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Ce DU
Social Choice Theory

@ Mathematical theory for aggregating individual preferences into
collective decisions
@ Originated in ancient Greece. Formal foundations:

o 18th Century (Condorcet and Borda)
e 19th Century: Charles Dodgson (a.k.a. Lewis Carroll)
e 20th Century: Nobel prizes to Arrow and Sen

@ Objective: Methods to select a collective outcome based on (possibly
different) individual preferences.
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Ce DU
Social Choice Theory

@ Set of voters N ={1,...,n}
o Set of alternatives A= {1,..., m}
@ Voter i has a preference ranking over alternatives >;

@ Preference ranking > is the collection of all voters’ rankings
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Social Choice Theory

@ Set of voters N ={1,...,n}
o Set of alternatives A= {1,..., m}
@ Voter i has a preference ranking over alternatives >;

@ Preference ranking > is the collection of all voters’ rankings
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Ce DU
Social Choice Theory: Objective

@ Social choice function
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Ce DU
Social Choice Theory: Objective

@ Social choice function

o Takes as input a preference profile >
o Returns an alternative a € A

@ Social welfare function

o Takes as input a preference profile >
e Returns a societal preference on A >

@ voting rule = social choice function
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Scoring protocols

@ Scoring protocols
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Voting rules: Plurality
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Voting rules: Plurality

@ Each voter awards one point to her top alternative

@ Alternative with the most point wins
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@ Each voter awards one point to her top alternative

@ Alternative with the most point wins

N|1|2|3|4|5
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Voting rules: Plurality
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Scoring protocols Plurality

Voting rules: Plurality

@ Each voter awards one point to her top alternative

@ Alternative with the most point wins

N|1|2|3|4|5
alalal|b|b
b|b|b|c|c
clclc|d|d
d|{d|d|e|e
ele|lelala

@ Most frequently used voting rule

@ Many political elections use plurality

Problems?
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Scoring protocols Borda count

Voting rules: Borda count

£ WORDA
P i

Jean Charles, Chevalier de
Borda (1733 - 1799)
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Scoring protocols Borda count

Voting rules: Borda count

e WORDA
P i

@ There are m alternatives.

@ Each voter awards m — k points to its rank k
alternative

Jéan Charles. Chevalier de o Alternative with the most point wins

Borda (1733 - 1799)
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Scoring protocols Borda count

Voting rules: Borda count

@ Each voter awards m — k points to its rank k
/) alternative

@ There are m alternatives.

Jéan Charles. Chevalier de o Alternative with the most point wins

Borda (1733 - 1799)
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Scoring protocols Borda count

Voting rules: Borda count

HORDA

@ There are m alternatives.

@ Each voter awards m — k points to its rank k
alternative

Jéan Charles. Chevalier de @ Alternative with the most point wins

Borda (1733 - 1799)

nts ‘ Total ‘
a: 12
b: 17 Winner
c: 12 b
d: 7
e: 2

L O Q0 T|H
O~ N WHT

@ Used for elections to the national assembly of Slovenia
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Scoring protocols Borda count

Voting rules: Borda count

HORDA

@ There are m alternatives.

@ Each voter awards m — k points to its rank k
alternative

Jéan Charles. Chevalier de @ Alternative with the most point wins

Borda (1733 - 1799)

nts ‘ Total ‘
a: 12
b: 17 Winner
c: 12 b
d: 7
e: 2

L O Q0 T|H
O~ N WHT

@ Used for elections to the national assembly of Slovenia
@ A modified Borda Count is used in Eurovision Song Contest
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Scoring protocols Approval

Voting rules: k-approval

@ Each voter awards 1 point to its first k-ranked alternatives and 0 to
the others

@ Alternative with the most point wins
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Scoring protocols Approval

Voting rules: k-approval

@ Each voter awards 1 point to its first k-ranked alternatives and 0 to
the others

@ Alternative with the most point wins

N

o QO 0 T W |
o QO 0O T O|N
o QO 0 T oW
O O QO 0 T|Pd
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Scoring protocols Approval

Voting rules: k-approval

@ Each voter awards 1 point to its first k-ranked alternatives and 0 to

the others
@ Alternative with the most point wins
N|1|2|3]4]5 k=3
Total
alalalb|b 3
blblbl|c|c &
b: 5
clc|c|d|d -
did|d|e|e 4 2
elele|ala
e: 0
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Scoring protocols Approval

Voting rules: k-approval

@ Each voter awards 1 point to its first k-ranked alternatives and 0 to

the others
@ Alternative with the most point wins
N|[1|2][3|4]5 k=3

Total

alalalb|b 3

b|/b|b|c|c & Winner
b: 5

clc|c|d|d - borc

d|d|d|e|e 4 2

e|lelel|ala
e: 0
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Voting rules: k-approval

@ Each voter awards 1 point to its first k-ranked alternatives and 0 to

the others
@ Alternative with the most point wins
N|[1|2][3|4]5 k=3

Total

alalalb|b 3

b|/b|b|c|c & Winner
b: 5

clc|c|d|d - borc

d|d|d|e|e 4 2

e|lelel|ala
e: 0

@ Approval voting was used for papal conclaves between 1294 and 1621.

@ A modified k-approval is used in FIB committee elections
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Scoring protocols Approval

Voting rules: Positional Scoring Rules
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Scoring protocols Approval

Voting rules: Positional Scoring Rules

e Defined by a score vertor s = (s1,...,Sm)
@ Each voter awards s, points to its rank k alternative

o Alternative with the most point wins
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Scoring protocols Approval

Voting rules: Positional Scoring Rules

Defined by a score vertor s = (s1,...,5m)
Each voter awards s, points to its rank k alternative

Alternative with the most point wins

The family include many rules
e Plurality s =(1,0,...,0)
e Bordas=(m—-1,m-2,...,0)
o k-aproval s = (17...,170,...70)
e Veto s =(0,...,0,1)
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Approval
Which rule to use?

@ We just introduced infinitely many rules, and there are more
@ How do we know which is the “right” rule to use?
Axioms, Characterization theorems, Impossibility Theorems

@ Impossibility versus Computational hardness
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Some properties of voting rules

© Some properties of voting rules
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Some properties of voting rules Condorcet

Condorcet winner

@ Xx beats y in a pairwise election if a strict
majority of voters prefer x to y.

Nicolas de Condorcet
Marie Jean Antoine
Nicolas de Caritat,
marqués de Condorcet
(1743-1794)
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Some properties of voting rules Condorcet

Condorcet winner

@ Xx beats y in a pairwise election if a strict
majority of voters prefer x to y.
The majority preference prefers x to y

Nicolas de Condorcet
Marie Jean Antoine
Nicolas de Caritat,
marqués de Condorcet
(1743-1794)
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Some properties of voting rules Condorcet

Condorcet winner

@ Xx beats y in a pairwise election if a strict
majority of voters prefer x to y.
The majority preference prefers x to y

) @ A Condorcet winner is an alternative that beats
Nicolas de Condorcet

. . every other alternative in pairwise election
Marie Jean Antoine

Nicolas de Caritat,
marqués de Condorcet
(1743-1794)
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Some properties of voting rules Condorcet

Condorcet winner

@ Xx beats y in a pairwise election if a strict
majority of voters prefer x to y.
The majority preference prefers x to y

@ A Condorcet winner is an alternative that beats
every other alternative in pairwise election

Nicolas de Condorcet
Marie Jean Antoine
Nicolas de Caritat @ A Condorcet paradox happens when the
marqués de Condorcet majority preference has a cycle.
(1743-1794)
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Some properties of voting rules Condorcet

Condorcet Paradox: Example
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Some properties of voting rules Condorcet

Condorcet Paradox: Example

N ‘ 1 ‘ 2 ‘ 3‘ ‘I\/Iajority Pref
alc|b a-b
blalc b>c
c|bla c>a
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Some properties of voting rules Condorcet

Condorcet Paradox: Example

N ‘ 1 ‘ 2 ‘ 3‘ ‘I\/Iajority Pref
alc|b a-b
blalc b>c
c|bla c>a

Also known as Dodgson’s Paradox (Alice in Wonderland by Charles L.
Dodgson alias Lewis Carroll)
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Some properties of voting rules Condorcet

Condorcet consistency

o If a Condorcet winner exists, it is unique.
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o If a Condorcet winner exists, it is unique.

@ A voting rule is Condorcet consistent if it always selects the
Condorcet winner if one exists.
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o If a Condorcet winner exists, it is unique.

@ A voting rule is Condorcet consistent if it always selects the
Condorcet winner if one exists.

@ Computational problems:
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Some properties of voting rules Condorcet

Condorcet consistency

o If a Condorcet winner exists, it is unique.

@ A voting rule is Condorcet consistent if it always selects the
Condorcet winner if one exists.

@ Computational problems:

o Existence of Condorcet winner.
o Obtaining the Condorcet winner, when it exists
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Some properties of voting rules Condorcet

Three alternatives {A, B, C} and 19 voters

Pairwise comparison

# Vote A?B  A?C B?C
6 A>B>C A A B
4 B>A>C B A B
2 B>C>A B C B
4 C>A>8B A C C
3 C>B>A B C C
Result A A B

A is the Condorcet winner
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Some properties of voting rules Condorcet

Three alternatives {A, B, C} and 19 voters

Pairwise comparison Borda
+# Vote A'B A?C B?C A B C
6 A>B>C A A B 12 6 0
4 B>A>C B A B 4 8 0
2 B>C>A B C B 0 4 2
4 C>A>B A C C 4 0 8
3 C>B>A B C C 0 3 6
Result A A B 20 21 16
A is the Condorcet winner B is the winner
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# Vote A?B A?C B?C
6 A>B>C A A B
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Some properties of voting rules Condorcet

Three alternatives {A, B, C} and 19 voters

Pairwise comparison Plurality
# Vote A?’B A?C B?C A B C
6 A>B>C A A B 6 0 O
4 B>A>C B A B 0 4 O
2 B>C>A B C B 0 2 0
4 C>A>B A C C 0 0 4
3 C>B>A B C C 0 0 3
Result A A B 6 6 7

A is the Condorcet winner
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Some properties of voting rules Condorcet

Three alternatives {A, B, C} and 19 voters

Pairwise comparison Plurality
# Vote A?’B A?C B?C A B C
6 A>B>C A A B 6 0 O
4 B>A>C B A B 0 4 O
2 B>C>A B C B 0 2 0
4 C>A>B A C C 0 0 4
3 C>B>A B C C 0 0 3
Result A A B 6 6 7

A is the Condorcet winner

Plurality = 1-aproval. None of the three rules is Condorcet consistent.
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Some properties of voting rules Condorcet

Dodgson Voting

@ The system considers swapping adjacent
candidates in the votes.

Charles L. Dodgson
1832-1898
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oo
Dodgson Voting

@ The system considers swapping adjacent
candidates in the votes.

@ The Dodgson score of candidate c is the
minimum number of swaps in the votes
required to make ¢ the Condorcet winner.

@ All candidates with the lowest Dodgson

Charles L. Dodgson

1832-1898 score win.
Computational Social choice
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oo
Dodgson Voting

@ The system considers swapping adjacent
candidates in the votes.

@ The Dodgson score of candidate c is the
minimum number of swaps in the votes
required to make ¢ the Condorcet winner.

@ All candidates with the lowest Dodgson
score win.

Charles L. Dodgson
1832-1898

@ Of course, the rule is Condorcet consistent.
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oo
Dodgson Voting

@ The system considers swapping adjacent
candidates in the votes.

@ The Dodgson score of candidate c is the
minimum number of swaps in the votes
required to make ¢ the Condorcet winner.

@ All candidates with the lowest Dodgson
score win.

Charles L. Dodgson
1832-1898

@ Of course, the rule is Condorcet consistent.

@ However, determining the winner is NP-hard:
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Strategy-proofness

@ Would any of the voting rules ensure that voters report their
preferences truthfully?
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Strategy-proofness

@ Would any of the voting rules ensure that voters report their
preferences truthfully?

@ Assume == (>1,...,>p) is a preference profile so that, >; is the
true preferences of voter i.
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Strategy-proofness

@ Would any of the voting rules ensure that voters report their
preferences truthfully?

@ Assume == (>1,...,>p) is a preference profile so that, >; is the
true preferences of voter i.

@ A voting rule F is strategy-proof if for every preference profile
='= (>_i,>"), the profile differs from > only in the i-th component,
it is not the case that F(=') =; F(>)
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Strategy-proofness

@ Informally, a voting rule is strategy-proof if there exists no profile
where some voter can obtain a preferred outcome by changing her
preferences.
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Strategy-proofness

@ Informally, a voting rule is strategy-proof if there exists no profile
where some voter can obtain a preferred outcome by changing her
preferences.

@ Which voting rules are strategy-proof?
@ Do they have good properties?

@ When they are not, can the manipulation be computed easily?
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Some properties of voting rules Strategy-proofness

Strategy-proofness: Borda count

@ Borda with true preferences
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Some properties of voting rules Strategy-proofness

Strategy-proofness: Borda count

@ Borda with true preferences

N|[1[2]3]|Pt
b|b|a]|3
ala|b|2
clc|c|l
d{d|d|O
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Strategy-proofness: Borda count

@ Borda with true preferences

N|[1[2]3]|Pt
b|b|la|3 )
alalblo Winner
b
clc|c|1
d|d|d|O0
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Some properties of voting rules Strategy-proofness

Strategy-proofness: Borda count

@ Borda with true preferences

N|[1[2]3]|Pt
b|b|la|3 )
alalblo Winner
b
clc|c|1
d|d|d|O0

@ Voter 3 can make a win by
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Some properties of voting rules Strategy-proofness

Strategy-proofness: Borda count

@ Borda with true preferences

N|1|2|3]|Pt
blbla]3 Winner
ala|b|?2

b
clc|c|1
d|d|d|O0
@ Voter 3 can make a win by

N|1|2|3]|Pt
b|b|a]|3
ala|c|?2
clc|d|1
d|d|b|O0
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Some properties of voting rules Strategy-proofness

Strategy-proofness: Borda count

@ Borda with true preferences

N|{1[2]|3]|Pt
blbla]3 Winner
ala|b|?2

b
clc|c|1
d|d|d]|O
@ Voter 3 can make a win by

N|{1[2]|3]|Pt
b|baj3 Winner
ala|c|?2 3
clc|d|1
d|d|b|O0
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Some properties of voting rules Strategy-proofness

Strategy-proofness: Borda count

@ Borda with true preferences

N|{1[2]|3]|Pt
blbla]3 Winner
ala|b|?2

b
clc|c|1
d|d|d]|O
@ Voter 3 can make a win by

N|{1[2]|3]|Pt
b|baj3 Winner
ala|c|?2 3
clc|d|1
d|d|b|O0

Which rules are strategy-proof?
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@ Are there strategy-proof rules?
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Strategy-proof rules?

@ Are there strategy-proof rules?
@ Dictatorial voting rule
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Strategy-proof rules?

@ Are there strategy-proof rules?
@ Dictatorial voting rule
e The winner is always the most preferred alternative of voter 1
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SRSt
Strategy-proof rules?

@ Are there strategy-proof rules?
@ Dictatorial voting rule

e The winner is always the most preferred alternative of voter 1
@ Constant voting rule

e The winner is always the same
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SRSt
Strategy-proof rules?

@ Are there strategy-proof rules?
@ Dictatorial voting rule

e The winner is always the most preferred alternative of voter 1
@ Constant voting rule

e The winner is always the same

@ Yes, both are strategy-proof, but not very satisfactory!

Computational Social choice Spring 2026 2248



el
Strategy-proof rules?

@ Consider the following three properties:
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Strategy-proof rules?

@ Consider the following three properties:

@ Strategy-proof: No voter has an incentive to misreport true
preferences.
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Strategy-proof rules?

@ Consider the following three properties:

@ Strategy-proof: No voter has an incentive to misreport true
preferences.

@ Onto: Every alternative can win under some preference profile.
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el
Strategy-proof rules?

Consider the following three properties:

Strategy-proof: No voter has an incentive to misreport true
preferences.

Onto: Every alternative can win under some preference profile.

Non-dictatorial: There is no voter i such that F(>) is always the top
alternative for voter i.
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Some properties of voting rules Imposibility result

Gibbard-Satterthwaite

Theorem

For m > 3, no deterministic social choice function can be strategyproof,
onto, and nondictatorial simultaneously.
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Theorem
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Some properties of voting rules Imposibility result

Gibbard-Satterthwaite

Theorem

For m > 3, no deterministic social choice function can be strategyproof,
onto, and nondictatorial simultaneously. ©

In ©words,
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Imposibiity result
Gibbard-Satterthwaite

Theorem

For m > 3, no deterministic social choice function can be strategyproof,
onto, and nondictatorial simultaneously. ©

In ©words, for m > 3, any deterministic social choice function must be at
least one of the following:
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Imposibiity result
Gibbard-Satterthwaite

Theorem

For m > 3, no deterministic social choice function can be strategyproof,
onto, and nondictatorial simultaneously. ©

In ©words, for m > 3, any deterministic social choice function must be at
least one of the following:

@ dictatorial: there exists a single fixed voter whose most-preferred
alternative is chosen for every profile;

@ imposing: there is at least one alternative that does not win under
any profile;

e manipulable (i.e., not strategyproof).
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Imposibiity result
Gibbard-Satterthwaite

Theorem

For m > 3, no deterministic social choice function can be strategyproof,
onto, and nondictatorial simultaneously. ©

In ©words, for m > 3, any deterministic social choice function must be at
least one of the following:

@ dictatorial: there exists a single fixed voter whose most-preferred
alternative is chosen for every profile;

@ imposing: there is at least one alternative that does not win under
any profile;

e manipulable (i.e., not strategyproof).

The first two properties are not acceptable. We need to assume that the
voters have an incentive to misreport true preferences.

Computational Social choice Spring 2026 24 /48



52755 el
Circumventing G-S: Complexity approach
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52755 el
Circumventing G-S: Complexity approach

e (Bartholdi Ill, Tovey and Trick, Social Choice and Welfare, 1998)
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Circumventing G-S: Complexity approach

e (Bartholdi Ill, Tovey and Trick, Social Choice and Welfare, 1998)

@ As we cannot prevent a voting rule from being manipulable, this may
not be a significant concern as long as determining how to manipulate
it is computationally prohibitive.
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=TT G
Circumventing G-S: Complexity approach

e (Bartholdi Ill, Tovey and Trick, Social Choice and Welfare, 1998)

@ As we cannot prevent a voting rule from being manipulable, this may

not be a significant concern as long as determining how to manipulate
it is computationally prohibitive.

@ Maybe the rule is manipulable, but it is NP-hard to find a successful
manipulation.

For once NP-hardness can be good!!
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Manipulation, bribery and control

o Manipulation, bribery and control
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Manipulation, bribery and control

Manipulation /Bribery

E-manipulation: Given a set C of candidates, a set V of nonmanipulative
voters, a set S of manipulative voters, with SN V = (), and a candidate
c € C. Is there a way to set the preference lists of the voters in S such

that, under election system E, c is the (a) winner?
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Manipulation /Bribery

E-manipulation: Given a set C of candidates, a set V of nonmanipulative
voters, a set S of manipulative voters, with SN V = (), and a candidate
c € C. Is there a way to set the preference lists of the voters in S such
that, under election system E, c is the (a) winner?

E-Bribery: Given a set C of candidates, a set V of voters, a candidate
c € C, and a nonnegative integer k. Is there a way to set the preference
lists of at most k voters such that, under election system E, c is the (a)
winner?
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Manipulation, bribery and control

Control

E-Control under additive candidates: Given a set C of candidates, a pool
D of potential additional candidates, a candidate ¢ € C, and a set of
voters V with preferences over C U D. Is there a set D’ C D, such that
setting the set of candidates to C U D’, under election system E, c is the

(a) winner?
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Manipulation, bribery and control

Control

E-Control under additive candidates: Given a set C of candidates, a pool
D of potential additional candidates, a candidate ¢ € C, and a set of
voters V with preferences over C U D. Is there a set D’ C D, such that
setting the set of candidates to C U D’, under election system E, c is the
(a) winner?

E-Destructive control under additive candidates: Given a set C of
candidates, a pool D of potential additional candidates, a candidate

c € C, and a set of voters V with preferences over C U D. Is there a set
D’ C D, such that setting the set of candidates to C U D’, under election
system E, c is not a winner?
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More voting rules

© More voting rules
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Voting rules: Plurality with runoff
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Voting rules: Plurality with runoff

@ First round: two alternatives with the highest plurality scores survive

@ Second round: between these two alternatives, select the one that
majority of voters prefer
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Voting rules: Plurality with runoff

@ First round: two alternatives with the highest plurality scores survive

@ Second round: between these two alternatives, select the one that
majority of voters prefer

N|1]2]|3

O O Q0O T|PH
LU O QO 0 Tlo
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Voting rules: Plurality with runoff

@ First round: two alternatives with the highest plurality scores survive

@ Second round: between these two alternatives, select the one that
majority of voters prefer

N|1]2]|3

1st round
Winners

® Q. 0O T W
o QO 0 T w
o QO 0O T w
LU O Q0O T|PH
LU O QO 0 Tlo
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Voting rules: Plurality with runoff

@ First round: two alternatives with the highest plurality scores survive

@ Second round: between these two alternatives, select the one that
majority of voters prefer

N|1|2|3|4]|5
ajlaja|b|b 1st round 2nd round
b|b|b|c|c . .
Winners Winner
clc|lc|d|d ‘ 3 b ‘ ‘ 3 ‘
d|ld|d|e|e '
e|le|elala
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Voting rules: Plurality with runoff

@ First round: two alternatives with the highest plurality scores survive

@ Second round: between these two alternatives, select the one that
majority of voters prefer

N|1|2|3|4]|5
ajlaja|b|b 1st round 2nd round
b|b|b|c|c . .
Winners Winner
clc|lc|d|d ‘ 3 b ‘ ‘ 3 ‘
d|ld|d|e|e '
e|le|elala

@ Similar to the French presidential election system

e Problem: vote division
e Happened in the 2002 French presidential election
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Voting rules: STV

@ Single Transferable Vote (STV): Plurality with multiple rounds

AGT-MIRI Computational Social choice Spring 2026 31/48



Voting rules: STV

Single Transferable Vote (STV): Plurality with multiple rounds

@ m— 1 rounds.

(]

In each round, the alternative with the least plurality votes is
eliminated.

The selected alternative is the standing one.
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More voting rules

Voting rules: STV

@ m— 1 rounds.

°
eliminated.

@ The selected alternative is the standing one.
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@ m— 1 rounds.
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More voting rules

Voting rules: STV

@ m— 1 rounds.

°
eliminated.

@ The selected alternative is the standing one.
N[ 1[2|3|4|5|6|7]|8
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In each round, the alternative with the least plurality votes is
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More voting rules

Voting rules: STV

@ m— 1 rounds.

°
eliminated.

@ The selected alternative is the standing one.
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More voting rules

Voting rules: STV

@ m— 1 rounds.

°
eliminated.

@ The selected alternative is the standing one.
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More voting rules

Social welfare function: Kemeny's Rule
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More voting rules

Social welfare function: Kemeny's Rule

@ Unhappiness: For a ranking o on A.
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More voting rules

Social welfare function: Kemeny's Rule

@ Unhappiness: For a ranking o on A.

o Let ny.p be the number of voters who prefer a to b
e Player i is unhappy when a >, b but b >; a.
e For (a >, b), o0 makes npy, players unhappy
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More voting rules

Social welfare function: Kemeny's Rule

@ Unhappiness: For a ranking o on A.

o Let ny.p be the number of voters who prefer a to b
e Player i is unhappy when a >, b but b >; a.

e For (a >, b), o0 makes npy, players unhappy

o Define the total unhappiness of ¢ as

K(U) = Z Npya

a=qb
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More voting rules

Social welfare function: Kemeny's Rule

@ Unhappiness: For a ranking o on A.

o Let ny.p be the number of voters who prefer a to b
e Player i is unhappy when a >, b but b >; a.

e For (a >, b), o0 makes npy, players unhappy

o Define the total unhappiness of ¢ as

K(U) = Z Npya

a=qb

@ Select the ranking o* with minimum total unhappiness.
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More voting rules

Social welfare function: Kemeny's Rule

@ Unhappiness: For a ranking o on A.

o Let ny.p be the number of voters who prefer a to b
e Player i is unhappy when a >, b but b >; a.

e For (a >, b), o0 makes npy, players unhappy

o Define the total unhappiness of ¢ as

K(U) = Z Npya

a=qb

@ Select the ranking o* with minimum total unhappiness.

@ Social choice: The top alternative in o*
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More voting rules

Voting rules: Copeland and Maximin
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More voting rules

Voting rules: Copeland and Maximin

@ x beats y in a pairwise election if a strict majority of voters prefer x
to y.
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More voting rules

Voting rules: Copeland and Maximin

@ x beats y in a pairwise election if a strict majority of voters prefer x
to y.
@ Copeland

o Score(x) = #alternatives x beats in pairwise elections
o elect x* with the maximum score
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Voting rules: Copeland and Maximin

@ x beats y in a pairwise election if a strict majority of voters prefer x
to y.
@ Copeland

o Score(x) = #alternatives x beats in pairwise elections
o elect x* with the maximum score

@ Maximin
o Score(x) = minynyy,
e elect x* with the maximum score
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More voting rules

Condorcet consistency

@ Among the rules we just saw

o All positional scoring rules (plurality, Borda, . . . ), plurality with
runoff, STV, are NOT Condorcet consistent.
o Kemeny, Copeland, Maximin ARE Condorcet consistent.
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Basic manipulation

@ Basic manipulation
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Manipulation Problem

We consider the simplest version of manipulation.
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Manipulation Problem

We consider the simplest version of manipulation.

Name: F-MANIPULATION

Input: A preference profile = for all but one player, and a preferred
candidate a.

Question: Is there a preference order P so that, in system F under
the joint preference profile (>, P), a wins?
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Manipulation Problem

We consider the simplest version of manipulation.

Name: F-MANIPULATION
Input: A preference profile = for all but one player, and a preferred

candidate a.
Question: Is there a preference order P so that, in system F under

the joint preference profile (>, P), a wins?

@ The problem belongs to NP provided F is computable in polynomial
time.
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Manipulation Problem

We consider the simplest version of manipulation.
Name: F-MANIPULATION
Input: A preference profile = for all but one player, and a preferred
candidate a.
Question: Is there a preference order P so that, in system F under
the joint preference profile (>, P), a wins?

@ The problem belongs to NP provided F is computable in polynomial
time.

@ For plurality, this problem is computationally trivial as the only
sensible manipulation is to put a as your most preferred candidate.

Computational Social choice Spring 2026 36/48



CC )
Manipulation Problem: BTT conditions

A voting rule satisfies the BTT conditions if
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A voting rule satisfies the BTT conditions if

@ Given a preference profile 1 a winner can be computed in polynomial
time.
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Manipulation Problem: BTT conditions

A voting rule satisfies the BTT conditions if
@ Given a preference profile 1 a winner can be computed in polynomial
time.

@ For every profile 1 and every alternative a, a score S(I1, a) can be
defined so that it is,
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Manipulation Problem: BTT conditions

A voting rule satisfies the BTT conditions if
@ Given a preference profile 1 a winner can be computed in polynomial
time.

@ For every profile 1 and every alternative a, a score S(I1, a) can be
defined so that it is,
o Responsive: the candidate with the largest score wins (in the voting
under the joint profile)
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Manipulation Problem: BTT conditions

A voting rule satisfies the BTT conditions if

@ Given a preference profile 1 a winner can be computed in polynomial
time.

@ For every profile 1 and every alternative a, a score S(I1, a) can be
defined so that it is,

o Responsive: the candidate with the largest score wins (in the voting
under the joint profile)

e Monotone: for any two profiles 1 and 1" and for any alternative a, if
for each voter i, {b|a>; b} C{b|a>! b}, then S(M,a) < S(IV", a).
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Greedy-Manipulation
Greedy-Manipulation algorithm (G-Man)
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Greedy-Manipulation algorithm (G-Man)

@ Input: Preference profile for all other voters and a candidate c.
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Greedy-Manipulation
Greedy-Manipulation algorithm (G-Man)

@ Input: Preference profile for all other voters and a candidate c.

@ Output: A preference order, that together with the input ensures that
c wins, or claim that such order does not exist.
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Greedy-Manipulation
Greedy-Manipulation algorithm (G-Man)

@ Input: Preference profile for all other voters and a candidate c.

@ Output: A preference order, that together with the input ensures that
c wins, or claim that such order does not exist.

@ Initialization: Place ¢ at the top of the preference order
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Greedy-Manipulation
Greedy-Manipulation algorithm (G-Man)

Input: Preference profile for all other voters and a candidate c.

Output: A preference order, that together with the input ensures that
c wins, or claim that such order does not exist.

Initialization: Place c at the top of the preference order

o lterative step: While there are unassigned candidates:
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Greedy-Manipulation
Greedy-Manipulation algorithm (G-Man)

Input: Preference profile for all other voters and a candidate c.

Output: A preference order, that together with the input ensures that
c wins, or claim that such order does not exist.

Initialization: Place c at the top of the preference order

o lterative step: While there are unassigned candidates:
Determine whether a candidate b can be placed in the next lower
position (independent of remaining choices) without preventing ¢
from winning.
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Greedy-Manipulation
Greedy-Manipulation algorithm (G-Man)

Input: Preference profile for all other voters and a candidate c.

Output: A preference order, that together with the input ensures that
c wins, or claim that such order does not exist.

Initialization: Place c at the top of the preference order

o lterative step: While there are unassigned candidates:

Determine whether a candidate b can be placed in the next lower
position (independent of remaining choices) without preventing ¢
from winning.

If so, place b in the next position, otherwise terminate claiming that
such order does not exist.
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Manipulable rules by Greedy

Theorem

For any voting rule F satisfying the BTT conditions, G-Man solves the
F-MANIPULATION problem.
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Theorem

For any voting rule F satisfying the BTT conditions, G-Man solves the
F-MANIPULATION problem.

Proof.
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Manipulable rules by Greedy

Theorem

For any voting rule F satisfying the BTT conditions, G-Man solves the
F-MANIPULATION problem.

Proof.

o If Greedy-Manipulation succeeds, it constructs a preference order that
guarantees that under the joint profile ¢ wins.
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Manipulable rules by Greedy

Theorem

For any voting rule F satisfying the BTT conditions, G-Man solves the
F-MANIPULATION problem.

Proof.

o If Greedy-Manipulation succeeds, it constructs a preference order that
guarantees that under the joint profile ¢ wins.

@ Assume that such an order exists and that Greedy-Manipulation
terminates without providing an ordering. Let us reach a
contradiction.

Computational Social choice Spring 2026 39/48



el IE T
Manipulable rules by Greedy

Proof (cont).
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Manipulable rules by Greedy

Proof (cont).

@ Let " be a preference profile that will make ¢ win.
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Manipulable rules by Greedy

Proof (cont).
@ Let " be a preference profile that will make ¢ win.

@ Let U be the set of unassigned candidates after the execution of
G-Man.
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Manipulable rules by Greedy

Proof (cont).

@ Let " be a preference profile that will make ¢ win.

@ Let U be the set of unassigned candidates after the execution of

G-Man.

@ Let u € U be the candidate with highest score under IT’.
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Manipulable rules by Greedy

Proof (cont).

@ Let " be a preference profile that will make ¢ win.

@ Let U be the set of unassigned candidates after the execution of

G-Man.

@ Let u € U be the candidate with highest score under IT’.

@ Consider any completion P of the preference order started by G-Man

that places v in the first unassigned place, and let 1 be the

corresponding joint profile. W.l.o.g., n is the manipulative player.
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Manipulable rules by Greedy

Proof (cont).
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el IE T
Manipulable rules by Greedy

Proof (cont).
e By responsiveness, S(I', ¢) > S(I', u)
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Manipulable rules by Greedy

Proof (cont).
e By responsiveness, S(I', ¢) > S(I', u)
e By selection of u, {a|u >} a} C{a|u>pa}.
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Manipulable rules by Greedy

Proof (cont).
e By responsiveness, S(I', ¢) > S(I', u)

e By selection of u, {a|u >} a} C{a|u>pa}.
So, by monotonicity
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Manipulable rules by Greedy

Proof (cont).
e By responsiveness, S(I', ¢) > S(I', u)

e By selection of u, {a|u >} a} C{a|u>pa}.
So, by monotonicity S(IM’, u) > S(N, u)
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el IE T
Manipulable rules by Greedy

Proof (cont).
e By responsiveness, S(I', ¢) > S(I', u)

e By selection of u, {a|u >} a} C{a|u>pa}.
So, by monotonicity S(IM’, u) > S(N, u)
e By initialization and monotonicity S(IM,c) > S(I7, ¢).
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el IE T
Manipulable rules by Greedy

Proof (cont).
@ By responsiveness, S(I', c) > S(I, u)
e By selection of u, {a|u >} a} C{a|u>pa}.
So, by monotonicity S(IM’, u) > S(N, u)
e By initialization and monotonicity S(IM,c) > S(I7, ¢).
e So, S(M,c) > S(M, u).
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Manipulable rules by Greedy

Proof (cont).

@ By responsiveness, S(I', c) > S(I, u)

e By selection of u, {a|u >} a} C{a|u>pa}.
So, by monotonicity S(IM’, u) > S(N, u)

e By initialization and monotonicity S(IM,c) > S(I7, ¢).

e So, S(M,c) > S(M, u).

e But G-Man did not assign u, so S(I1, c) < S(IN, u) since u cannot go
in the assignes slot and we get the contradiction.
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Manipulable rules by Greedy

Corollary

For any voting rule F satisfying the BTT conditions, and for which the
scoring rule can be computed in polynomial time G-Man solves the
F-MANIPULATION problem in polynomial time.

Proof

The iterative step can be checked by

@ Placing a candidate b at the next position and completing arbitrarily
the rest of the order to profile I

o Compute S(MM, c) and S(I1, b).

e 5(M,c) > S(MN, b) iff b can placed in the next position in the order
without preventing
By monotonicity, the score cannot change by modifying the remaining
alternatives.

With this implementation, a step of the greedy algorithm requires O(n)
score computations.

———— -
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Plurality

@ Each voter awards one point to her top alternative

o Alternative with the most point wins
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Plurality

@ Each voter awards one point to her top alternative

@ Alternative with the most point wins
@ Let p. be the plurality vote, for alternative ¢, among all voters except

the manipulator.
o S(P,c)=pc+1lif|{a]c P a}|=m—1, else pc.
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Basic manipulation Plurality

Plurality
@ Each voter awards one point to her top alternative
@ Alternative with the most point wins
@ Let p. be the plurality vote, for alternative ¢, among all voters except
the manipulator.
o S(P,c)=pc+1lif|{a]c P a}|=m—1, else pc.
e S(P,a) coincides with the plurality vote under the joint profile, so we

get responsiveness.
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Plurality

Each voter awards one point to her top alternative

o Alternative with the most point wins

@ Let p. be the plurality vote, for alternative ¢, among all voters except
the manipulator.

o S(P,c)=pc+1lif|{a]c P a}|=m—1, else pc.
e S(P,a) coincides with the plurality vote under the joint profile, so we
get responsiveness.

o If {b|a P b} C{b]|aP b}, plurality vote cannot decrease. So we
get monotonicity.
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Plurality

Each voter awards one point to her top alternative

o Alternative with the most point wins

@ Let p. be the plurality vote, for alternative ¢, among all voters except
the manipulator.

o S(P,c)=pc+1lif|{a]c P a}|=m—1, else pc.
e S(P,a) coincides with the plurality vote under the joint profile, so we
get responsiveness.

o If {b|a P b} C{b]|aP b}, plurality vote cannot decrease. So we
get monotonicity.

@ Both, plurality vote and score can be computed in polynomial time.
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Plurality

Each voter awards one point to her top alternative

o Alternative with the most point wins

@ Let p. be the plurality vote, for alternative ¢, among all voters except
the manipulator.

o S(P,c)=pc+1lif|{a]c P a}|=m—1, else pc.
e S(P,a) coincides with the plurality vote under the joint profile, so we
get responsiveness.

o If {b|a P b} C{b]|aP b}, plurality vote cannot decrease. So we
get monotonicity.

@ Both, plurality vote and score can be computed in polynomial time.

@ Plurality is polynomial time manipulable.
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Borda Count
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Borda
Borda Count

@ Each voter awards m — k points to its rank k candidate.

@ The candidate with the most points (positional score) wins.
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Borda
Borda Count

@ Each voter awards m — k points to its rank k candidate.

@ The candidate with the most points (positional score) wins.

@ Let p. be the positional score for candidate ¢ among all voters except
the manipulator.

e S(P,c)=pc+1{a]c P a}|
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Borda
Borda Count

Each voter awards m — k points to its rank k candidate.

(]

@ The candidate with the most points (positional score) wins.

@ Let p. be the positional score for candidate ¢ among all voters except
the manipulator.

o S(P,c)=pe+{alcPa}l.

e S(P, a) coincides with the positional score in the joint profile, so we

get responsiveness.
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Borda
Borda Count

@ Each voter awards m — k points to its rank k candidate.

@ The candidate with the most points (positional score) wins.

@ Let p. be the positional score for candidate ¢ among all voters except
the manipulator.

e S(P,c)=pc+1{a]c P a}|
e S(P, a) coincides with the positional score in the joint profile, so we
get responsiveness.

o If{b|aP b} C{b|aP b} the positional score cannot decrease.
So we get monotonicity.
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Borda
Borda Count
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o

Each voter awards m — k points to its rank k candidate.

The candidate with the most points (positional score) wins.

Let p. be the positional score for candidate ¢ among all voters except
the manipulator.

5(P,c)=pc+{a|c P a}|
S(P, a) coincides with the positional score in the joint profile, so we
get responsiveness.

If {b|a P b} C{b|aP b} the positional score cannot decrease.
So we get monotonicity.

Both, plurality vote and the score can be computed in polynomial
time.

Plurality is polynomial time manipulable.
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@ x beats y in a pairwise election if a strict majority of voters prefer x
to y.
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Copelert
Copeland

x beats y in a pairwise election if a strict majority of voters prefer x
to y.
Copeland

o Score(x) = #alternatives x beats in pairwise elections
o elect x* with the maximum score

S(P, c) = Score(c) in the joint profile
S(P, a) coincides with the Score in the joint profile, so we get
responsiveness.

If {b|a P b} C{b|aP b}, the score cannot decrease. So we get
monotonicity.

Both, Copeland vote and the score can be computed in polynomial
time.

Copeland is polynomial time manipulable.
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Basic manipulation Maximin

Maximin
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Maximin

o Maximin
o Score(x) = minyny,.,
o elect x* with the maximum score

@ Working in a similar way, Maximin is polynomial time manipulable.
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@ Single Transferable Vote (STV): Plurality with multiple rounds
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Single Transferable Vote (STV): Plurality with multiple rounds

@ m— 1 rounds.

In each round, the alternative with the least plurality votes is
eliminated.

(]

The selected alternative is the standing one.
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@ Single Transferable Vote (STV): Plurality with multiple rounds
e m — 1 rounds.

@ In each round, the alternative with the least plurality votes is
eliminated.

@ The selected alternative is the standing one.

@ STV-Manipulation is NP-hard (Bartholdi Il and Orlin, Social Choice
and Welfare, 1991)
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STV-Manipulation is NP-hard (Bartholdi Il and Orlin, Social Choice and
Welfare, 1991)

@ The NP-hardness follows by a reduction from the 3-cover problems
which is NP-complete problem (3-Cover).

@ The basic idea is to build a large election instance introducing all
sorts of constraints on the ballot of the manipulator, such that finding
a ballot meeting those constraints solves a given instance of 3-Cover.
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