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Abstract

this model, instead of the so-called model B in which the
number of clauses is fixed, is only a matter of convenience
and does not affect the significance of the results. Clearly,
whether the random 3-SAT hypothesis holds
 or not depends
on  . If  is very large, say     , then it is almost trivial that a random 3-CNF formula is almost surely
(a.s.) unsatisfiable for the simple reason that it contains a
constant-size unsatisfiable subformula.
On the contrary, if

 is very small, say   , then it is not hard to see
that a random 3-CNF formula is a.s. satisfiable, so a sufficient condition for unsatisfiability cannot hold a.s. The
cases of most interest occur when  is close to the point
where a random 3-CNF formula undergoes the transition
from being a.s. satisfiable to being a.s. unsatisfiable. Theoretical results establish  that the transition occurs somewhere
between !#" $&%  and $#"('  [22, 12], and experimental results
suggest that it occurs around )*$#"(%  [28].

We consider the question of certifying unsatisfiability
of random 3-CNF formulas. At which densities can we
hope for a simple sufficient condition for unsatisfiability
that holds almost surely? We study this question from the
point of view of definability theory. The main result is that
first-order logic cannot express any sufficient condition that
holds almost surely on random 3-CNF formulas with 
clauses, for any irrational positive number  . In contrast, it
can when the number of clauses is    , for any positive  .
As an intermediate step, our proof exploits the planted distribution for 3-CNF formulas in a new technical way. Moreover, the proof requires us to extend the methods of Shelah
and Spencer for proving the zero-one law for sparse random
graphs to arbitrary relational languages.

1. Introduction

A motivating example Before we describe our results, let
us start with a  motivating example from the theory of ran-,
dom graphs
 + 012 . . Consider planarity. It is known that
if / 
 , then a random graph is a.s. planar, and
if 34 0 2  , then it is a.s. non-planar. In fact, the
threshold is much finer, but let us ignore this for the moment. How can we certify the non-planarity of a typical
graph when 56  07 2  ? By the easy direction of Kuratowski’s Theorem, it suffices to find a subgraph that is
homeomorphic to 8:9 or 8 <;  . Let us argue that it suffices
to consider subgraphs of bounded size. Indeed, consider the
graph 8 2 ;  that results from a 8 <;  by subdividing
its nine
?>
edges into nine disjoint paths of length = !A@CB . The density
0 , so it follows
of any subgraph of 8 <2 ;  is strictly below 01
2
2
from the seminal work of  Erdös and Renyi [16] that
 E80 2 ; 

,
 a.s. when D6
.
occurs as a subgraph in +
Clearly 8 <2 ;  is homeomorphic to 8 ;  , and for fixed
@
,
the

size of 8 2 ;  is also fixed. So the non-planarity of + -,  is
certified a.s. by the existence of a fixed-size subgraph that
is homeomorphic to 8 ;  .
Testing for the existence of a fixed-size subgraph is
clearly efficient, certainly in polynomial-time. As it turns
out, the existence of fixed-size substructures is the paradig-

The complexity of 3-SAT on random instances has received a good deal of attention in recent years in many different areas such as satisfiability testing [28], propositional
proof complexity [11], statistical physics methods applied
to combinatorial optimization [27], integer and linear programming [10], and hardness of approximation [18]. Perhaps the main question is whether there exists a simple
(polynomial-time) property of 3-CNF formulas that guarantees unsatisfiability and holds for typical unsatisfiable formulas [6, 21, 19, 18]. The positive answer would provide a
good deal of information about the structure of unsatisfiable
formulas. The negative answer would imply a strong hardness result for 3-SAT. Following [18], this scene of hardness
is called the random 3-SAT hypothesis.
We work in the random model of 3-CNF formulas in
which each possible clause is chosen with independent
probability
, so the expected number of clauses is 
 
 , where  is the number of variables. The choice of
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matical example of a property that is definable in firstorder logic, which of course is much stronger in definability
power, but still polynomial-time. In turn, first-order definability on random structures is a well-established topic with
many deep results (see [32]). In view of the situation with
planarity on random graphs, it is thus scholarly necessary
to consider first-order definability on random 3-CNF formulas, with a focus on certificates for unsatisfiability.

related work in the next subsection). However, establishing the main result required some new techniques. The first
idea that may come to mind is the following: if we take a
random 3-CNF formula at a density below the threshold of
satisfiability, say at     , and one at a density above
it, say at )   , then a.s. one is satisfiable and the other
is not, and with some hope perhaps, a first-order sentence
may be unable to distiguish between them. Unfortunately,
this argument does not work. The reason it does not is
that two random 3-CNF formulas with a number of clauses
asymptotically below  , and above  respectively, have different occurrences of constant size subformulas. Therefore,
a first-order sentence can always be designed to distinguish
between them. This suggests that we take both random formulas with the same density, which in turn, spoils the property that one is satisfiable and the other is not.
The new approach that works is the following. We want
to pick our formulas in such a way that a.s. one is satisfiable
and the other is not, and, among other things, both have
the same constant-size subformulas. Here is one choice
that guarantees this: take one formula from the usual distribution and the other from the planted distribution
at the

same density. The planted distribution  -, . is the one
in which each clause that is not falsified by a fixed planted
truth assignment is chosen with probability , and the rest
of clauses are banned. The planted distribution guarantees
that the resulting 3-CNF formula is satisfiable, and showing
that it has the same constant-size subformulas as a formula
from the usual distribution is one of the main steps of our
proof. In fact, we need to show much more: the two formulas are a.s. indistinguishable by first-order formulas of any
fixed quantifier depth. The conclusion is that a first-order
property cannot certify unsatisfiability a.s.

Results of this  paper 3-CNF formulas are  viewed as
,A, "<" " ,  whose domain is the set

structures
 
of propositional variables, and whose relations  
define which clauses, of each of  the eight possible types,
and     . At
appear in the formula. Here  
which densities is there a sufficient condition for unsatisfiability that is first-order definable and holds a.s.? For such
densities we say that first-order
logic can certify unsatisfia
bility a.s. When )      , with  , it is not hard to
see that a random 3-CNF formula with  clauses contains
a constant-size unsatisfiable subformula a.s. Clearly, a firstorder sentence can simply express this, so first-order logic
can certify unsatisfiability a.s. at this density. Our main result establishes that this is essentially optimal:
Theorem 1 Let  be a random 3-CNF formula with  variables and  expected clauses.



   with arbitrary  , then first-order
1. If )
logic can certify unsatisfiability a.s.


<  with irrational  , then first2. If  
order logic cannot certify unsatisfiability a.s.

Requiring  to be irrational in 2. is a technicality that
will be discussed later in the paper. The main conceptual
contribution of this work is in studying first-order definability on a random 3-CNF with a focus on certificates for unsatisfiability, where we succeed in establishing a tight result. The main technical contribution is in the the proof of
the non-expressibility result. The main new idea is a new
approach for finding finite structures that are first-order indistinguishable. To our knowledge, this approach is novel.
We consider the so-called planted distribution for random
3-CNF formulas and argue that they are indistinguishable
from regular random 3-CNF formulas a.s. We note that the
planted distribution appears only as a technical detour in the
proof; the result itself is about the usual distribution on 3CNF formulas. This aspect of the proof is interesting; let us
discuss it in more detail.

Related work Random 3-CNF formulas were introduced
a long time ago. See [13] for surveys. The results of
Chvátal and Szeméredi [11] were the first to indicate a certain degree of typical-case hardness. These were extended
by subsequent work [6, 8, 7, 4]. Despite these early results, the first to explicitely formulate the random 3-SAT
hypothesis was Feige [18], who established
that, assum
ing the hypothesis is true at     , one could take
it as a hardness assumption for showing a number of nonapproximability results that do not seem to follow from PCP
constructions. Using spectral techniques, Friedman and Goerdt [19] found a polynomial-time certifying algorithm at
   2  . Before [19], Beame, Karp, Pitassi and
Saks [6] already
a polynomial-time certifying algorithm
 >!#"%had
$ 
 . Extending the techniques in [19] is a
at )  
matter of ongoing research.
First-order definability on random structures is a wellstudied topic. The pioneers were Glebskii et al. [20] and
Fagin [17] with the 0-1 law. Their work was followed by

Proof techniques Proving the inexpressibility result required us to study definability on random 3-CNF formulas.
The approach we follow is related to that taken by others
for studying first-order logic on random graphs (we discuss
2

[26, 24, 29, 30] and many others. The
 techniques for dealing
with sparse structures such as + -,7E  were introduced
by Shelah and Spencer and influenced much of the subsequent work, including this. Sufficient conditions for hard
properties of graphs were also studied in [9]. The planted
distribution for 3-CNF formulas was considered in [2] with
a completely different goal.
The current work requires comparison to our previous
work [3]. In [3] we showed that
 Datalog cannot certify unsatisfiability a.s. at       2  . Datalog and firstorder logic are rather orthogonal. While both logics define polynomial-time properties only, Datalog cannot define
non-monotone properties and first-order logic cannot define
non-local properties (see [14]). The non-expressibility results we obtain are thus incomparable. The results about
Datalog indicate that unbounded recursive existential quantification is unable to certify unsatisfiability, and the results
about first-order logic indicate that so is bounded quantifier alternation. While neither result can really be seen as
strong evidence towards the random 3-SAT hypothesis, the
Datalog result generalizes the lower bound for resolution in
[11], but the first-order logic result does not seem to have a
proof complexity counterpart yet. The techniques for proving both results are also totally different.

families of distributions of interest. For a fixed number of
variables  , the first family considers the number of clauses
 as fixed, and endows the space of  -CNF formulas with
 clauses on  variables with the uniform distribution. The
second family considers each clause on  variables independently with probability , and endows the space of all
 variables with the product distribu -CNF formulas on
tion. Both these families have several variants according to
whether clauses are ordered tuples or sets, and may, or may
not, have repeated or complementary literals. As in the random graph model again, which space to use is often a matter
of convenience, and rarely an important issue as far as the
results are concerned.
Since we have adopted the framework in which  -CNF
formulas are structures over a relational language, it is convenient to define a probability space on finite structures. For
 -CNF formulas, the distribution we choose turns out to be
the product distribution in which clauses are ordered tuples
possibly with repeated and complementary literals.
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of all -structures

with universe  ,  "<" " ,7  , and let -, . be the probability

distribution on   that assigns probability


2. Preliminaries


$

&%

Relational languages and structures A relational lan
guage
   0 ,  , " "<" is a set of relation symbols
each with
arity.  An -structure is a tuple
 ,an associated
and   

0 , , "<" "  where is the universe,
 
is a relation over of the arity of the symbol . We identify structures and their universe when this does not lead to
confusion. First-order  formulas are
formed from
atomic for

 and  
mulas of the form   0 , "<" " ,
by means
of negations, conjunctions, disjunctions, and existential and
universal quantification over first-order variables. Here, the
variables  range over the elements of the universe. The
semantics of first-order logic can be found in any standard
textbook in logic such as [15].

Let
   , "<" " ,   be the relational language of
eight relation symbols of arity three. Observe that a 3-CNF

formula is nothing but an -structure: let its universe be
the set of propositional variables, and let the tuples of its relations indicate which 3-clauses of each of the eight different types appear in the formula. For example, if the clause

0     is in the formula, add  0 ,  ,   to   , if the
clause   0       is in the formula, add  0 ,  ,  
 
to  , etc. Conversely, structures for
are nothing but
3-CNF formulas by reversing the interpretation.
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For the proof of the main technical result of the paper
we will need a detour through the planted distribution for
3-CNF formulas. In a nutshell, the planted distribution consists in drawing 3-CNF formulas in the usual way, except
that the clauses that falsify a fixed planted truth assignment
are forbidden (have zero probability). For concreteness, the
planted truth assignment is always the same, namely, the
one that assigns “false” to the first half of the variables and
“true” to the rest. Formally,





  be such that 2! 3! . Let
Definition
2 Let 
4
5
be the truth assignment > on the variables 0 , "<" " ,
that

assigns false to the first 6 %87 variables and true to
the
rest.
   

 that is4
Let  -, . be the probability distribution on
obtained by adding each clause that is not falsified by
independently, with probability .
Obviously, the set of 3-CNF formulas with non-zero

probability in  -, . are exactly those satisfied by the
planted truth assignment. It is not hard to see that the number of clauses that do not falsify the planted truth assignment is 9   .

Formulas and their Probability Spaces As in the random graph model of Erdös and Renyi, there are two main
3

3. Counting extensions: multivariate polynomial method

Recall that we identify structures with their universes when
GFIH
this
 ,H does not lead to confusion.
 , Let JHF . We call
. We call
 H,  a subextension of   :, . Let
: a nailextension of
: . Observe that a rooted
structure is a subextension and a nailextension of itself.
The next result analyzes the number of extensions of the
tuples of a random structure. For the case of undirected
graphs, this is the hardest result in the proof of [32]. Its
proof used Janson’s inequality together with a number of
ad-hoc arguments. An alternative transparent proof was obtained by Kim and Vu [23] using the multivariate polynomial method, still for undirected graphs. We extend the result for general structures, where the machinery of Kim and
Vu is very useful.
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Theorem 2 (Corollary
4.1.3 in [25]) If there is a constant
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Theorem 3 Let , : be a rooted structure of type  ,  ,
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Proof : Fix an arbitrary tuple = 
0 , "<" " ,  of  
distinct
subextension , H  , let
 O , O elements of . For every
O 
 be its type, and let N =  be the number of ,H  extensions
of = in . Note
 that N =  PN8Q  =  O and
 that
O 
N <TS =   S  , then NRQ = D
 . Also,
N
= 7 
if
    
?>

  O 
 . If  
K , then
N
= 7 

 for
O >  O
,H
the subextension

of
maximal
density
K 
. In
O 
this case,
N
=    almost surely by Markov’s inequality,

so N Q =    almost surely.
>
Suppose now U7
K . We aim for an application of


Theorem 2. For every relation symbol 
YX , of arity V
and every V -tuple E of elements in , let W
E? be the
 
random variable indicating whether E
or not. Note
that
[Z $

]X 

A prototypical application of Theorem 2 is the estimation of the number of occurrences of a small subgraph + in
a random graph on   nodes. In that case,
is the set of
possible edges on   , " "<" ,   , and  is the set of possible
placements of + in  , "<" " ,7  . In fact, the rest of the argument is a particular case of Theorem 3 below, so we turn to
proving that immediately.
We extend the notion of rooted graph from [29, 30] to ar
bitrary languages. Let us fix a finite relational language .
A rooted structure, or extension, is a structure with a des
ignated
denote it
  , subset of elements, called the roots.  We
by
: . The type of a rooted structure is ,  , where 
is the number of elements of that are not roots, and is
the number of tuples in the relations
> of with at least one
non-root element. Its density is  . The set of root elements is usually denoted by the ordered tuple  0 , " "<" ,   ,
and the
elements is denoted by the ordered
;: set, of ,non-root
:<
tuple
.
There
will always be such an implicit
<
"
"
"

0
ordering on the elements of that will be clear from context. @Let
be
any structure, let =
0 , "<" " ,  and
? ,
? <
>
,
  0 " "<"  be tuples of distinct elements
of . We
: DC
? 
3C


let A = ,B>  be
the
mapping
and
. We say


that > is an , : -extension of = in
if A = ,B>  maps tuples in the relations of with at least one non-root element
to tuples of the same relation in . If E is a tuple of
 elements of , we let E = ,B>  be the image of E under A = ,B>  .
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ement. Recall that E = :  denotes
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Proof
: For (i) we proceed as in Theorem 3. The expectation
  O 
    .
N
= 7 is again certainly bounded by 
?>
O 
K , then N
=   almost surely for
Therefore, if  

the H of maximal density, so N8Q =    almost surely.
The case (ii) requires a totally new proof.
?>
 , ,
Suppose J7
K . Fix a tuple =D
 , 0 "<"<"  of distinct elements of . Consider the
 -extensions of = .
Note that some of the elements of = are in the first half
 of
the variables and some are in the second. Since   , this
implies that the maximum density of every subextension is
strictly below . It follows from this that is a satisfiable
3-CNF even when the variables in = are set to the truth value
according to the half of the variables they belong to. Indeed,
if it were unsatisfiable it would have a minimally
 unsatisfiable subformula whose density would be above by Tarsi’s
>
Lemma [1], which contradicts the assumption  7
K .
We now use this fact in a crucial way. Fix a truth assignment to the non-root variables that satisfies , and let
be the number of non-root variables of
that are set to
false by this assignment, and let be the number of nonroot variables of
that are set to true by this assignment.
Notice that
  Q . Let us compute an upper bound
and a lower bound for  N Q = 7 . The number < of possible
occurrences
of  is< generously bounded by 
. Hence


 

NRQ = 7 3
 . For the lower bound, note that
the number of placements of
of non-zero probability is
at least
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for some constants
@   and 0  . The conclusion follows because
grows faster than any polynomial, and
there are polynomially many possible = .







When  
, the rooted structure  , : can be identified with the structure . Moreover, the number of , : extensions of the empty tuple =*
in
coincides with
the number of copies of in . Thus, we have the following corollary.







be a structure with  elements and
Corollary 1 Let
tuples, and let K be the maximal density of
its substructures.
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Since
  Q , is a constant, and    ,
the upper
lower
are related by a constant, so
 and 
  < bounds

   .
NRQ = 7 
The rest of the argument is now essentially the same argument as in Theorem 3. In this Ycase,
though, notice that
X ,  ,B>
some of the random variables W
E =
7 will be constants set to  because the corresponding clause will not
be satisfied by the planted truth assignment. This is allowed in the
 hypothesis of Theorem 2. The computation
of   N Q = 7 is the same since we only aim for an upper
bound. The result follows.

Theorem
4 Let
: be a rooted 3-CNF formula of type
 .,
density of its
 , and let K be the maximal
 subextensions.
  -,
  , and for
L
. where 
Let  
, let


every tuple = of distinct elements in , let N =  be the
number of , : -extensions of = in .
K



,



 ,

? >
?>

 >%

because any placement all whose clauses are satisfied by
the planted truth assignment has non-zero probability.
The
  ,

.
probability of each such placement is at least
for some fixed constant Q that depends on only. Hence,
the expectation of N8Q =  is at least

Let us now concentrate on random 3-CNF formulas, and

-, . . Our aim
in particular, on the planted distribution 
is to show that essentially the same result as in Theorem 3
holds for the planted distribution.
The key difference is in

the need to require   ; this guarantees that the extension
is satisfiable in case (ii) and makes the proof possible. Let us
note that the proof requires an application of Tarsi’s Lemma
[1] and is significantly different for case (ii).

(i) If 



 



= 3L
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4. More on Rooted Structures



The following lemma states that closures are almost
surely bounded in size. Its proof is adapted from that of
Theorem 6.2 in [32] for undirected graphs. We note that it
also works for the planted distribution:



Definition
3 Let ,   be an extension of,"type .,  . If
 ,
 is positive we call , : sparse. If   is negative
we call ,  dense.

Lemma 2 For every #   and 
 , there exists a con -,
  -,
stant

 such that, for
L
.
 
  or L
 , almost surely  =  7 for all tuples
with  
= 
0 , "<" " ,   of distinct elements of .

Notice that since  is irrational, every extension is either
sparse or dense; this will play a crucial role in the proofs.
Recall that we identify structures with their universes when

FIH
this
. We call
 ,H does not lead to confusion.
 , Let 
H_F

a
subextension
of

.
Let
. We call
 H,

: a nailextension of , : . Observe that a rooted
structure is a subextension and a nailextension of itself.



Next we turn to the key concept of closure. A preliminary version of this concept was introduced in [29, 30] and
used in [31]. Unfortunately, the original definition suffered
some technical problems and required later refinement (see
[32]). We extend it to general structures.

0 , " "<" ,
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Recall that 7 for the last inequality. Now, #  7
by our choice of . Therefore, the number of such extensions is zero almost surely. Since there is a bounded number
H
of possible sequences H  
as above, the number
of closures of size at least is also zero almost surely.

=

is constructively
   obtained by letting


3 0 , "<"<" ,   , and letting  ,  0  be any rigid extension of  with at most non-roots, if there is one. The
last  is    =  . It is not hard to see that both approaches
lead to the same set. Since the structure is usually under
stood from context, we may drop the superscript in    =  .
Here are a couple of properties of closures with easy proofs:
The closure of

>

Proof : Let / & ' (  
     ! ,   7 .

 be such that # I7
 ; since I7
 , such
Let

a
exists. The existence of a closure     of size at
least
for some 
of size # implies
existence
  the


H
 H  
where each H ,^H
of
0  is rigid
H
!
with at most
non-roots and
.
-
 H  ,^H  !
 H  ,H 

,
 be the type


Let
of
.
Since
is
0
0
 ,


rigid, it is dense, so 
 7  . Moreover,    $ .
<
Now, the expected number
of such sequences of extensions
    where   #     and 
is bounded
by




. However,

Definition 4 An extension is called rigid if all its nailextensions are dense. It is called safe if all its subextensions are
sparse.



, 

would have to be dense contradicting the minimality of H . Here we used the irrationality of  again. But
!
  =  ; a contradicsince H 0!
, necessarily H
tion.

The purpose of this section is to extend the concepts in
[32] to general relational structures and the planted distribution. For this section we fix an irrational number   .
Recall the definition of rooted structure, or extension, from
Section 3.
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5. Proof of Main Result



In this section we prove Theorem 1. Since the first part of
the theorem is much easier, let us concentrate on the second
part first. This will require the argument that we sketched
in the introduction and that we sketch again here. Draw two
random 3-CNF formulas, one from the usual distribution
and the other from the planted distribution which ensures
that the formula is satisfiable. The key of the argument is
that these two formulas are a.s. indistinguishable by firstorder formulas of any fixed number of quantifers. The result will follow since then, a first-order formula is unable
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 is actually rigid for
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and N respectively,
?
are isomorphic with  mapped to  .









 





Proof
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 be the isomorphism
that =
. Let   = 
>
witnessing that =
. We consider the forth property, the
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  = ,  0  , and let
H
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by our choice of , and that  0 
. Then, H-, :
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is safe by (ii) in Lemma 1. Let
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H
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The back-and-forth property implied by Theorem 5 can
now be used to show that two
random 3-CNF formulas
 
-, . and    -,  are almost surely indisdrawn from
tiguishable by first-order formulas of any fixed quantifer
rank. The quantifier rank of a formula is defined
induc2
2 
2 
is
atomic,
tively as follows:


 if
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2 
&')( 2 
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if    , 
,
and
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  . In other words,
if 
is the maximum nesting of quantifiers in .
To show this we will use an Ehrenfeucht-Fraı̈ssé game.
The game is played by two players, the Spoiler and the Duand N over the same lanplicator, on two structures
guage. In round # of the game, the? Spoiler chooses one
structure and an element 
(or 
N ) of that structure,
and
the
Duplicator
replies
by
choosing
one element
? 
(or 
) of the other? structure. If after
N

rounds of play, the mapping  C
is a partial isomorphism between
and N , then the Duplicator wins the round game. Otherwise, the Spoiler wins. The main result
about Ehrenfeucht-Fraı̈ssé games is the following:



 







-, 
 be irrational, and let L
Theorem 5 Let
  -,
. be random 3-CNF formulas drawn from
and N L 
the non-planted
and
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and for
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0
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We conclude this section by showing that equivalent tuples enjoy a nice back-and-forth property. The proof follows the ideas of Theorem 7.3 in [31] but of course needs to
be adapted to the new distributions. Note the requirement
that  
, needed in Theorem 4, and that  be irrational,
needed in Lemma 1.










 


as a proper
 substructure. Fix such Han,
of the second sort, and let  ,  be the type
the

 of
H
,  has type
extension
that
forms
over
.
Note
that
  , ., ,
 , and if  7  , it is dense because is a
closure
and thus, rigid over its roots. Thus, if  7  , then
,
,



 , 7  . On the, other hand, if    ,


<

7
 . In both  cases
then 7 ,
, so
we
,



have 
 7
 . There are at most    
many H,
 -extensions
 <  of , and since the exponent is
smaller, this is     . This shows that for every fixed
possible -closure
as a  proper
substructure,
 < containing
?
 ?
there are only      0 with  >E,  0  isomorphic
to it. However, -closures are bounded in size, so there are
only a bounded number of possible ? -closures up to isomor
phism.
  <  It follows that the required 0 exists, and in fact

 many.

to distinguish the first, which is almost surely unsatisfiable,
from the second, which is always satisfiable.
Before we jump into the proof, we need some preparation. Two tuples with isomorphic -closures can be viewed
as having the same “special” extension properties. The term
“special” is justified by noting that the expected number of
occurrences of dense extensions is zero.

  
 

 


   
  



 





 
 



and N be -structures and $
Theorem 6 ([14]) Let
Then the Duplicator wins the -round Ehrenfeucht .
Fraı̈ssé game on
and N if and only if
and N are
indistiguishable by first-order sentences of quantifer rank
at most .



Now
we can show that two random 3-CNF formulas
   -,

 and  -, . respectively are almost surely
from

a win for the Duplicator. Note again the need for  .
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and
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wins the -round Ehrenfeucht-Fraı̈ssé game on
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, "<" " ,
Proof : Let   , and for #
 
 in decreasing


order, let be the in Theorem 5 when 
0 . Theorem 5 gives then the winning strategy
for
the
Duplicator:
?
N
at round # , the Duplicator chooses 
(or? 
)


in response to the Spoiler’s move  ?
(or
)
in
?

the end
such a way that 0 , "<" " ,  
0 , "< " ? " ,   . By
?
of the game, we have 0 , "<"<" ,  
0 , "<" " ,  , so the
Duplicator wins.

planted distribution (always for irrational  ). We omit details in this version. One consequence is that the almost
sure theory of such random 3-CNF formulas is a complete
theory. Another consequence is that our main inexpressibility result is actually stronger. Indeed, it shows that firstorder logic cannot even certify unsatisfiability
with positive
  
 , when   is
asymptotic probability at  
irrational. Let us note that, somewhat trivially, first-order
logic can certify unsatisfiability with inverse polynomial decaying probability. All these questions deserve further study
and should be considered somewhere else.

,





Finally, the proof of Theorem 1:



E  for an irrational
Proof of Theorem 1.2: Let 
  . Suppose for contradiction that implies unsatisfiability and is almost surely true. Let be the quantifier rank
of . By Lemma 3 and Theorem 6, two
random 3-CNF for 
-, . and N L    -, . are almost surely
mulas
L
indistinguishable by . Hence, holds almost surely on N .
However, implies unsatisfiability and N is satisfiable. A
contradiction.
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