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Artificial neural networks (III)

A gentle derivation of backpropagation

A MLP of c hidden layers is a function F : Rn → Rm made up of pieces

F1, . . . , Fm of the form:

Fk(x) = g

 hc∑
j=0

w
(c+1)
kj φ

(c)
j (x)

 , k = 1, . . . ,m

where, for every l = 1, . . . , c, W (l) = (w(l)
ki ) is the matrix of weights con-

necting layers l − 1 and l, hl is the size of hidden layer l and

φ
(l)
j (x) = g

hl−1∑
i=0

w
(l)
ji φ

(l−1)
i (x)

 , for l = 1, . . . , c

with φ
(0)
i (x) = xi, φ

(l)
0 (x) = 1 (in particular, x0 = 1) and h0 = n.



Artificial neural networks (III)

A gentle derivation of backpropagation

Recall the goal in regression is to minimize the empirical error of the

network on the training data sample S = {(xµ, tµ)}µ=1,...,p, where xµ ∈
Rn, tµ ∈ Rm.

Eemp(W) =
1

2

p∑
µ=1

m∑
k=1

(tµk − Fk(xµ))
2

where W = {W (1), . . . ,W (c+1)} is the set of all network weights.



Artificial neural networks (III)

A gentle derivation of backpropagation

Note that, if g admits a derivative everywhere, Eemp(W) is a differen-

tiable function of every weight w
(l)
ji

If we want to apply gradient descent, we need to compute the partial

derivative of the error w.r.t. every weight, the gradient vector :

∇Eemp(W) =

∂Eemp(W)

∂w
(l)
ji


l,j,i

There exists a reasonably efficient algorithm for computing this gra-

dient vector: the backpropagation algorithm



Artificial neural networks (III)

A gentle derivation of backpropagation

Consider a MLP where, for notational simplicity, we define:

z
(l)
j ≡ g(a(l)j ) ≡ g

∑
i

w
(l)
ji z

(l−1)
i

 , z
(0)
j = xj

Note that Eemp is the sum of the (independent) errors for every in-

put/output example (xµ, tµ):

Eemp(W) =
p∑

µ=1

1

2

m∑
k=1

(tµk − Fk(xµ))
2 ≡

p∑
µ=1

E
(µ)
emp(W)



Artificial neural networks (III)

A gentle derivation of backpropagation

Suppose we present xµ to the network and compute all the neuron’s

outputs z
(l)
j (this is known as the forward propagation). Now,

∂E
(µ)
emp(W)

∂w
(l)
ji

=
∂E

(µ)
emp(W)

∂a
(l)
j

·
∂a

(l)
j

∂w
(l)
ji

= δ
(l)
j · z

(l−1)
i

where we have defined δ
(l)
j ≡ ∂E

(µ)
emp(W)

∂a
(l)
j

.



Artificial neural networks (III)

A gentle derivation of backpropagation

What have we done?

We have found that, in order to compute the desired derivative
∂E

(µ)
emp(W)

∂w
(l)
ji

,

we only need to find the δ
(l)
j :

Let us concentrate on an arbitrary neuron k. Suppose first that k is an

output neuron, then

δ
(c+1)
k =

∂E
(µ)
emp(W)

∂a
(c+1)
k

= −g′(a(c+1)
k )·(tµk−Fk(xµ)) = g′(a(c+1)

k )·(z(c+1)
k −tµk)

where we have made use of the identity Fk(xµ) = g(a(c+1)
k ) = z

(c+1)
k .



Artificial neural networks (III)

A gentle derivation of backpropagation

When g is the logistic function lβ(z) = 1
1+e−βz

∈ (0,1), we obtain:

g′(a(c+1)
k ) = βg(a(c+1)

k )[1− g(a(c+1)
k )] = βz

(c+1)
k (1− z

(c+1)
k )

Therefore

∂E
(µ)
emp(W)

∂w
(l)
ji

= βz
(c+1)
j (1− z

(c+1)
j )(z(c+1)

j − tµj)z
(c)
i



Artificial neural networks (III)

A gentle derivation of backpropagation

Suppose now that k is a hidden neuron, located in a layer l ∈ {1, . . . , c}:

δ
(l)
k =

∂E
(µ)
emp(W)

∂a
(l)
k

=
∑
q

∂E
(µ)
emp(W)

∂a
(l+1)
q

·
∂a

(l+1)
q

∂a
(l)
k

=
∑
q

δ
(l+1)
q ·

∂a
(l+1)
q

∂a
(l)
k

=
∑
q

δ
(l+1)
q ·

∂a
(l+1)
q

∂z
(l)
k

·
∂z

(l)
k

∂a
(l)
k

=
∑
q

δ
(l+1)
q w

(l+1)
qk g′(a(l)k ) = g′(a(l)k )

∑
q

δ
(l+1)
q w

(l+1)
qk

Again, when g is the logistic, g′(a(l)k ) = βg(a(l)k )[1−g(a(l)k )] = βz
(l)
k (1−z

(l)
k )



Artificial neural networks (III)

A gentle derivation of backpropagation

Therefore

∂Eemp(W)

∂w
(l)
ji

=
p∑

µ=1

∂E
(µ)
emp(W)

∂w
(l)
ji

and we have ∇Eemp(W) =

∂Eemp(W)

∂w
(l)
ji


l,j,i

The updating formula for the weights is:

w
(l)
ji (t+1)← w

(l)
ji (t)− α

∂Eemp(W)

∂w
(l)
ji

∣∣∣∣∣∣∣
W=W(t)


