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Artificial neural networks (III)

A gentle derivation of backpropagation

A MLP of ¢ hidden layers is a function F' : R"™ — R™ made up of pieces
Fq,..., Fy of the form:

Fi.(x) =g (Z w]gc_l_l)qﬁ(c)(zc)) =1,....,m

7=0

where, for every I =1,...,¢c, W) = (wkl)) is the matrix of weights con-
necting layers [ — 1 and [, h; is the size of hidden layer [ and

hi—1
(l)(m) —g Z w(l)¢(l V)|, fori=1,...,c

with ¢{9(z) = z;, 6 (x) = 1 (in particular, zg = 1) and hg = n.



Artificial neural networks (III)

A gentle derivation of backpropagation

Recall the goal in regression is to minimize the empirical error of the
network on the training data sample S = {(xyu,tu)}u=1,.. p, Where x;, €
R™, ¢, € R™.

P m
Eemp(W) — % Zl Z (t,uk - Fk(wu))z
p=1k=1

where W = {WD) . wlt js the set of all network weights.



Artificial neural networks (III)

A gentle derivation of backpropagation

= Note that, if g admits a derivative everywhere, Eemp(WW) is a differen-

tiable function of every weight w%)

m If we want to apply gradient descent, we need to compute the partial
derivative of the error w.r.t. every weight, the gradient vector:

O FEemp(WW)
(9wj(-?

VEemp(W) —
L,Jyi

m [ here exists a reasonably efficient algorithm for computing this gra-
dient vector: the backpropagation algorithm



Artificial neural networks (III)

A gentle derivation of backpropagation

Consider a MLP where, for notational simplicity, we define:

0 = g0y = g (Z MORC 1>> QRO

s Note that Femp is the sum of the (independent) errors for every in-
put/output example (z,,t,):

P m P
Eemp(W) — Z % Z (t,uk — Fk(w,u))z = Z Eé#@)p(W)
p=1 < k=1 pu=1



Artificial neural networks (III)

A gentle derivation of backpropagation

Suppose we present x, to the network and compute all the neuron’s
outputs z](.l) (this is known as the forward propagation). Now,

l
8E§#3p(W) _ 8E§#z)p(W) . 3a§) _ s -1
6w§,§) 8a§l> 8w§? J '

Eéhip(W).
8a§l)

where we have defined 5§l) = o



Artificial neural networks (III)

A gentle derivation of backpropagation

What have we done?
OEL (W)
3w(.l.) 1
7

We have found that, in order to compute the desired derivative

we only need to find the 5J(.l):

Let us concentrate on an arbitrary neuron k. Suppose first that k£ is an
output neuron, then

(1)
st = 5 (g;(l) ) = @)t Fr(@) = ¢ (a{T D)D)
A

where we have made use of the identity Fi(z,) = g(a,(f_"l)) = z,gc_"l).



Artificial neural networks (III)

A gentle derivation of backpropagation

When g is the logistic function lg(z) = € (0,1), we obtain:

1
1+4e—B%

g (a\Ty = Bg(alTN[1 — g(al*TP)] = g2let D (1 — 2{et1))y

T herefore

DEH) (W)
o)
71

= TV - TP g, )2



Artificial neural networks (III)

A gentle derivation of backpropagation

Suppose now that k is a hidden neuron, located in a layer 1 € {1,...,c}:
() _ OEEL OV _ > DB (W) daftY Sy 9al+D)
' 30//(!) q 8a(gl+1) (‘9ag) - aalgl)

[+1 [
(1) 5,0

0
=5 tH= OOl S o w0 = ¢'(af) 30 sy TP w{ Y
q Oz~ Oay q q

Again, when g is the logistic, ¢/(a\"”) = Bg(a{)[1—g(a{")] = B2 (1 —2V)



Artificial neural networks (III)

A gentle derivation of backpropagation

T herefore
(u)
E E E
OBempV) _ & DY) e v T Eump() = (a emp(g)m)
8wjz- p=1 (’9wji 8wjz- Lid

The updating formula for the weights is:

OFEemp(WV)
8w](-,i-)

wi (t 4+ 1) + w{P () —a

W=W(t)



