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Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

In a MLP of c hidden layers, let ω (or ω(t)) represent a vector with all network’s weights

(at time t). This vector has length κ =
c+1∑
l=1

(hl−1 +1)hl, where h0 = n and hc+1 = m.

When training the MLP, the minimization of the error function Eemp using the Back-
propagation algorithm (BPA) involves a sequence of weight iterates {ω(t)}∞t=0, where t
indicates iterations through S (called epochs).

The algorithm finds the next weights using the relation:

ω(t+1)← ω(t)− α∇Eemp(ω)|ω=ω(t)

The role of the BPA is to compute the elements of ∇Eemp(ω)|ω=ω(t) recursively at each

iteration (nothing more, nothing less!).



Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

Define global convergence as convergence to a local minimizer of the error function
from any starting point in Rκ.

In order to ensure global convergence, the following assumptions are needed:

1. The error function is real-valued and continuous everywhere in Rκ, and bounded
below in Rκ.

2. For any two points x,y ∈ Rκ, ∇Eemp satisfies the Lipschitz condition:

‖∇Eemp(x)−∇Eemp(y)‖ ≤ L · ‖x− y‖

where L > 0 denotes the Lipschitz constant.

The BPA is globally convergent if we can determine a learning rate α such that Eemp is

exactly minimized along the direction of the negative of the gradient in each iteration.



Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

GENERAL CONVERGENCE THEOREM. Let λk be the eigenvalues of the matrix
∇2Eemp(ω)

∣∣
ω=ω(t)

for a given ω(t) (assumed PD). If |1 − λkα| < 1 for all k then, as

the number of iterations t tends to ∞, ω(t) tends to a local minimum of Eemp(ω).

Observations:

Recall ∇2Eemp(ω) is the Hessian matrix, with elements ∂2Eemp(ω)
∂ωi∂ωj

It is straightforward to see that α < 2/λmax is a sufficiently small α.

Too large values of α show fast convergence but a tendency to oscillate

Too small values of α show slow convergence



Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

A generic (iterative) minimization algorithm is:

1. Choose an initial point x0

2. Select a search direction p

3. Select a step size α, and set x← x+ αp

4. Return to 2. unless a convergence criterion has been met



Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

Suppose f : Rκ → R we wish to minimize (assume that f is differentiable).

A first-order Taylor expansion around a point xt is:

f(x) ≈ f(xt) +∇f(xt)
t(x− xt) = f̂(x)

A simple minimization algorithm is to set xt+1 ← xt − α∇f(xt) for α > 0, since

f̂(xt+1) = f(xt) + ∇f(xt)t(xt+1 − xt) = f(xt) + ∇f(xt)t(xt − α∇f(xt) − xt) = f(xt) −
α∇f(xt)t∇f(xt) = f(xt)− α‖∇f(xt)‖2 < f(xt)

provided ∇f(xt) 6= 0 and α > 0 is small enough. Therefore we derive a learning rule:

ω(t+1)← ω(t)− α(t)∇Eemp(ω)|ω=ω(t) = ω(t)− α(t)∇Eemp(ω(t))

This method is known as gradient descent (a.k.a. steepest descent).



Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

The Taylor expansion gives no clue on how to choose α(t) > 0. In ANNs

there are two common strategies:

1. Use a constant small α > 0 or a variable α(t) = α
t+1, α > 0.

2. Perform a line search to find α(t) = argmin
α

f [xt − α∇f(xt)].

Convergence of steepest descent can be very slow, since it uses limited

knowledge of the error function.



Artificial neural networks (IV)

Backpropagation, convergence and second order
methods

A better strategy is to use a second-order Taylor expansion around a point xt:

f(x) ≈ f(xt) +∇f(xt)
t(x− xt) +

1

2
(x− xt)

t∇2f(xt)(x− xt) = f̂(x)

where ∇2f(xt) is the Hessian of f evaluated at xt. Provided that ∇2f(xt) is positive
definite, this time the minimum of f̂(x) occurs at the x satisfying:

∇f(xt) +∇2f(xt)(x− xt) = 0

which leads to the minimization algorithm xt+1 ← xt −
(
∇2f(xt)

)−1∇f(xt)

This second-order method is known as a Newton method.
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Backpropagation, convergence and second order
methods

Note there is no need for α, since the inverse of the Hessian determines both the step
size and the search direction. However, this method has some practical drawbacks:

1. It requires ∇2f(xt) to be positive definite (otherwise there is no unique minimum)

2. It requires the (exact) computation of the Hessian at every iteration

3. It requires a matrix inversion at every iteration

4. The knowledge of the local curvature provided by the Hessian is only useful very
close to xt
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Backpropagation, convergence and second order
methods

In quasi-Newton methods, the inverse of the Hessian matrix is directly approximated,
leading to:

xt+1 ← xt − αtB
−1
t ∇f(xt), where B−1t ≈

(
∇2f(xt)

)−1
The αt parameter is optimized via line search (also ensuring that B−1t is positive
definite)

There exist several variations that prescribe different ways of generating and upda-
ting B−1t

The most common quasi-Newton algorithm is the BFGS method (suggested inde-
pendently by Broyden, Fletcher, Goldfarb, and Shanno)

The BPA can also be used to compute the approximation to the Hessian at each
iteration


