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Abstract

Historically, the field of evolutionary dynamics has been a relevant
tool in modeling the evolution of processes in areas as biology, sociology
and others. In this work we first present a survey of the field from the
XVIII century to mid XX century, until the genetic models of Wright-
Fisher and Moran. In the second part we survey recent mathematical
and algorithmic results on the adaptation of the Moran process due to
Lieberman, Hauert and Nowak [41]. We survey the results related to
the absorption probability and the absorption time.

1 Introduction

Evolutionary dynamics is a wide field dealing with the mathematical founda-
tions that model the evolution of social, demographic and biological systems,
see for example [58]. In the present work, we survey a particular model, the
modified Moran model, or as we denote it from now on, the LHN-model. The
main reason to study that model is due to the fact that Maŕıa José Serna has
contributed to that specific area (see [14, 15, 16]). To frame historically the
model, we begin by presenting a brief sketch of the historical development
of population dynamic models. Next, we survey the basic definitions and
main results for the LHN model. For completeness, in Section 2, we give a
minimalist bibliographical footnote of mentioned researchers. For the reader
interested in learning more about the historical development of population
dynamics, there are several nice books, see for example [3]. Regarding the
technical survey on the LHN model, there is a previous nice survey on evo-
lutionary graph theory [62], which makes emphasis on the applications to
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game theory. We tried to minimize the intersection between both surveys,
although it is impossible not to have an intersection. Also, in the section
of related work in some of the recent papers on the topic, there are nice
surveys of more recent results. In particular, Giakkoupis [24] and Goldberg
et al [25] give updated information on the recent progress on absorption of
the Lieberman et al. model.

2 A historical perspective of the mathematical mod-
els in evolutionary biology

During the XVIII century there were two important contributions to the
study of population dynamics. The first contribution is the book by T.R.
Malthus1 [44], where he modeled the social effects of the population growth,
by showing the inexorability of poverty, as populations increase faster than
food. The second contribution is a deterministic mathematical model for
the growth of a population, proposed by Euler2 [19]. The model is a deter-
ministic one that uses ordinary differential equations. As we will see, both
works would have a non-negligible influence in the posterior development of
the field of population dynamics.
The XIX century was a period of important advances in population dynamics
and in particular genetics. Lamarck3 in his book Philosophie Zoologique [40],
developed a particular theory of inheritance of evolutionary trends for hu-
mans and animals. He put forward his belief that the ”environment” could
produce evolutionary changes in genetic inheritance. Later Verhulst4 in-
troduced his logistic equation to represent the evolution in the number of
individuals in a population: Initially the growth of individuals follows ap-
proximately a geometric progression, then as the population starts to be
saturated, the growth follows an arithmetic progression, until the growth
stops [65]. The deterministic mathematical models for the evolution of pop-
ulations produced good approximations for large populations, but for the
dynamics of small population models it turned out to be necessary to resort
to use discrete and random models.
Bienayme in 1845 [5], and in 1987 Galton and Watson [23, 22]5 developed a

1Thomas Robert Malthus (1766-1834), English scholar
2Leonhard Euler (1707-1783), Swiss mathematician
3Jean-Baptiste Lamarck (1744-1829), French naturalist
4Pierre-Françoise Verhulst (1804-1849), Belgian mathematician
5Irene-Jules Bienayme (1796-1878), French statistician; Francis Galton (1822-1911),

English polymath and statistician; Henry W. Watson (1927-1903), English mathematician

2



useful probabilistic technique, that became a lasting powerful technique in
probability theory, the branching process (a.k.a. BGW-branching process).
The aim was to take into consideration the fact that individuals produce
a random number of offsprings, and that a population can become extinct.
For a more detailed account about the genesis of the BGW-process, see
Chapter 9 in [3].
One of the best known figures in the development of evolutionary dynamics
is Darwin6. His main contribution is the proposal that all species of life
have descended over time from common ancestors [13]. Darwin’s theory of
evolution has become one of the important cornerstones of modern science.
Darwin arrived to his theory of evolution in the 1830’s after reading Malthus’
book, but he was hesitant to publish it because of the possible crash with the
religious authorities and public in general in the Victorian England. In the
late 1840’s, another English naturalist A. Russell7[60], independently came
up with the same idea of evolution by natural selection, communicated his
writings to Darwin, and apparently convinced him to publish the manuscript
On the Origin of Species, which appeared in 1850 [59].
At approximately the same time, in the present Czech town of Brno, Mendel8

published the conclusions of his genetic experiments with peas, establishing
one of the fundamental laws in genetics: Genes come in pairs and are inher-
ited as distinct units, one from each parent [48] (see [56] for a survey of the
mathematical contents of Mendel’s work). Due to several different causes,
mainly that at the time, communications with Brno were rather slow, and
Mendel work did not get the deserved recognition, see for example Ch.8
in [3]. Today, his work is recognized as one of the important contributions
to the development of genetics.
From the mid XIX century, there was an exponential growth in the research
effort on evolutionary dynamics, at the beginning mostly in population bi-
ology, but in the beginning of the XX century the effort extended to other
fields dealing with evolutionary processes. We only mention the most rele-
vant work to the Moran process.
A result that had important repercussions for future mathematical models
of population genetics, was the Hardy-Weinberg principle9, which states that
in the absence of certain external disturbing factors, the genetic variation in
a population will remain constant from one generation to the next [30, 67].

6Charles Robert Darwin (1809-1882), English naturalist and biologist
7Alfred Russel Wallace (1823-1913) English naturalist
8Gregor Johann Mendel (1822-1884), Czech abbot and scientist
9Godfrey Harold Hardy (1877-1947), English mathematician; Wilheim Weinberg (1862-

1937), German obstetrician
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The Hardy-Weinberg principle describes how starting from an initial equilib-
rium state, genetic variations can be measured as changes from that state.
However, as in reality, the disruptive factors in the model do not occur
in nature, the Hardy-Weinberg equilibrium rarely applies in reality. But
the principle was a seed for more realistic models. Another important re-
sult, inspired by the work of Verhulst, were the Lotka-Volterra10 partial
differential equations for studying the survival in a framework of compet-
ing species [43, 66]. Their system of equations analyzes the parameters of
a predator-prey situation for getting a coexistence equilibrium, where the
prey species survive. The PDE system models the principle that organisms
that survive and prosper are those that have a greater capacity to capture
and use energy than their competitors. Today, the Lotka-Volterra equations
are one of the important deterministic math tools used in many different
areas of evolutionary dynamics, for example ecology or oncology (see for ex
Ch. 4 in [58]).
In 1927, Kermack and McKendrick11 produced a notable series of papers
on a general theory for transmission of infectious diseases, using determin-
istic ordinary differential equations [37, 38, 39]. They introduced the SIR
epidemiology model; Susceptible-Infected-Retired, where retired means that
the healed agent does not participate more12 in the computation of the evo-
lution of people infected with a contagious illness in a closed population.
Today there are many epidemiology models, which divide the infections on
classes according to the characteristics of the infection. The most famous
of the classes is the SIS model; Susceptible-Infected-Susceptible (to be re-
infected). Most of those models use differential equations as the modeling
tool, see for example [33].
The work of Kermack and McKendrick also gave rise to a fruitful area
of modeling the epidemiological models on a graph, where vertices repre-
sent agents and edges represent a proximity relationship. Those models are
known by the generic name of the contact process, see [18] or [57]. The
contact process is a Markovian process13 used to model the spread of infec-
tion on a usually infinite graph G = (V,E), where each v ∈ V can be in

10Alfred J. Lotka (1980-1949), US mathematician; Vito Volterra (1860-1940), Italian
mathematician and physicist

11Anderson G. McKendrick (1876-1943), Scottish physician; William Ogilvy Kermak
(1898-1970), Scottish biochemist

12because it becomes immune or because it dies
13Recall that an stochastic process {X(t)}t is said to be Markovian if the process does

not remember the history of past events, i.e. the value of at step X(t + 1) only depends
on X(t).
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two states, 0 (infected) or 1 (healthy). An infected v ∈ V heals (changes
from 0 to 1) with a rate of 1, independently of their neighbors. Site v gets
infected (changes from 1 to 0) at a rate proportional to the number of in-
fected neighbors, where the constant of proportionality is λ. Depending on
the value of λ the system could behave in two different ways; the infec-
tion could survive forever, or the infection could die out. For instance if
λ = 0, the infection will die rather quickly, even when initially starting from
a large but finite number of infected vertices. One of the main questions
in the contact process is to find the critical constant λc, which separates
the two regimes. Notice that the fact that an agent can self-heal, makes
the contact process a SIS model. The seminal work on continuous contact
process was due to Harris14 [32], where he studied the contact process on in-
finite k-dimensional grids. Since then, there have been hundreds of research
papers on the contact process and its different variants, with most of the
work done in the mathematical, physics and computer science communities
(see for example [42, 18, 27]). Notice that there there is a similarity between
the contact process and percolation15.
A significant event in early XX century was the probabilistic model for
genetic drift of finite population due to Wright and Fisher16 [68, 20]. It
describes the sampling of alleles in a population with no selection, no muta-
tion, no migration, non-overlapping generation times and random mating.
In spite of its unrealistic assumptions, the Wright-Fisher model has been
used as a tool for modeling the effect of more complex evolutionary forces.
In the same way that most geneticists recognize Mendel as the father of
modern genetics, they also would agree that the Wright-Fisher model can
be considered the main significant pioneer work of the field of population
genetics.
Genetic drift is a change that occurs in alleles17 from generation to gener-
ation in a population due to random sampling of organisms. For instance,
if there is a population of 5,000 people, then are 10,000 copies of each gene.
Assume a gene has 3,000 copies of one particular allele (type), in the next
generation, there will not necessarily be exactly 3,000 copies again. Instead
there may be 3,050 or 2,960 copies instead [46]. Mathematically, the Wright-
Fisher model is a discrete-time Markov chain that describes the evolution

14Theodore Edward Harris (1919 - 2005), US mathematician
15For a gentle introduction to percolation see [36], for a more technical treatment see [28]
16Sewall Green Wright (1889-1988), US geneticist, Ronald A. Fisher (1890 - 1962),

English statistician and geneticist
17The human specie only have two types of alleles, each human inherits one allele from

the father and one from the mother
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of the count of one of these alleles over time, where at each generation the
population does not not change, i.e. say, it is always 2N18. Let A and B
be two alleles appearing in genes in a given population with N individu-
als at generation t. Let Xt be the count of the A allele in the population
at generation t. The state space of the Markov chain is the set of possi-
ble counts of A, i.e. Xt ∈ {0, . . . , 2N}. To go from population t to t + 1,
we sample with replacement a collection of alleles from the population at t
to form a new population at generation t + 1. This process is a binomial
sampling of alleles for each generation, where the probability of going from
Xt = i to Xt+1 = j can be computed from binomial probability mass func-
tion with size 2N , and with probability p = i

2N of success in choosing A, i.e.
Pr [Xt+1 = j |Xt = i] ∼ Bin(2N, i

2N ). Therefore, the transition probability
Pi,j in the Markov chain is given by:

Pi,j =

(
2N

j

)(
i

2N

)j (
1− i

2N

)2N−j
.

It is easy to prove that for any t > 0, E (Xt) = X0, so the expected value of
the Wright-Fisher process at any time t is X0, i.e., the number of A alleles
at the starting generation.
From the biology point of view, another important feature of the Wright-
Fisher Markov chain is that the two absorbing states are the cases Xt = 0
(all the alleles are B in generation t) or Xt = 2N (all the alleles are A in
generation t). Notice the main characteristics of the Wright-Fisher model
are:

• The model evolves in discrete generations (the generations do not over-
lap).

• Some genes in the generation have no offsprings, others could have up
to N offsprings.

• The model can be generalized to K > 2 alleles.

Taking inspiration in Wright [69] to do further analysis extension from the
Wright-Fisher model, Patrick Moran19 defined a new model for genetic drift,
which today is known as the Moran Process [54, 55]. At the beginning of his
article, Moran explain his motivation for creating a ”different” model than
Wright: ”In the present paper we obtain a more manageable theory (than the

18For the definitions of Markov Chain, see for example chapters 7 and 11 in [51]
19Patrick Alfred Pierce Moran (1917-1988), Australian statistician
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one in [69]) by making a slight modification of the model. Instead of assuming
that all the individuals die at the same time we assume that at each instant
at which the state of the model may change, one of the individuals, chosen
at random, dies and is replaced by a new individual . . ..
Moran’s model considers a population of size N , which is well-mixed (no
structure between the population), which evolves in the following way: A
pair of genes are sampled with replacement from the population, then with
an exponential rate of

(
N
2

)
, one dies and the other splits into two new ones.

In particular, the above reproductive system means that in the labeled pop-
ulation, each pair of labels has an alarm clock which goes off at intervals that
are independently exponentially distributed with parameter 1, and when a
clock goes off one gene dies and the other reproduces (with equal probabili-
ties). Notice that there are three main differences of the Moran model with
respect to the Wright-Fisher model:

• In the Moran model, generations overlap.

• The time between off-springs generation in the Moran model is con-
tinuous.

• In the Moran model an individual always has zero or two offspring,
which again is a difference with the Wright-Fisher model.

Notice the Markov chain for the Moran process is a continuous Markov
chain. Moreover, recall that in continuous Markov chains, we could use the
embedded Markov chain, which is a discrete stochastic process obtained from
a Markov chain when sampled at instants where something happens, see for
example Section 8.5 in [51].
For the Moran process, the embedded Markov chain has state space {0, . . . , N},
and transition probabilities for going from Xt = i to Xt+1 = j are

pi,j =


i(N−i)
N2 if j = i± 1,
i2

N2 + (N−i)2
N2 if j = 1,

0 otherwise.

As in the case of the Wright-Fisher model, 0 and N are the absorbing states
in the Moran embedded Markov chain.
Finally, let us remark that the exact calculations for the Wright-Fisher model
are intractable, even in the case of infinite population limits, while for the
Moran model, it is more tractable to get exact results (it does not mean it
is easy).
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3 The LHN model: Definitions and intuitions

In this section, we present an adaptation of the Moran process by Lieberman,
Hauert, and Nowak [41], see also Chapter 6 and 8 in [58]. As Lieberman et
al. write in the introduction of their paper: We want to provide a general
account of how population structure affects evolutionary dynamics. We study
the simplest possible question: what is the probability that a newly introduced
mutant generates a lineage that takes over the whole population? .
From now on, we denote the modified model as the LHN model. In the LHN
model, individuals are represented as the vertices of a finite graph and, at
each step of the discrete-time process, an individual is selected at random
to reproduce. Then, the chosen vertex selects uniformly at random one of
its neighbors and replaces that neighbor with a copy of itself (its offspring).
The probability that any given individual is chosen to reproduce is pro-
portional to its fitness. In biology, fitness denotes the reproductive success
of an ”individual”. There are two types of vertices, ”mutants” and ”non-
mutants”20. Mutants have fitness r > 0 and non-mutants have fitness 1.
The process iterates by choosing randomly a vertex. If it is a mutant with a
certain probability he will replace a non-mutant neighbor by a new mutant,
and if the vertex is a non-mutant, with a certain probability it can replace
a mutant neighbor by a non-mutant. Note that the neighborhood require-
ment makes the population structured. See Fig. 1 for the details of the LHN
algorithm. The input graph to the LHN process can be a digraph or it can
be an undirected graph, depending on the constraints of the modeling.
Previously, there had been other graph dynamics models. For instance,
Bramson and Griffeath had a process to model the spread of cancerous cells
placed on the nodes of a bidimensional finite grid Z2 [7].
The main component of the LHN model with respect to the original Moran
model is the reproductive idea, but even this idea is different between both
models. In the Moran model we sample any two nodes according to an expo-
nential distribution, while in the LHN first we sample a vertex v according
to its ”fitness” and afterwards we sample a second from the v neighbors. In
Section 4 it will be shown that a discrete version of the Moran’s drift process
can be modeled as a particular case of the LHN process on a complete graph
with size N , with fitness r = 1 and probability 1/(N − 1). When r = 1, the
process is said to be neutral.
Explaining more in detail the LHN model, given as input a graphG = (V,E),
with |V | = N , at step 0 all vertices are non-mutant (i.e. with fitness 1).

20It could have been black and white, or healthy and sick, depending on the application
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Then u.a.r.21 one vertex is selected and changed to a mutant, with new
fitness r > 0. The evolution of the LHN process defines a simple random
walk on a discrete, transient Markov chain, on states {0, 1, . . . , N − 1, N},
where each state indicates the number of mutants in the graph. The Markov
chain has two absorbing states; the fixation state N , when all the nodes are
mutants, and the extinction state 0, where all the mutants disappear. Fig. 2
shows the Markov chain for a process on a graph of size N = 4. Notice that
state 1 corresponds to having only one mutant, and therefore the random
walk starts in that state. Also, in Fig. 2 we introduce the notations for the
transition probabilities; if we are in state i, pi denotes the probability of
going ”forward” to state i+ 1, si is the probability of remaining in state i,
and qi is the probability of going ”backwards” to state i− 1.

LHN G(V,E), r > 0
At t = 0 sample uniformly at random a v ∈ V which becomes a mutant.
for all t ≥ 1 do

Assume at step t we have k mutants and N − k non-mutants
Define the total fitness at time t by Wt = kr + (n− k)
Choose v ∈ V with probability r

Wt
if u is mutant,

and 1
Wt

if v is non-mutant.
Let N (v) be the set of neighbors of v.
Choose uar a u ∈ N (v), and replace u with a copy of v.

end for

Figure 1: Basic randomized algorithm for the LHN model.
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Figure 2: To the left, the graph G, with vertices {a, b, c, d}, to the right the
Markov chain of the LHN process on G for any fitness r > 0.

Given a graph G with a mutant fitness of r > 0, define the fixation probability

21uniformly at random, taken from a uniform distribution
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fG,r as the probability that a single mutant will take over the whole graph
G. In a similar way define the extinction probability gG,r = 1 − fG,r, as
the probability that the process will stop in the extinction absorbing state.
From the computational point of view, there are several interesting problems
associated with the fixation probability: Given a graph with a particular
topology and a specific value for r, compute the value of fG,r. How long
does it take to arrive to an absorbing state? If computing fG,r is difficult,
could we give a good approximation to it?
Another stochastic process that has some resemblance with the LHN is the
SIS model for the contact process: Each vertex in the graph represents an
individual, one gets randomly infected and the infection transmits through
the directed or undirected edges, as in the LHN model. However, there is
a substantial difference between the LHN process and the contact process,
in particular between the LHN and the voter system, which is a finite and
discrete version of the contact process (see for example Part II in [42], or
Sect. 6.9 in [17] for more information on the voter system model). The main
difference is that in the contact process, there is no fitness, i.e. fitness is 1,
and therefore the probabilities of transmitting and healing from infection are
totally different in the contact process and in the LHN process, which makes
that the techniques needed to deal with both models are quite different. For
a more detailed explanation of the specific differences between voter systems
and LHN, see Sect. 1.4 in [21].

4 Computing the fixation probability

Given G and r, a necessary condition to have non-trivial values of fG,r is

that if G is undirected then G must be connected, and if ~G is a digraph
it should be strongly connected. For instance, consider a directed digraph
with at least one vertex with in-degree 0, for example the directed line or the
directed star, as in Figure 4. The only way that those graphs can arrive to
fixation is that the first mutant is the vertex with in-degree 0, so fG,r = 1/N ,
and the absorption probability is gG,r = 1/N . If we have more than two
vertices with in-degree 0, fG,r = 0.
For general graphs and digraphs, working with the chain where the states are
the total number of mutant vertices could be difficult, as given a particular
topology, the transition probabilities pi, si and qi depend on the specific
positions of the mutant vertices. This is easy to see: Consider the N star
graph, i.e. a tree on N vertices, where one vertex has degree N − 1 and
the remaining vertices have degree 1. To compute p1, i.e. the probability of
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Figure 3: The directed line and the centre-out directed star

going from one vertex mutant to two mutants is very different depending if
the mutant is the vertex with degree N or if the mutant is one of the vertices
with degree 1.
To simplify the computation of the fixation probability we use the Markov
chain of configurations, which is the same chain as before, but considering as
states all the possible configurations throughout the process. A configuration
C is a specific C ⊆ V (G), where all vertices in C are the mutants, at
that step in process. The number of configurations of size i is

(
N
i

)
, and

the total number of states in the Markov chain of configurations is 2N .
Given a configuration C of size i, let pC(i) denote the probability of going
to a configuration C ′ of size i + 1, let qC(i) the probability of going to
a configuration C ′′ of size i − 1, and let sC the probability of remaining
in the same configuration. In Figure 4 we present the configuration chain
to the example in Figure 3. In the Markov chain of configurations, the
fixation probability can be determined by standard techniques, but we have
to solve a set of 2N linear equations, which even for not too large N is not
computationally feasible.
To survey known results for the computation of fG,r let us first state some
useful result about the monotonicity of the fixation probability function. For
any configuration C of mutant vertices, let fG,r(C) denote the fixation prob-
ability from a configuration C of mutants, i.e. fG,r(C) =

∑
v∈C fG,r({v}).

Shakarian et al. [63] proved that for a given graph, and any configuration
C, the fixation probability under neutral drift is a lower bound for the fix-
ation probability when r > 1, i.e. fG,1(C) ≤ fG,r(C), for r > 1. Serna
et al. [15] answered a conjecture stated in [62], showing that for any di-
graph ~G, if 0 < r ≤ r′ and for configurations C ⊆ C ′ ⊆ V , we have that
fG,r(C) ≤ fG,r′(C

′). In the same paper, a stronger condition on the mono-
tonicity of the fixation probability for digraphs is proved as well, namely
that if 0 < r ≤ r′, then for any ~G we have that fG,r ≤ fG,r′ .
Regarding the computation of fG,r, an intuitive idea is that if r > 1 then
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Figure 4: The configuration Markov chain.

the process is going to favor absorption, while if 0 < r < 1, the process is
going to favor extinction.
Let us consider an easy example to compute fG,r. We compute the fixa-
tion probability for the LHN algorithm, which models the original Moran
process [54]. In this example, the input graph is the complete graph on N
vertices G = KN , with neutral drift (r = 1). Due to the highly symmetri-
cal topology of the graph, we will argue on the Markov chain with N + 1
states, each one counting the number of mutants. We start in state 1: to go
to state 0 we have to choose a non-mutant with probability N−1

N and then
choose the infected neighbor with probability 1

N−1 , therefore q1 = 1
N . To

go from state 1 to state 2, we have to choose the mutant with probability
1
N and then the probability of choosing a neighbor which is non mutant is
N−1
N , therefore p1 = 1

N = q1. Notice the probability s1 of having self-loops is
1− 2p1. The same argument shows that if we are in state i (i mutants), we
can choose a non-mutant with probability N−i

N and choose a mutant neigh-

bor with probability i
N−1 , so qi = (N−i)i

N(N−1) = pi. Moreover, the probability
si of staying at the same state is 1− 2pi.
To compute the fixation probability fKN ,1(i) from state i, we can normalize
by making si = 0 for all self-loops except the ones for N and for 0. As
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si + 2pi = 1, then we have pi = 1/2 = qi, and we get

fKN ,1(i) =


1
2fKN ,1(i− 1) + 1

2fKN ,1(i+ 1) if 0 < i < N ,

0 if i = 0,

1 if i = N .

An easy induction yields that fKN ,1(i) = i
N and fKN ,1(1) = 1

N = fKN ,1.

As said, for general graphs (digraphs) with any value of r > 0, if the graph
is connected (strongly connected) depending on the value of r, there could
be a large number of iterations until having convergence towards one of the
two absorbing states. From a given configuration C with |C| = i we could
go to any of the

(
N
i−1

)
configurations with i − 1 mutants, or to any one of

the
(
N
i+1

)
configurations with i+ 1 mutants.

Let ~G = (V, ~E) be an input digraph for the LHN process, and let ∀v ∈ V ,
δ+(v) be its outgoing degree, i.e. the number of edges going out of vertex
v. Define the stochastic matrix W = [wvu], associated to ~G, where

wvu =

{
1/δ+(v) if

−−−→
(v, u) ∈ ~E,

0 if
−−−→
(v, u) 6∈ ~E.

Therefore, regarding a specific mutant v ∈ C, we can go to a new configu-
ration with i + 1 mutants by choosing a non-mutant vertex u ∈ N (v) with
probability r · wvu, and we can go to a configuration with i− 1 mutants by
choosing u 6∈ C such that v ∈ N (u) with probability wuv. The equation of
the transitions’ configuration for a given C is given by

fG,r(C) =

∑
v∈C

∑
u6∈C(r · wvu) · fG,r(C ∪ {u})∑

v∈C
∑

u6∈C(r · wvu) +
∑

u6∈C
∑

v∈C wuv

+

∑
u6∈C

∑
v∈C wuvfG,r(C\{v})∑

v∈C
∑

u6∈C(r · wvu) +
∑

u6∈C
∑

v∈C wuv
,

with fG,r(0) = 0, and fG,r(N) = 1, see for example [61]. Therefore, in
general to compute f ~G,r we may have to solve 2N transition equations.

Lieberman et al. [41], computed the fixation probability for a class of graphs
with a specific property, which basically is the class of regular digraphs. The
authors deal with undirected graphs by considering each edge as doubly
directed.
To see their specific definition, define the temperature of a vertex i ∈ V as
Tv =

∑
u∈V wuv. We say that ~G is isothermal if ∀u, v ∈ V , Tu = Tv. Notice
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that a graph is isothermal if its matrix W is bi-stochastic, all rows and
columns add to 1. The intuitive idea behind the temperature is that ”hot”
vertices, with high temperature T , tend to be replaced often, while ”cold”
vertices are seldomly replaced, see Fig. 5. Notice that the same definition
of W applies to undirected G, with wvu = 1/d(v), where d(v) is the degree
of v.

Figure 5: No-isothermal and isothermal graphs with their W matrices.

The main theorem in [41] is the following
Isothermal Theorem: [LHN]

1. For a strongly connected digraph ~G(V, ~E), with |V | = N , and such that
∀i, j ∈ V we have Tv = Tu (i.e. W is bi-stochastic), then for r 6= 1

f ~G,r =
1− 1/r

1− 1/rN
.

2. If G is undirected, connected and d-regularthen for r 6= 1

fG,r =
1− 1/r

1− 1/rN
.

The authors denoted this specific fixation probability by ρ = 1−1/r
1−1/rN

, and

call it the Moran fixation probability. Since then, it has been used as a
benchmark for other fixation probabilities to compare with.

A particular case of the LHN-Theorem was earlier obtained by Maruyama [45],
who gave a proof that the fixation probability of a mutant is independent
of the geographical structure of a population, in a model that was a ge-
ographically structured version of Moran’s overlapping generation model.

The proof of the LHN-theorem that is given in [41] is a bit complicated.
A more intuitive one is given in Section 6.3 of [58]. For the specific case
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where the graph is undirected, Broom and al. [10], gave an alternative state-
ment and proof of the LHN-theorem: A simple connected undirected graph
is isothermal if and only if it is regular.

After the publication of [41] there were several papers doing experimen-
tal and analytical work for the fixation probability: For instance, Masuda
and Ohtsuki [47] investigated the evolutionary dynamics in directed and/or
weighted networks; Broom et al. [8, 10] studied the LHN process for the case
of small graphs and graph classes where a high degree of symmetry reduces
the size of the set of equations, as paths, cycles, stars and complete graphs;
Rychtář et all. [61] produced experimental results on fixation probabilities
for grid-like random graphs.
There also has been research in different aspects of the LHN process. For
instance, Adlema et al. [1] studied the amplification with respect to an
adversarial placement of the initial mutant. Mertzios et al. [50] also consider
the extent to which the number of favorable initial mutants for fixation can
be bounded.

A direct consequence of the LHN-theorem is the following statement for
different values of r > 0:
Given a connected N -vertex regular digraph ~GN with fitness r > 0,

f ~GN ,r
=


f ~GN ,r

= 1−(1/r)
1−(1/rN )

> 1− 1
r = Θ(1) if r > 1,

f ~GN ,1
= 1

N → 0 as N →∞ if r = 1,

f ~GN ,r
= 1−(1/r)

1−(1/rN )
→ 0 as N →∞ if r < 1.

Goldberg et al. [25] established a phase transition on fG,r, depending on the
fitness parameter r:
Theorem For all sufficiently large connected undirected graphs G with N
vertices and for all r > 0 and real constant c > 0, the fixation probability
has a phase transition behavior:

fG,r


< 1/N c if r < 1,

= 1/N if r = 1,

> (logN)c

N if r > 1.

In the same work the authors prove that for directed graphs there is no such
phase transition.
Theorem There exist a large family G of strongly connected graphs, such
that, if ~G ∈ G is a graph in the family, with sufficiently large number of
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vertices N , for every r > 0 there exists a function ψ(r) : R>0 → R>0 such
that

1

ψ(r)N
≤ f ~G,r ≤

ψ(r)

N
. (1)

To define G, in the previous theorem, let k, a ≥ 1 be integers,
let w1, . . . , wka, v1, · · · , vk be distinct vertices, for 0 ≤ i ≤ k, let Ii =
{w(i−1)a+1, . . . , wia}. Form Gk,a by taking the directed cycle
w1, . . . , wka, vk, · · · , v1, w1 and adding the edge set ∪0<i≤k(Ii × {v}), see
Fig. 4. Finally, for all 0 < i ≤ k, set W= ∪kl=j Il, Vj = vj , . . . , vk and
Xj = Wj ∪ Vj , with Wk+1 = Vk+1 = Xk+1 = ∅. In order to obtain the
theorem, for every r > 1 choose k = d7 + log(5r2)e and a = d4re, and then
set G = Gk,a.

Using the result that f ~G,r ≥ 1/N for all N -vertex digraphs [15] together

with the bounds given in (1), it is direct to get that for any digraph ~G, we
must have that f ~G,r = Θ(1/N).

Figure 6: A graph in G as constructed in [25]

Using ρ as a mark of fixation probability, Lieberman et al. [41] classified the
graphs according to their fixation probability, into three major subclasses:
Those with fG,r = ρ, those with fG,r > ρ, which they call amplifiers, and
those with fG,r < ρ, which they call suppressors.

4.1 Amplifiers

Given a digraph ~G (or undirected graph) and r > 1, G is said to be an
amplifier if fG,r > ρ.
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Notice that because of monotonicity, we know that for 0 < r < 1, we have
fG,r ≤ fG,1 [14]. For this reason, in the definition of amplifiers, it suffices to
have the case r > 1.

Lieberman et al. [41] proved that the undirected star has fixation probability

fG,r =
1− 1

r2

1− 1

r2N

,which as N grows tends to (1 − 1
r2

), so it is an amplifier. In

the same paper, the authors introduced the directed superstar (see Fig. 7),
and empirically estimated the fixation probability as f ~G,r = 1− 1

r−(k+2) > ρ,

where k is a parameter of the input graph. Serna et al. [16] showed that
the claim was not correct for k = 3, getting that for any r ≥ 1.42, f ~G,r ≤
1 − r+1

2r5+r+1
, which is less than the claimed 1 − r5 (for k = 3). Jamieson-

Lane et al. [35] gave a useful heuristic argument together with a revised
bound. Section 9 in [26] explains why it is difficult to convert that heuristic
argument into a rigorous proof.

A family of graphs G is said to be strong amplifying if for all G ∈ G, with
|V (G)| = N the fixation probability fG,r → 1 as N → ∞ when the LHN-
process is run on G. That is equivalent to saying the extinction probability
tends to 0, as N grows large. Notice that strong amplifiers guarantee that
a mutant will almost surely reach fixation, even if its fitness is small.

Figure 7: Amplifiers: The undirected star and the directed superstar.

Galanis et al. [21] gave a rigorous analytical answer to an open problem posed
in [41], whether there exists an infinite family of digraphs such that the LHN-
algorithm has a fixation probability of 1−o(1), as a function of input size N .
In [21] Galanis et al. defined a new family of digraphs called megastars, see
Fig. 8. Megastars are a generalization of the superstars introduced in [41].
Their main result of the paper states that:
Theorem There exists an infinite family of megastars MN , such that any
graph G ∈ MN has fixation probability 1 − O(N−1/2 log23N), for constant

17



r > 1. Therefore the graphs in the family are strong amplifiers.
The paper also provides formal proofs and counter-examples to some other
heuristic assertions in [41]. Technically the paper is difficult to grasp, but
the techniques introduced for the analysis of the fixation probability should
be mandatory for people wishing to work in the field.

Figure 8: The megastar graphs introduced in [21]

Goldberg et al. [26] showed that the family of megastarsMN defined in [21]
are optimal, in the sense that the extinction limit grows as slowly as possible
up to logarithmic factors, since every strongly connected N -vertex digraph
~G has extinction probability g ~G,r = Ω(1/

√
N).

For a long time, it was an open problem to find undirected graphs that
were strong amplifiers. Giakkoupis [24] gave a simple family of undirected
graphs that are strong amplifiers, but they have worse fixation probability
than the directed megastars in [21]. Goldberg et al. [26] showed the existence
of a strong amplifying family of undirected graphs, with better fixation
probability:
Theorem There is an infinite family of undirected graphs, which they call
dense incubators, whose extinction probability is bounded by O(N1/3) (see
Fig 9).

The authors also show that up to constant factors, depending on N , the
dense incubator family is optimal, in the sense that the extinction limit
grows as slowly as possible.
Basically this completes quite well the picture of amplifiers and strong am-
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plifiers.

Figure 9: The family of dense incubators. Let β be a constant depending on
r, let b be a function such that b(k) ≤

√
k. As G[V2, V3] is a bi-regular graph

with Θ(kb(k)2) edges, each v ∈ V2 sends Θ(b(K)2) edges to each vertex in
V3 and each vertex in V3 sends Θ(b(K)2) edges to V2 (from [26]).

4.2 Suppressors

Given a digraph ~G (or undirected undirected) and r > 0, G is said to be a
suppressor if fG,r < ρ.
As we saw, the directed star and the directed line in Fig 3 are clear examples
of suppressors, but they are not strongly connected.
Mertzios et al. [49] introduced a family of undirected graphs {GN} the axinos
(a.k.a. urchin), which consists of a perfect matching between an undirected
cycle CN and the undirected clique KN , see Fig. 10. The authors proved
that for 1 < r < 4/3, fG,r ≤ 1

2(1− 1
r ) < ρ, as N grows large.

n-clique

Figure 10: A suppressor: The ”axinos” graph ( from [49]).
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As with the amplification, we say that a family of graphs is strong suppressor
if for N →∞, the extinction probability tends to 1, when the LHN-process
is run on any graph in this family. The property of strong suppressors
guarantees that a mutant will almost surely reach fixation, even if its fitness
is not small.
For a long time it was an open problem to find a family of undirected graphs
that were strong suppressors. As we mentioned before, using the fact that for
any strongly connected ~G, f ~G,r ≥ 1/n (see [15]) together with the previous

equation (1), even the stronger directed suppressors have fixation probability
Θ(1/N) (see [25]).

Regarding undirected graphs, Giakkoupis [24] constructed a family of simple
undirected graphs B parametrized by N , see Fig. 11:

Theorem For G ∈ B with N vertices, fG,r = O( r
2 logN
N1/4 ).

When r = Θ(1), then fG,r = O( logN√
N

) and if r = o(N1/8 log−1/2N) then

fG,r = o(1), i.e. it goes to 0 as N grows, so it is a strong suppressor.

Figure 11: A strong suppressor graph [24]

The proof introduced an interesting general lower bound on the fixation
probability of a given graph. Recall that given an undirected graph, if C is a
set of mutants, Lieberman et al. [41] introduced the concept of temperature
w(C) (harmonic volume, in the nomenclature of Giakkoupis). Explicitly,
Lemma 6 in [24] states: Let G be a connected undirected graph with N
vertices and minimum degree δ, and let C be a configuration of mutants. If
the initial set of mutants on G is C, then

fG,r(C) ≥ 1− rδw(C)

1− rδN . (2)
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This result implies a convenient stopping criterion that can be used to speed
up numerical approximations of the fixation probability via simulations.
Similar early termination experimental heuristic was used in [4] for empiri-
cally bounding the fixation probability in digraphs.
Goldberg et al. [25] proved a stronger result:
Theorem There is a family H of undirected graphs with N vertices, such
that for all r > 1, and G ∈ H, as N grows large, fG,r ≤ 10r2

N1/2 .
Note that this bound is closer to the known fixation probability of the phase
transition for undirected graphs than the bound in the previous theorem by
Giakkoupis. On the other hand, the family H is quite more complex than
the family B.
To define the family H (see Fig. 12) let H = {Ha,k} for values r > 1, a, k ≥
1 integers, let V0, . . . , V3 disjoint vertex sets with accompanying weights
σ0, . . . , σ3, where the weights σi are as given in Fig. 11. Let Ha,k be the
graph with vertex set V0∪ . . .∪V3 which is the union of a complete bipartite
graph between V0 and V1; a2k vertex-disjoint k-leaf stars between V1 and V2;
and a perfect matching between V2 and V3. In order to obtain the previous
theorem, one may take H = {Ha,k}, with a = d3.5r2e and k = d36re.

Figure 12: A strong suppressor graph G = Hk,a [25]

Therefore, basically most of the interesting open problems for suppressors
have been solved.
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5 Expected absorption time of the LHN process

Another quantity of interest in the analysis of the LHN process is the random
variable τ counting the number of steps until the process arrives to absorp-
tion time, that is, the time until one of two states of absorption, fixation or
extinction, is reached.
Given an undirected connected G, with |V (G)| = N , the LHN process on G
is a random walk {Ct}t≥0, where {Ct} is the configuration with the vertices
which are mutants at time step t, so that fG,r =

∑
v∈V fG,r({v}).

Define the absorption time as the value τ = min{t |Ct = ∅ ∨ Ct = V }.
Taylor et al. [64] studied absorption times for variants of the LHN process
but their results only apply to the process on regular graphs, where it is
equivalent to a biased random walk on the line Markov chain with absorbing
barriers. Broom et al. [9] also do an absorption time analysis, but restricted
to cliques, cycles and stars. Serna et al. [14] considered the problem of the
expected absorption time, for all undirected graphs. Their main result is
that there is a polynomial bound for the expected absorption time:
Theorem Given an undirected and connected G, together with a fitness
r > 0 if we run the LHN process {Ct}t=0, starting with |S1| = 1, then:

1. If r < 1, then E (τ) ≤ 1
1−rn

3,

2. if r > 1, then r
1−rn

3 ≤ E (τ) ≤ r
r−1n

4,

3. if r = 1, then E (τ) ≤ n6.

The proof technique used to prove that theorem uses a potential function
argument. It was the first time that this kind of argument was used to prove
a result in this particular field.
The sketch of the proof is as follows: Given an undirected and connected
G with N vertices let {Ct}t≥0, be the states chosen in the random walk on
the Markov chain corresponding to the LHN process, where Ct ⊂ V are
the configurations of mutant vertices at a given step t. Define the potential
function φ(Ct) =

∑
v∈Ct

1
d(v) . Then the proof proceeds by showing that the

potential strictly increases in expectation for r > 1, and strictly decreases
for r < 1, i.e. given any set of vertices S ⊆ V , we have that:

• E (φ(Ct+1)− φ(Ct) |Ct = S) < r−1
N3 < 0, if r < 1

• E (φ(Ct+1)− φ(Ct) |Ct = S) ≥ (1− 1
r ) 1
N3 > 0, if r > 1, and

• E (φ(Ct+1)− φ(Ct) |Ct = S) = 0, if r = 1.
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In order to bound the absorption time, the paper uses well known martin-
gale techniques with a potential function that decreases in expectation until
absorption, see [29]. Breaking the proof into different values of the fitness,
the statement of the theorem is obtained.

As Serna et al. mention in [14], the method of bounding is crude. For
example consider GN to be the double star formed from two undirected
N/2-stars with an extra edge between the two centers. Let S = N/2 be
the set of all vertices in one of the stars, then it is easy to show that
E (φ(Ct+1)− φ(Ct) |Ct = S) = Θ(N−3), which is far from the bound for
the expected change of φ.
As a side curiosity, Goldberg et al. [25] gave the best absorption time for
the double star on N vertices, and r > 1, their expected absorption time is

E (τ) ≤ (r−1)2N3

25r4
.

Goldberg et al. [25] improved the expected absorption time for undirected
connected graphs:
Theorem Given an undirected connected graph G with N vertices, assuming
that r 6= 1, then for all ε > 0, E (τ) = o(N3+ε). Moreover, there is a family
of undirected graphs G such that for any G ∈ G whenever E (τ) = Ω(N3).

The case of bounding E (τ) for digraphs is very different. It is proved in [15]
that there is an infinite family of strongly connected digraphs with N vertices
such that their expected absorption time is exponential, i.e. E (τ) = 2Ω(N)

(see for example Fig. 13).

Figure 13: A digraph with exponential absorption time [15]

Besides the important fact that for digraphs the expected absorption time
not necessarily is polynomial in N , it is also an indication that the techniques
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used to approximate fixation in undirected graphs, do not work for directed
graphs.

Let us consider a particular case of digraphs, the d-regular digraphs. Recall
that in a strongly connected d-regular digraph every vertex has in-degree d
and out-degree d. Regularity simplifies some calculations because the de-
tailed topology of the graph is irrelevant.
Recall that in [41] it is proved that for any regular graph on N vertices
and fitness r > 0, a single randomly placed mutant reaches fixation with
probability ρ = 1−(1/r)

1−(1/rn) .

The main theorem in [15] is the following:
Theorem Let G be a strongly connected d-regular N -vertex digraph. Then
the expected absorption time satisfies

(
r − 1

r2
)NHN−1 ≤ E (τ) ≤ N2d, (3)

where HN is the N -th harmonic number22. Moreover, the upper bound is
tight up to a constant, which depends on d and r, i.e. there are d-regular
digraphs with E (τ) = Θ(N2d).

Notice the first immediate consequence of this theorem is that in the partic-
ular case of regular digraphs absorption is reached in expected polynomial
time, exactly like in undirected graphs.
We can improve the upper bound on the absorption time for certain families
of undirected graphs, using the notion of isoperimetric number.
Given an undirected graph G = (V,E), the isoperimetric number is defined

as i(G) = minS

{
|δS|
S | S ⊂ V, 0 < |S| ≤ |V |/2

}
, where δS is the set of edges

in the cut between S and V \S. Isoperimetric theory was developed in the
1960’s by different researchers, see for example [31, 52].
Let us start by stating an alternative version of the previous theorem for
undirected d-regular graphs:
Theorem [15] Let G be a d-regular undirected graph with N vertices. The
expected absorption time value for the LHN process on G satisfies

E (τ) ≤ 2dNHN

i(G)
. (4)

A direct application of (4) yields several interesting implications to improve
the expected absorption time for some undirected graph families:

22lnN + γ + o( 1
N

)
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1. Since KN has i(G) = Θ(1/
√
N) [52], we have E (τ) = Θ(N logN),

which improves the previous bound E (τ) = O(N3).

2. Since the
√
N ×

√
N -grid has i(G) = Θ(1/

√
N) (see [2]), it follows

that E (τ) = O(N3/2 logN), which improves the previously obtained
bound of E (τ) = O(N2).

3. Since the hypercube on N vertices has i(G) = Θ(1/
√
N) (see [52]),

it follows that E (τ) = O(N3/2 log2N), which improves the obtained
bound E (τ) = O(N2 logN) from (3).

4. Since for d ≥ 3 there exists a 0 < ν < 1 s.t. as N → ∞, for almost
all undirected d-regular graph G, i(G) = νd/2 [6], it follows that for
almost all undirected d-regular graph G, E (τ) = O(N logN).

5.1 Lurking through the proof of equation (3)

A useful proof technique to analyze the behavior of a Markov chains is
to show that the process is stochastically dominated by that of a related
process that is easier to analyze. Therefore, it would be useful to dominate
the behavior of the LHN process on a digraph ~G, with that of another similar
process on the same digraph, which is easier to analyze. For instance, in the
second process we allow transitions that create new mutants but we forbid
some of the transitions removing mutants. Recall that the LHN process is
a Markov chain (Ct)t≥0 where Ct is the set of mutants at step t. To explain
the coupling process, we will use instead of Ct the notation {Xt}t≥0 for
the LHN process and {Yt}t≥0 for the dominating process. To establish a
coupling between LHN process (Xt)t≥0 and process (Yt)t≥0, we must have
that if X1 ⊆ Y1 then for all t ≥ 1, Xt ⊆ Yt.
Unfortunately for the discrete LHN process, the coupling technique does not
is always work. In Fig 14 we show a simple example: let G be the undirected
path with V (G) = {1, 2, 3} and E(G) = {(1, 2), (2, 1), (2, 3), (3, 2)} and let
(Xt)t≥1 and (Yt)t≥1 be LHN processes on G with X1 = {2} and Y1 =
{2, 3}. With probability r

2(r+2) , we have X2 = {1, 2}. Therefore, the only

possible value for Y2 to contain Y2 is {1, 2, 3}, which occurs with probability
r

2(2r+1) . Therefore, any coupling between the two processes fails because

Pr [Y2 6⊆ Y ′2 ] ≥ r(r−1)
2(r+2)(2r+1) > 0 for any r > 1.

An essential and common trick in the area of stochastic processes is moving
to continuous time. That is what is done in [15], given a set of mutants at
time t, each vertex waits an amount of time before reproducing. For each
vertex, the period of time is chosen according to an exponential distribution
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Figure 14: Counterexample for coupling for LHN processes.

with parameter equal to the vertex’s fitness, independently of the other ver-
tices. If the first vertex to reproduce is v then, as in the discrete-time version
of the process, one of its out-neighbours w is chosen uniformly at random,
then w is replaced by a copy of v, and the time at which w will next repro-
duce is exponentially distributed with parameter given by its new fitness r′.
The discrete-time process is recovered by taking the sequence of configura-
tions each time a vertex reproduces. Thus, the fixation probability of the
discrete-time process is exactly the same as the fixation probability of the
continuous-time process. Therefore, moving to the continuous-time model
causes no harm. The analysis is easier in the continuous-time model because
certain natural stochastic domination techniques apply in the continuous-
time setting but not in the discrete-time setting.
The authors of [15] use the following result:
Coupling Lemma: Given ~G, let X ⊆ Y ⊂ V (G) and 1 ≤ r ≤ r′. For
t ≥ 0, let X̃[t] and Ỹ [t] be the continuous-time process on ~G with mutant
fitness r and r′, and with X̃[0] = X and Ỹ [0] = Y . Then, there exists a
coupling between the two processes such that X̃[t] ⊆ Ỹ [t], ∀t ≥ 0.
The following three results follow from the coupling lemma:

• For any ~G, if 0 < r ≤ r′ and X ⊆ Y , we have f ~G,r(X) ≤ f ~G,r′(Y ).

• (Fixation probability is monotone with respect to mutant fitness) For
any ~G and 0 < r ≤ r′, f ~G,r ≤ f ~G,r′ .

• (Subset domination) For any ~G and 0 < r ≤ r′, if X ⊆ Y then
f ~G,r(X) ≤ f ~G,r′

(Y ).
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Then, using basic techniques from Markov chains, equation (3) is obtained.

6 Approximating the fixation probability

A Monte-Carlo algorithm for the LHN process basically simulates the pro-
cess, and from the obtained data one gets a ε approximation to the fixation
probability. This ε > 0 is denoted as the tolerance (or error). In this section
we consider the computational problem of using Monte Carlo algorithms to
approximate the fixation probability.
Let us review some basic concepts on approximation algorithms (for further
information see for example Chapters 9 and 13 in [53]). For all tolerance
ε > 0, and any input x ∈ {0, 1}∗, let A(x) be a function. We say that A(x)
has randomized approximation scheme (RAS) if there is a polynomial-time
algorithm (polynomial in |x|) that with probability at least 2/3 returns a
function f(x) such that (1 − ε)f(x) ≤ A(x) ≤ (1 + ε)f(x). A finer approx-
imation scheme is the fully polynomial randomized approximation scheme
(FPRAS), where as before we ask if there is a polynomial-time algorithm
(polynomial in |x|, but this time we also require that it is also polynomial
in 1/ε), that with probability at least 2/3 returns a function f(x) such that
(1− ε)f(x) ≤ A(x) ≤ (1 + ε)f(x).

Since the expected absorption time of a LHN process on an N -vertex undi-
rected graph is polynomial in N , and fG,r ≥ 1/N for all undirected and
connected graphs, we know the existence of a FPRAS for computing the
value of fG,r, using a Monte-Carlo method [14].

Given an undirected graphG onN vertices with tolerance ε ∈ (0, 1), Serna et
al. [14] used a simple Monte Carlo method: for a given ε > 0, they simulated
O(N8ε−4) iterations of the LHN process until absorption. Therefore, they
present a FPRAS for fixation probability in the LHN process.
Nowak et al. [12] used the same basic approach, but with two important
differences. In [14] the simulation uses all steps on the Markov chain, in-
cluding the ones that the random walk stays in the same state. In [12]
the authors discard ”ineffective steps”, where the walk does not move from
the state. Afterwards, they perform a sampling of each of those ”effective
steps”, in time O(∆). Their sampling algorithm is more involved and effi-
cient than the sampling performed in [14]. The main result of Nowak et al.
is that for undirected connected G with maximum degree ∆, their algorithm
samples O(n2∆ε−2 log(∆ε−1)) effective steps, so the total running time is
T = O(n2∆ε−2 log(∆ε−1), and therefore they get a faster FPRAS and a
more precise algorithm than the one in [14].
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Goldberg et al. [25], using the stopping criterion given by Giakkoupis (see (2)
and also [24]), gave a further improvement to approximating the fixation
probability:
Theorem Given an undirected graph G, with maximum degree ∆, average
degree d, and tolerance ε ∈ (0, 1), for any r > 1, there exists a RAS for fG,r
that simulates T = O(∆dε−2 log(dε−1)) effective steps of the LHN process.
The authors also present an improved sampling algorithm that yields the
following corollary to the previous theorem: Let r > 1. Then there is an
FPRAS for fG,r whose running time is O(∆2dε−2 log(dε−1)).
Their new statement means that a single advantageous mutant can have a
very high probability of reaching fixation, despite being heavily outnumbered
in the initial configuration.

7 Conclusion and open problems

As stated in the abstract, we focus on the issues dealing with absorption for
the LHN model on graphs. We did not cover the evolutionary games variant,
which from the research point of view also presents nice open problems.
For the basic LHN model, in the last years quite a bit of work has been done.
The basic important questions have been answered. There are some open
questions as the effect of different types of mutants with different fitnesses.
Also there is the issue of mobility: one may ask what happens if the topology
of the network evolves in time, for instance edges or vertices appear or
disappear.
Martin Nowak proposed different variations of his original model for dif-
ferent epidemiology situations. In particular his I&R graph evolutionary
model for ecological problems is a nice generalization of the basic model, see
for example [34]. There are quite a few theoretical possibilities for further
research that emerge from those models.
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naturforschenden Vereines in Brünn, IV: 3-47, 1865. (English transla-
tion in: http://www.mendelweb.org/Mendel.html)

[49] George B. Mertzios, Sotiris E. Nikoletseas, Christoforos Raptopoulos,
and Paul G. Spirakis. Natural models for evolution on networks. The-
oretical Computer Science, 477:76–95, 2013.

32



[50] George B. Mertzios and Paul G. Spirakis. Strong bounds for evolution
in networks. Journal of Computer and System Science, 97: 60–82, 2018.

[51] Michael Mitzenmacher and Eli Upfal. Probability and Computing: Ran-
domized Algorithms and Probabilistic Analysis. Cambridge University
Press, 2005.

[52] Bojan Mohar. Isoperimetric numbers of graphs. Journal of Combina-
torial Theory, Series B, 47(3), 274–291, 1989.

[53] Cristopher Moore and Stephan Mertens. The Nature of Computation.
Oxford University Press, 2011.

[54] Patrick P. Moran. Random processes in genetics. Proceedings of the
Cambridge Philosophical Society, 54(1):60–71, 1958.

[55] Patrick P. Moran. The statistical process of evolutionary theory. Claren-
don Press, Oxford, 1962.

[56] Jaroslav Nes̆etr̆il and Helena Nes̆etr̆ilová. Remarks on Mendel’s math-
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