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Artificial neural networks (II)

How could we obtain a model that is non-linear in the parameters
= a hon-linear model? We depart from the basic model:

n
yp(x) =g (Z wkixz’"‘ka) k=1,....m
i=1

where g is a sigmoidal function. This model is linear in the parameters
= a linear model.

T he solution is to apply non-linear functions to the input data:

h

1=0

We recover the previous “linear” situation making h = n and ¢;(x) = x;,
with ¢g(z) = 1.



Artificial neural networks (II)

Approach 1. Make & = (¢q,...,¢;) a set of predefined functions. This
is perfectly illustrated in the case n = 1 and polynomial fitting. Consider
the problem of fitting the function:

h
p(z) = wo +wiz+ ... +wyz = > wiz' to z1,...,xp
1=0

This can be seen as a special case of linear regression, where the set of
regressors is 1,z,x2,...,z". Therefore ¢;(x) = 2

The weights wg,wq,...,w; can be estimated by standard techniques (or-
dinary least squares) or by the Delta rule.



Artificial neural networks (II)

What if we have a multivariate input = (z1,...,zn)!? The corresponding
polynomial is:

n n n n n n
p(z) = wo + Z wi, i, + Z Z Wi, i, T4, i, + Z g Z Wiy iyis iy Tip Ty - - -

'Ll:l 21:1 22=Z1+1 21:1 Zgzll—i‘l Z3=Z2+1
The number of possible regressors grows as (”;th)!

So many regressors (while holding p fixed) causes increasing troubles for estimating their
parameters:

m It is quite convenient (sometimes mandatory!) to have more observations p than
regressors

m Statistical significance decreases with the number of regressors and increases with
p



Artificial neural networks (II)

Approach 2. Why not trying to engineer adaptive regressors? By adapting
the regressors to the problem, it is reasonable to expect that we shall need
a much smaller number of them for a correct fit.

T he basic neural network idea is to duplicate the model:

h
y(x) =g (_z wkz—qs@-(w)) k=1,,m

1=0

n
where ¢i(x) =g (Z ”Uz'jﬂ?j) , With ¢po(xz) = 1,20 =1
j=0



Artificial neural networks (II)

The effect is that we have now a new set of regressors ®(x) = (po(x), ..., dn(x))L

These regressors are adaptive via the v; parameters (called the non-linear parame-
ters)

Once the regressors are fully specified (i.e, the v; parameters are estimated), the
remaining task is again a linear fit (via the w; parameters).

What kind of network gives rise to this function? The Multilayer Perceptron or MLP

Under other choices for the regressors, other networks are obtained:

, _ |z — .Uz'”2 . ,
oi(x) = exp | — 5 , is the basic RBF network.

g;



Artificial neural networks (II)

Error functions
Where does the (mean) square error come from? On what grounds?

Suppose we have a set of learning examples
S ={(xu,tu)}y=1,.p, Where x, € R" t, € R™ or t, € {0,1}™ (assume S is i.i.d.).

Ideally, we would like to know the statistical properties, namely p(t|x)

An error function can be derived by maximizing the likelihood of S:

L= H p(tulx,)

p=1

The different outputs are assumed to be independent, so we can write:

p(tlz) = ][ p(trlz)

k=1

When convenient, we can also maximize a strictly monotonic function of £, namely
the log-likelihood [ = In L



Artificial neural networks (II)

Error functions for regression

For simplicity, take t, € R. We model functional ignorance as stochatic variability: we put

a continuous pdf p(¢|X = x) around each point x. The optimal solution (the regression
function) is:

v (2) = Eltla] = / tp(t]z) di

R

In order to model this (recall p is unknown), take each t, a deterministic function,
distorted by a gaussian “noise’:

tr = hi(x) + €, with € ~ N(0,0%),k = 1,...,m. Note ¢ does not depend on k or =
(homocedasticity).




Artificial neural networks (II)

Error functions for regression

Therefore we have:

1 €2
p(e) = maexp{—ﬁ}

Also note that in this case the optimal function would be:
yi(x) = Elty|z] = E[hr(x) + €] = Elhi(x)] + Ele] = hi(x)

Therefore we model ¢ = ¢, — hp(x) =t — yp(x) to obtain:

p(tk|a:) = 1 exp {_ (tr — yk(ib))Q}
Varo —




Artificial neural networks (II)

Error functions for regression

So which error should we use? Let us try to define and minimize the negative log-
likelihood as the error:

—l=—InL=—In H p(tue,) = —1n I1 11 p(tule) = — 3 3° Inp(tul)

p=1k=1 p=1k=1

2 b m - )
-3 8 (k) - e} = § 38 {1in(ano?) + Loyl

p=1 k=1 p=1k=1

= "2 (In(27) 4+ 2Ino) + 55 i 5 (tur — yr(@u))?

The first term is out of our control —it does not depend on the model y,(-). So we
should minimize:

B= 253t~ @) = > It = vl

p=1 k=1



Artificial neural networks (II)

Error functions for classification

The goal in classification is to model the posterior probabilities for every class P(wg|x).
In two-class problems, we model by creating an ANN with one output neuron (m = 1)
to represent y(x) = P(wi|x); therefore 1 — y(x) = P(wz|x).

Suppose we have a set of learning examples
S ={(xu,ty)}y=1,.p, Where z, € R" ¢, € {0,1} (assume S is i.i.d.).

We take the convention that ¢, = 1 means x, € w; and t, = 0 means x, € w>, to model:

P(tlx) = { 1 g(;c()w) :I ii 2 Z;

which can be more conveniently expressed as P(t|x) = y(x)!(1 — y(x))~%, t =0,1.



Artificial neural networks (II)

Error functions for classification

This is a Bernoulli distribution. Assuming again an i.i.d sample, the likelihood is:

£ =T v@)"@ - y@)'™"

p=1

So which error should we use? Let us define and minimize again the negative log-
likelihood as the error:

E=—-InfL=— i {tulny(zy) + (1 —t,) In(1 — y(zu))}

p=1

which is known as the “cross-entropy’” and can be generalized to more than two classes.



