Without lossof generalitywemay
assumethat # � u # , andin orderto simplify thenotation,we will assumethat M � unM and � � u¥� . It will
suffice to replaceM by M � and � by � � in theappropriateplaces.

11



We have µ·¶ ¸n¹»º . Let ¼½¸¿¾WÀ?Á�Â�Ã�Ã�Ã�Â.À>Ä�Å bea setof witnessesfor theoutermostexistentialquantifiers
in ¹»º . Then Æ�ÇÈ�É ÀFÊIË¡Ì(Æ-ÇÈ|É ÀÎÍ»Ë!¸zÏ for all ÐÒÑ¸ÔÓ and µÕÌ�Æ-ÇÈ|É ÀFÊIË'¶ ¸½Ö�×dØfÙhÚ�Û9Ü É ÀFÊ<Ë for all Ð . Necessarily,
the type Ý of someÀ�Þ�¼ is frequent.OtherwiseÆ�ßÈ É ¼�Ë!à�Æ�ßá É�â Ë�à�ã , so äQ¶ ¸¥¹»º , andthus åæ¶ ¸Ô¹Tº ,
becauseå is adisjoint extensionof ä . However, this is impossiblebecauseåç¶ ¸&è .

Solet À�Þ�¼ have frequenttype Ý . Let é beasetof ê realizationsof Ý suchthat

(i) Æ�ßë ÉIì ËYÌ|Æ�ßë ÉIì�í Ë�¸)Ï for every pairof distinct ì Â ì�í Þ�é ,

(ii) Æ ßá É�â ËYÌ|Æ ßë É éîË�¸)Ï ,
(iii) Æ ßÈ.ï Á É<ð Ê ËdÌ�Æ ßÈ É é!Ë�¸)Ï .
Suchaset é existsbecauseÝ is frequent,ñ(¸ Éóò�ô´õ Ëkê , and ¶ ð Ê.¶sö ò ê by property(b).

Now, let ÷¥¸�Æ-ÇÈ É ÀsË . Rememberthat µ)Ì|÷z¶ ¸)Ö�×dØfÙhÚWÜ É ÀsË . As ÷øàSÆ ßÈ É ÀvË , it follows that ä¥Ì�÷z¶ ¸Ö × Ø ÙhÚWÜ É ÀvË . Let ù bea setvariable,andlet Ö × Ø Ù²ÚWÜCú�û É ù�Â�üdË denotethesimultaneousrelativizationof Ö É üdË
to Æ È É ü:Ë and ù , that is, the formula obtainedfrom Ö by replacingeachsubformulaof the form É<ýsþ Ë ÿ
by É<ýsþ Ë É � É ü Â þ Ë°ö����(ù É�þ Ë��(ÿ Ë , andsimilarly for universallyquantifiedsubformulas.Observe that the
quantifierrank of Ö × Ø Ù²ÚWÜCú�û É ù�Â�üdË is at most � ô ��ö	� 
�� , wherewe take � hasan upperboundfor
the quantifierrank of the formula expressing

� É ü�Â þ Ë6ö
� . Moreover, ä ¶ ¸ Ö�×dØfÙ²ÚWÜCú�û É ÷wÂ.ÀvË andhenceä ¶ ¸ ý ù(Ö × Ø Ù²ÚWÜCú�û É ÀvË .
Next comestheplacewherewe usethefull power of monadicsecond-ordertypes.Sinceevery ì Þ�é

hasthe samemonadicsecond-order� -type as À , we have ä ¶ ¸ ý ù(Ö × Ø Ù²Ú�ÛCÜCú�û ÉIì Ë . Thus thereis a set÷��wàNÆ ßÈ ÉIì Ë suchthat ä ¶ ¸ Ö�×dØfÙ²Ú�ÛCÜCú�û É ÷��GÂ ì Ë . It follows thatä[Ì|÷��`¶¸ Ö ×dØfÙ²ÚWÜ ÉIì Ë�Ã
Define ð Ê ï Á�¸ ð Ê���é and � Ê ï Á�¸ � Ê�� ������ ÷��fÃ

Let us prove that ð Ê ï Á and
� Ê ï Á satisfy the properties(a), (b), (c), and (d). Property(a) is clear since÷��wàNÆ(ßÈ ÉIì Ë . For property(b) we have ¶ ð Ê ï ÁW¶ ¸[¶ ð Ê�¶ ô êoö É Ð ô �WËkê . Property(d) is satisfiedby (ii) in our

choiceof é .
Finally, for property(c) we argueasfollows. First notethat ä[Ì � Ê ï Á is a disjoint extensionof ä[Ì � Ê

becauseÆ ßÈ�ï Á É<ð Ê<Ë3Ì Æ ßÈ É éîË�¸ Ï by (iii) and
� ÊÒà·Æ ßÈ É<ð ÊIË by a. Therefore,no disjoint extensionofäzÌ � Ê ï Á satisfiesè Í for any Ó�Þ�� Ê . It remainsto show that no disjoint extensionof äzÌ � Ê ï Á satisfiesè . However, this is clear from the constructionbecauseevery disjoint extensionof ä Ì � Ê ï Á contains

witnessesfor the outermostexistentialquantifiersin ¹Tº ; namely, the elementsof the set é . Supposethatén¸¿¾ ì Á�Â�Ã�Ã�Ã Â ì Ä�Å . Notethat ì Ê have pairwisedistance� õ � by (i), andwe have ä[Ì � Ê ï ÁP¶ ¸ÕÖ × Ø ÙhÚ�Û9Ü ÉIì Ê<Ë ,
becauseÆ ß ú��»Û��! ÉIì ÊªË¡¸&÷�� Û and ä¥Ì|÷�� Û ¶ ¸&Ö�×dØfÙ²Ú�ÛCÜ ÉIì Ê<Ë . "

Notethat �GÊ ï Á is constructedto satisfyproperty(e)aswell. Thiscompletesthedefinitionof theinductive
construction.All it remainsto seeis that the constructionstopsin at most ò steps.Becausesupposefor
contradictionthatwe have constructed

�$#
, ð # , and � # satisfying(a)–(e).Then � # ¸%� by (e),andby (c), no

disjoint extensionof ä¥Ì �$# satisfies&6¸(' Ê ��) èGÊ . However,

thedisjoint union å of ä¿Ì �$# with ä is anextensionof ä and
hencedoessatisfy & .

(4.4)

This is acontradiction. "
As a directapplicationof Theorem4.3, let usconsidertheclass* È of all finite + -structuresof degree

boundedby � . This classis both wide and closedundersubstructuresand disjoint unions. To seethe
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wideness,notethatwhenthedegreeof everynodeis atmost , , for any element- , .0/�12-!3 containsatmost , /
elements.Thus,if astructurehassizegreaterthan 4516, / 3 , it mustcontaina 7 -scatteredsetof 4 elements.

Theorem 4.8 Let , bean integer. Then,on 8:9 , everyfirst-order sentencethat is preservedunderextensions
is equivalentto an existentialsentence.

In thefollowing sectionwe show how theargumentof Theorem4.3canbeextended,in somecases,to
classesof structuresthatarealmostwide.

5 BoundedTreewidthStructures

Theclassof structuresof boundeddegreeprovide a canonicalexampleof a wide class.On theotherhand,
acyclic structures(which we consideredin Section3) arenot wide. Indeed,in an arbitrarily large treeof
height1 all pairsof nodesareatdistanceatmost2 from eachotherandthereis thereforenolarge 7 -scattered
setfor any 7<;>= , yet thetreemaybearbitrarily large.However, in suchastructure,theremoval of justone
element,theroot,createsa largescatteredset.Thismotivatesthedefinitionbelow.

Definition 5.1 A classof finite ? -structures @ is almostwide if there is a A such that for every 7 and 4 there
existsan . such thateverystructure B of sizeat least . in @ containsa set C with at mostA elementssuch
that B	DEC containsa 7 -scatteredsetof size4 .

It wasshown in [1] thatthehomomorphismpreservationpropertyholdsfor almostwideclassesof structures
which areclosedundersubstructuresanddisjoint unions. It wasalsoestablishedthat any classof graphs
thatexcludesaminor is almostwide.

It is not the casethat the extensionpreservation propertyholds for all almostwide classes.This is
shown in thenext section,wherewe show, in particular, that it fails for theclassof planargraphs.It turns
out that therequirementthatanalmostwide classbeclosedundersubstructuresanddisjoint unionsis not
sufficient to guaranteethe extensionpreservation property. Nevertheless,closureunderunionsover a set
of bottlenecks suffices,a notion we make morepreciselater. In this sectionwe show that this yields the
preservationunderextensionspropertyfor someparticularlyinterestingalmostwide classes.To beprecise,
we show show that thepropertyholdsfor theclassF!G of all finite ? -structuresof treewidth lessthan A . In
otherwords,we aim to prove thefollowing result:

Theorem 5.2 Let A bean integer. Then,on F!G , everyfirst-order sentencethat is preservedunderextensions
is equivalentto an existentialsentence.

Theproof of this resultrequiresthreeingredients.Thefirst ingredientis a generalizationof thedisjoint
unionoperationon structuresby allowing somenon-emptyintersection.Let B and H be ? -structures,and
let IKJMLONPC besuchthat BQNRITSUHUNRI . Theunionof B and H through I , denotedby BQV:WPH is a
new ? -structuredefinedasfollows. Theuniverseof XYSQBKV W H is L[Z]\RC0Z]\^I , where L[Z is a disjoint
copy of L(D_I and C Z is a disjoint copy of CQD`I . Therelationsof X aredefinedin theobviousway: If-$acbededed�bf-�9 arepointsin L and -gZ a bedededhbf-gZ9 arethecorrespondingpointsin L[Zi\:I , then 12-gZ a bedededjbf-gZ9 3lknm:o if
andonly if 12-$apbedededhbf-�9q3rknm:s . Similarly, if tqaebedededjbutv9 arepointsin C and t Z a bededed�but Z9 arethecorresponding
pointsin C0Z�\RI , then 1wtvZ a bedededhbutvZ9 3xkym:o if andonly if 1wtqapbedededhbutv9q3zk{m:| . Observe that this construction
is preciselythedisjoint unionof B and H when IUS�} .

The next lemmais a straightforward generalizationof the obvious fact that F!G is closedunderdis-
joint unions. The Lemmastates,roughly, that F!G is closedunderunionsthroughsubsetsof bags of tree-
decompositions.
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Lemma 5.3 Let ~ bean integer. Let � and � betwo � -structures,let �����>�n� besuch that ���^�Q��Q��� , and let ���z�f�r� and ���z�6�f����� be tree-decompositionsof width ~ of � and � , respectively. Then,if
there existsnodes�E�^� and � � �^� � such that �K���[�6������� � �6� � � , thentheunionof � and � through �
hastreewidth at most ~ .
Proof: The tree-decompositionof the union is ��� � � �f�`�E� � � , where � � � �
���{� � with a new treeedge
joining � and �$� . �

Thesecondingredientis thefact that theclassof structuresof treewidth lessthan ~ is almostwide, in
thesenseof Definition 5.1 thatthereexistsasmallsetof verticeswhoseremoval producesa largescattered
set.Suchasetis henceforthcalledabottleneck. Thiswasprovedin [1] but herewe statethestrongerclaim
thatthebottleneckcanbefoundin asinglebagof a tree-decomposition.Theproof is thesameasin [1] and
is sketchedherefor completeness.

Lemma 5.4 For every ~ , andfor every � and � , there existsan � such that if � is a � -structure of sizeat
least � and ���z�f��� is a tree-decompositionof � of width ~ , thenthereexist �y�P� and ���O� �6��� such that�	¡E� containsa � -scatteredsetof size� .

Proof sketch: Let ¢>�£�6�£¡�¤q�c�w¥��§¦¨¤q��¦¨¤ , © �ª~¬«���¢^¡�¤q��­ , and �®�ª~¯�6�£¡�¤q�i° andsupposethat� is a structurewith morethan � elements.Let ���z�f��� bea treedecompositionof � suchthat � �6��� has
sizeat most ~ for all �±�y� . Notethat � hassizeat least �<²�~³¦(¤ . Furthermore,suppose� hasa node �
of degreeat least � . But thenit is easyto seethat taking �����[�6��� givesa graphwith at least � distinct
connectedcomponentsandthereforea scatteredsetof size � . On theotherhand,if every nodeof � has
degreelessthan � , then � musthaveapathwith lengthgreaterthan © . By theSunflowerLemmaof Erdös
andRado[7], it follows thatwe canfind ¢ distinctnodes�h´e�eµeµeµ��¶�g·y�¸� anda set �¹��� suchthat forº[»�O¼ , � �6�$½¾�h�¿�[�6�ÁÀÂ����� . It canthenbeshown that ��¡�� mustcontaina � -scatteredsetof size � . �

Thethird ingredientin theproof is a first-orderbi-interpretationbetweenanalmostwide structureand
a wide structure. From now on we focuson graphs;the constructionextendseasily to the generalcase.
Let ÃÄ´e�eµeµeµj�fÃ ­ �vÅ0´e�eµeµeµj�vÅ ­ beunaryrelationsymbolsand �±��ÆqÇ§�fÃÄ´q�eµeµeµj�fÃ ­ �vÅ0´e�eµeµeµj�vÅ ­ÉÈ . For every
graph ÊË�Y�¾Ì��fÇÎÍ�� andevery tuple Ï>�Y�2Ð$´c�eµeµeµ��fÐ ­ �Ñ�(Ì ­ we definea � -structure�Ò�
�y�ÓÊ^�fÏ¬� as
follows:

1. �(�(Ì ,

2. ÇÎÔM��Ç0ÍM¡`Æg�2Ð$�uÕe�l��� ÖØ×!ÆqÐÙ�uÕ È �^ÆqÐ$´p�eµeµeµj�fÐ ­ÉÈ »�(Ú È ,
3. ÃÛÔ½ �%ÆqÐg½ È ,
4. Å�Ô½ �%ÆÂÕ �n�¨×$�2Ð ½ �uÕe���RÇÎÍ È .

Let us call a � -structure� derivedif Ç Ô is a symmetricandanti-reflexive binary relation,andthereare
elementsÐ$´e�eµeµeµj�fÐ ­ �^� suchthat ÃÛÔ½ �¨ÆqÐg½ È for ¤ÎÜ º ÜM~ and Ð�½ is isolatedin thegraphunderlying � ;
thatis, for ¤�Ü º Ü>~ thereis no Õ suchthat �2Ðg½Ó�uÕe���^Ç Ô . Notethatfor every derivedstructure� thereis a
uniquegraph Êy�w��� andaunique ~ -tuple Ï��w�P� of verticesof Ê��w�P� suchthat

�Ý���y�ÓÊy�w���v�fÏj�w���¶�vµ
Thepoint behindtheconstructionof �Þ�%�y�ÓÊ^�fÏÙ� is that if �ß�¨ÆqÐ$´p�eµeµeµj�fÐ ­ÉÈ is a bottleneckof Ê in the
sensethat ÊÝ¡5� containsa largescatteredset,then � itself hasa largescatteredsetandmaintainsall the
informationneededto reconstructÊ . Indeed, Ê��w�P� is first-orderinterpretablein � , andthuswe get the
following lemma:
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Lemma 5.5 For everyfirst-order sentenceà of vocabulary áqâ§ã there is a sentenceäà of vocabulary å such
that for all å -structures æ wehave:

1. If æèç éêäà then æ is derived.

2. If æ is derived,then æëç é�äà if andonly if ìyíwæ�î[ç é(à .

This follows at once from a standardresult on syntacticalinterpretations(cf., for example, Theo-
remVIII.2.2 of [6]).

Equippedwith thesethreeingredientswe arereadyfor themainargument.

Proof: [of Theorem5.2] Let à bea first-ordersentencethatis preservedunderextensionsin ï!ð . It suffices
to show that à hasfinitely many minimal models. Let ìËéêí¾ñóòfâ0ôØî be a graphin ï!ð that is a minimal
modelof à . Supposefor contradictionthat ì is very large. Let í�õzòförî be a tree-decompositionof width÷

of ì , andlet ø¹éèáÂùpúpòeûeûeû�òuùüðÉãyý�ñ be a bottleneck;that is, a setsuchthat ì
þOø containsa large
scatteredset. By Lemma5.4 we mayassumethat øÿýUö[í��¯î for some����õ . Let æßé�æ{íÓì{ò�� î , where�Ýé íwù ú òeûeûeû�òuùüð�î . The idea is to work with æ and äà insteadof ì and à andproceedas in the proof
of Theorem4.3. Thedifferenceis that äà is not preserved underextensions.However, preservation under
extensionsis usedonly twice in the proof of Section4 (in (4.3) and (4.4)), both times to prove that the
disjoint union � of thestructureæ with æ��
	�� is amodelof à . Claim 5.6shows thatin bothcases,� is a
modelof äà .

Claim 5.6 Let 
�ý�� such that the typeof each ����
 is frequent. Let 	�ý�����í�
Îî and let � be the
disjoint unionof æ with a disjoint copyof æ��
	 . Then � is derived, ì is an inducedsubgraphof ìyí��§î ,
and ìyí��§î belongsto ï!ð .
Proof: The bottleneckpoints are not in 
 as their type is not frequentand thereforenot in ����í�
Îî as
they are isolatedin æ . Thus, Note that � is derived becausethe bottleneckpoints are not in 	 . Let� éYìyí��§î . Clearly, ì is an inducedsubgraphof

�
. Thusall we have to prove is that

�
belongstoï!ð . Let æ��ré æ��`í�	��yøEî , where ø is the bottleneckof ì . Again, æ�� is derived. Let ì�� éëì�íwæ�� î .

Clearly, ì � is aninducedsubgraphof ì . In particular, ì � is in ï!ð soit hasa tree-decompositionof width÷
. More importantly, since ø¹ý%ö í���î , we canassumeaswell that ø is a subsetof somebagof thetree-

decompositionof ì�� . Thesetwo factstogetherimply that the union of ì and ì�� through ø , which is
precisely

�
, is in ï!ð by Lemma5.3. �

This shows thenthat the � in (4.3) and(4.4) is a modelof äà . The proof proceedsuntil we construct
a structure  that satisfies äà and is a propersubstructureof æ . We claim that  is derived. This is
becauseall bottleneckpointshave raretype,sothey belongto ! . Let

� éQìyí" î . Notenow that
�

is the
unionof two subgraphsìRú and ì�# of ì throughthebottleneckø . Again ø is a subsetof a bagof the
tree-decompositionsof ìRú and ì$# , so

�
belongsto ï!ð by Lemma5.3. Moreover

�
is a properinduced

subgraphof ì and
� ç éßà by Lemma5.5. This contradictsthe minimality of ì , which concludesthe

proof. �
This completestheproof of Theorem5.2. Notethatthisdoesnot imply thattheexistentialpreservation

theoremholds on all classesof boundedtreewidth. Indeed,we show in the next sectionthat it fails, in
particular, for theclassof planargraphsof treewidth 4.
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6 Counterexamplefor Planar Graphs

Theaimof thissectionis to show thatthepreservationunderextensionspropertyfailson theclassof planar
graphs. Let us focusfirst on the classof planargraphswhoseverticesarecoloredeitherblack or white.
Laterwe show how to remove thecolors.Thevocabulary containsa binaryrelationsymbol % for theedge
relation,andaunaryrelationsymbol & for thecolor. Let ' bethefollowing first-ordersentence:

')(+*�,.-0/1*�,.23/546-87(�2:9;&<*�-=/>9;&<*�23/?9@*�'BAC*�-?DE2F/HGI'KJL*�-?DE2F/E/NMPO
' A *�-?DE2F/H(+*RQ�ST/ 4 S
7(�-U9$SV7(�2WGIXP&<*�ST/?9$%�*�-KD�ST/>9$%�*�2YD�ST/ M O
'KJL*�-?DE2F/H(+*RQYZ0/54[Z\7(�-]9�Z\7(�2WG^*�,._3/1*�,.`a/54b_V7(�`c9dXP&<*�_3/>9dXP&�*�`a/>9�%�*�Z?DE_e/K9$%�*�ZKDE`a/NMKMKO

Weclaimthat ' is preservedunderextensionsontheclassof black/white-coloredplanargraphs.Before
we prove thiswe needa technicalgadget.For every f�gih , let j�k betheblack/white-coloredplanargraph
displayedin Figure1, wherethenumberof blackverticesis exactly f .

Figure1: j�l
It is not hardto seethat j k doesnot have any planarproperextensionin which all otherverticesare

adjacentto bothwhite vertices.Let usstatethis:

Lemma 6.1 Let fmgnh , andlet o bea black/white-colored planar graphthat is a properextensionof j k .
Then,no vertex in oqp�j k is adjacentto bothwhiteverticesin j k .
Proof: Let Z be a vertex in oIprj k . Supposethat Z is adjacentto both white verticesin j k . Theno containsa sVt minor by contractingone of the edgesconnectingZ to a white vertex in j k , and by
contractingall but two of theedgesin j k thatdo not have a white endpoint.This contradictstheplanarity
of o . u

Now we are readyto show that ' is preserved underextensionson the classof black/white-colored
planargraphs:

Lemma 6.2 Let j and o beblack/white-coloredplanar graphssuch that o is a properextensionof j . Ifj is a modelof ' , sois o .
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Proof: Supposethat v is amodelof w , solet x and y betwo differentwhiteverticesin v . If v{z| } wH~b��x���y6� ,
thenclearly ��z| } wH~b��xY��y1� becausev is an inducedsubstructureof � . In this case,� is alsoa modelofw andwe aredone.Otherwise,since v | } w and v | } wB~b��xY��y6� , we have v | } w?�L��xY��y6� . This meansthat
every vertex in v��c��xY��y�� is adjacentto at leasttwo otherblackvertices.It follows that v containssomev�� asa (not necessarilyinduced)subgraphwith x and y aswhite vertices.Here ����� . It follows thenby
Lemma6.1thatsomevertex in ���\v � fails to beconnectedto both x and y . But then ��z| } wH~b��xY��y1� so �
is amodelof w again. �

To completetheargumentweneedto show that w is notequivalentto anexistentialsentenceontheclass
of black/white-coloredgraphs.

Lemma 6.3 There is noexistentialsentenceequivalentto w onall black/white-colored planargraphs.

Proof: By virtue of Lemma2.1,we only needto show that w hasinfinitely many minimal modelsamong
planargraphs.It is easilyseenthatfor all � , v � is aminimalmodelof w . Indeed,if we removeat leastone
of thewhite verticesfrom v � , we wouldnothave witnessesfor thetwo outermostexistentialquantifiersinw , andif we remove at leastoneof theblackverticesthen w ~ remainstruewhile w � fails. �

This shows that the preservation-under-extensions propertyfails for the classof black/white-colored
planargraphs.Removing the colors is easy. It sufficesto replaceeachoccurrenceof �<���=� by a formulawK�L���=� statingthat � is attachedto a �d�)� -grid that is otherwisedisconnectedfrom the restof the graph.
Onepoint to noteis thata nodewithout sucha grid attachedin a graph v mayhave a grid in anextension
of v . However, this would meanthat wB~ would fail in theextensionandthus w would necessarilybetrue.
Thus,theformulais still preservedunderextensions.Thisshowsthenthatthepreservation-under-extensions
propertyfails for theclassof planargraphs.

Notefurtherthatfor any � , thetreewidth of v � is atmost� . Thisimpliesthattheexistentialpreservation
theoremfails, even for the class � of planargraphsof treewidth at most 4. Indeed,the sentencew is
preserved underextensionson � sinceit is preserved underextensionson all planargraphs.However, w
still hasinfinitely many minimalmodelsin thisclassaseachv � is in � .

7 Conclusions

We have establishedtheextensionpreservation theoremfor a numberof interestingclassesof finite struc-
tures.Theseincludeall wideclasses—suchasany classof structuresof boundeddegree—andsomealmost
wide classes,suchas �3� , the classof all structuresof treewidth lessthan � . The situationfor the exten-
sionpreservationtheoremis quitedifferentto thatestablishedfor thehomomorphismpreservationtheorem
in [1]. In particular, theformerfails on theclassof planarwhile the latterholdson all classesthatexclude
a graphminor. Indeed,themethodsof proof usedhereto establishtheextensionpreservation propertyare
ratherdifferentto thoseusedin [1]. It shouldalsobenotedthatRossman[15] hasrecentlyestablishedthat
thehomomorphismpreservationtheoremholdson theclassof all finite structures,whichcontrastswith the
known failureof theextensionpreservationtheorem.

A numberof recentresultsin finite modeltheory[1, 2, 3, 8, 10, 11] indicatethat classesof structure
suchastreesor structuresof boundedtreewidth, planargraphsandgraphsof boundedgenus,graphswith
excludedminors, and graphsof boundeddegreeare well behaved in variousways relatedto their first-
ordermodeltheory(in a broadsense).Sofar, no seriousattempthasbeenmadeto identify generalcriteria
connectingthedifferentresults.The locality of first-orderlogic alwaysappearsto play a crucial role, and
thenotionof widenessformally introducedhereseemsto beagoodstructuralcounterpart.But thereis more
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to it thanthis simpleobservation; for example,theresultof this paperholdson graphsof boundeddegree,
but not on planargraphs,whereasfor the algorithmicresultsof [3] it is the otherway round. The order
invarianceresultof [2] hassofar eludedall efforts to extendit beyondacyclic structures.
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