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The kNN classifier

Let X be a set. A metric in X is a two-place function d : X → R+ ∪ {0}
satisfying, forall x, y, z ∈ X:

1. d(x, y) = 0 ⇐⇒ x = y

2. d(x, y) = d(y, x)

3. d(x, y) ≤ d(x, z) + d(z, y)

We say that the pair (X, d) is a metric space.



The kNN classifier

Given a class-labelled data sample S ⊂ X and a metric d in X, the 1NN

technique classifies an x ∈ S \ X by looking at the class of the “nearest

neighbour” of x in S, that is:

the class of x is the same as the class of argmin
x′∈S

d(x, x′)

(ties are broken randomly)



The kNN classifier

The kNN technique is a generalization that considers the k ≥ 1 “nearest

neighbours” of x in S and votes for the most represented class:

the class of x is the same as the majority class of those k elements of S

that are closest to x

ties may happen again and are broken randomly

for two-class problems and odd k there can be no ties



The kNN classifier

Non-parametric density estimation

Suppose we have an i.i.d. set of (unlabelled) observations X = {x1, . . . , xN}
generated from an unknown pdf p(x).

The goal is to determine an estimation p̂(x) of p(x) based on X

One possible approach is the parametric way (used in LDA/QDA and

Näıve Bayes, among others)

Define the probability P that a specific observation x∗ “falls” within a

region R as:

P =
∫
R
p(x) dx



The kNN classifier

Non-parametric density estimation

If R is small and p is continuous, we can reasonably assume that p is

approximately constant (and equal to p(x∗) in R and hence:

P =
∫
R
p(x) dx ≈

∫
R
p(x∗) dx = p(x∗)

∫
R

dx = p(x∗)VR

where VR is the volume of R.

Therefore we obtain the estimate: p(x∗) ≈ P
VR

.



The kNN classifier

Non-parametric density estimation

How do we find P? The probability that k out of the N observations “fall”

within R obeys the binomial distribution Y ∼ B(P, N):

P (Y = k) =
N !

k!(N − k)!
Pk(1− P)N−k, k ∈ {0, . . . , N}

We have E[Y ] = PN and V ar[Y ] = P(1 − P)N . Since the distribution is

unimodal, the expected value is also the most probable value.

Therefore the most probable value for k is PN and then P ≈ k
N .

Therefore we obtain the estimate: p(x∗) ≈ P
VR

≈ k
N ·VR

.



The kNN classifier

Given x∗, d and X, the kNN technique builds the smallest d-ball centered

at x∗ that contains k observations in S.

Note that k is chosen beforehand and this choice leads to the region R

(the ball)

It has been proved that the probability estimation provided by this method

converges to P when N → ∞ if:

1. R shrinks sufficiently fast (as a consequence of larger N)

2. k grows sufficiently fast (as a consequence of larger N)



The kNN classifier
This method is the basis of the kNN classifier. Suppose we have an i.i.d. sample S of
labelled observations, known to belong to a class in {ω1, . . . , ωc}.

Call Ni the number of elements in X belonging to class ωi. Given x∗, d and S, build the
smallest d-ball R centered at x∗ that contains k observations; this ball has volume VR.

Call ki the number of elements in R belonging to class ωi. We have:

p̂(x∗) =
k

N · VR
, p̂(x∗|ωi) =

ki

Ni · VR
, P̂ (ωi) =

Ni

N

P (ωi|x∗) =
p(x∗|ωi)P (ωi)

p(x∗)
≈

p̂(x∗|ωi)P̂ (ωi)

p̂(x∗)
=

ki

Ni·VR
· Ni

N
k

N ·VR

=
ki

k

And the Bayes rule prescribes choosing that ωi for which P (ωi|x∗) is largest, which (using

estimated probabilities) is exactly what the kNN classifier does.



The kNN classifier

Cover-Hart theorem

Let ε1NN be the probability of error of 1NN and εB be the Bayes error,

then:

εB ≤ ε1NN ≤ εB(2− εB
c

c− 1
) ≤ 2εB

in the limit N → ∞.

In particular, for two-class problems, εB ≤ ε1NN ≤ 2εB(1− εB)


