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A. An Overview of LEDA

Libraries are great;usethemwheneer they do
the job. Start with your systemlibrary, then
searclotherlibrariesfor appropriatdunctions.

—JonBentley [31]

Thedetailedexpositionof algorithmsontreesandgraphamadein this
bookis basedon a full C++ implementatiorof all of the algorithms.
Theseimplementationsare, in turn, basedon the LEDA library of
efficient C++ datastructuresandalgorithms.A brief overview of the
small subsetof LEDA usedthroughoutthis bookis providedin this
appendix,in orderto facilitate readingandis aimedat making the
book self-containedThe readeris referredto [234, 236G for a more
comprehensie descriptionof LEDA.

A.1 Intr oduction

LEDA is a library of efficient C++ datastructuresand algorithms,
developedover the last decadeat the Max-Plank-Institutefur Infor-
matik in Saarbiicken, Germalry, which is becominga de factostan-
dard for upperundegraduateand graduatecourseson graphalgo-
rithms throughoutthe world. As a matterof fact, LEDA allows the
studentlecturer researchemlndpractitionerto complemenalgorith-
mic graphtheory with actualimplementationand experimentation,
building uponathoroughlibrary of efficientimplementation®f mod-
erndatastructuresandfundamentablgorithms.

Anotherwidely usedlibrary of C++ datastructuresandalgorithms
is STL,theANSI C++ Standardiemplate_ibrary [243]. STL includes
efficient implementation©f sequentiakcontainer(deque list, stad,
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vectol andassociatie containef{map sej classeaswell asgeneric
algorithms, providing a large numberof operationsthat can be ap-
plied to theseclassesandto the built-in array classaswell. In much
the samespirit, BGL, the BoostGraphLibrary [209, 302] thatis be-
ing consideredor adoptioninto the ANSI C++ Standardjncludes
efficientimplementation®f several basicgraphalgorithmsanddata
structuresgdesignedn thegenericprogrammingstyleof STL.

Whenit comego combinatoriaandgeometriccomputingthough,
LEDA goesmuchbeyond STL and BGL by providing efficient im-
plementation®f graphsandtheir supportingdatastructurestogether
with alargenumberof graphalgorithms(includingshortespath,min-
imum spanningtree, bipartite matching, maximum flow, minimum
cut,andgraphdrawing algorithms)while still providing efficientim-
plementation®f sequentiatontainer(list, queque stak) andasso-
ciative container(dictionary, map se) classesFurthermoreLEDA
provides the most efficient datastructuresknown for implementing
eachcontainerclass,even allowing the userto chooseamongdiffer-
entimplementationgor the sameclass.For instance the dictionary
classincludesa defaultimplementatiorby (2,4)-trees[26], together
with a choiceof several alternatve implementationsncluding AVL
trees[1], BB[a] trees[48, 24§, red-blacktrees[143], randomized
searchirees[292], andskip lists [262]. Last, but not least,LEDA in-
cludesaninterfacefor graphicainputandoutputin severalplatforms,
which facilitatesthe editingandvisualizationof graphsandtheinter-
active demonstratiomndanimationof graphalgorithms.

A.2 Data Structures

LEDA consistsof a setof containerclassesa setof algorithmsto
operateover thesecontainerclassesanda setof iterators to access
the contentsof a container

Containersare just objectsthat hold other objects.A sequential
container maintainsa first element,a secondelement,and so on
througha lastelement Examplesof sequentiatontainersarethelist
class,which providesa linear list; the stadk class,which providesa
stack;andthe queueclasswhich providesasingle-endedjueue.
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An associativecontainer on the otherhand,supportsfastlookup
of anobjectheldin the containerExamplesof associatie containers
arethe dictionary, d_array, h_array, map and map2classeswhich
provide accesdo the informationassociatedvith a uniquekey; and
the setclasswhich providesaccesgo uniqueelements.

Someof the containersprovided by LEDA do not fit, though,in
thepreviousdistinctionbetweersequentiahndassociatie containers.
Theseincludethe p_queueclass,which providesa single-endedri-
ority queue;the two_tuple, three tuple, andfour_tuple classeswhich
provide n-tuples of elements;the array and array2 classeswhich
provide one-dimensionaflynamicarraysandtwo-dimensionaktatic
arrays,respectrely; the sortseqclass, providing sortedsequences,
which supportmostof the operationsof the p_queueanddictionary
classedogetherwith further searchoperationsand someoperations
of thelist class;andthe graph class,which providesgraphstogether
with efficientimplementation®f mostfundamentagraphalgorithms.

Furthercontainergrovided by LEDA includetheinteger andra-
tional classeswhich provide anexactrealizationof integerandratio-
nalnumbersrespectirely, wherethe C++ typesint andlongint arejust
an approximationof integer numbers;the bigfloat and real classes,
which provide a betterapproximationof real numbersthanthe C++
typesfloat, double andlong double andthe vector, integer_vector,
matrix, and integer_matrix classeswhich provide one-dimensional
andtwo-dimensionahrraysof numbergogetherwith basiclinearal-
gebraoperations.

Algorithmsoperateon containersandincludecapabilitiesfor ini-
tializing, sorting,searchingandtransformingthe contentof contain-
ers. Most LEDA data structuresare implementedas C++ generic
classeswhich areparametrizedy the type of the containefanden-
capsulatenitializing, sorting,searchingandtransformingalgorithms,
which arealsoimplementedas C++ genericfunctions,parametrized
againby the containerelementtype. Most LEDA graphalgorithms
areimplementedasC++ genericfunctionsandwrappedin a separate
graph.alg class though,asfurtherdiscussedbelow.

The operationsshovn in Fig. A.1 are commonto the sequential
containerclassedist, stak, andqueue andthe associatre container
classedictionary and set aswell asthe containerclassegp_queue
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andsortseq Furthermorethe associatre containerclassesd_array
and h_array provide sizeand clear but no emptyoperation the map
and map2 classesonly provide the clear operation,the array class
only providesthesizeoperationandthegraphclassprovidesall three
operationswherethe numberof_nodesoperationgivesthe orderand
thenumberof_edgesoperationgivesthe sizeof the graph.

siz€) returnsthe numberof elementsn thecontainer
empty) returnstrueif the containelis emptyandfalseotherwise
clean) makesthe containerempty

Fig. A.1. Operationcommonto mostLEDA containerclasses.

A.2.1 Linear Lists

The list classprovidesa linear list, thatis, a sequencef elements.
The list() constructorcreatesan empty list. Someof the operations
providedby thelist classareshown in Fig. A.2.

Thelist classincludesa defaultimplementatiorby doubly linked
linearlists. Operationgront, bad, push appendpop, Pop, cong size
emptytake O(1) time; rank reverse remao/e, permute meige, unique
clear take O(n) time; budket sort takesO(n+ j — i) time; and sort,
mege_sorttake O(nlogn) time,wherenis thesizeor lengthof thelist,
andi and j arethe minimal and maximalvaluesof a given function
ontheelementof thelist. TherepresentationsesO(n) space.

Theefficientimplementatiorof someof theseoperationgequires
theuseof items which are,roughly, addressesf containersMost of
the previousoperationdhave a counterpartvhich actsuponlist items.
For instance first andlast are the counterparpf front and bad, re-
spectvely, andreturnthe first andthe lastitem in the list, assuming
the list is not empty Furthermorepperationcontentsit) returnsthe
elementcontainedatitemit of thelist.

Iteration over the items or the elementsof a list is implemented
by LEDA macros.In a macrocall of the form forall _itemgit,L), the
itemsof list L aresuccessiely assignedo itemit, andin amacrocall
of theform forall(x,L), theelementof L aresuccessiely assignedo
variablex.
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front() returnsthe first elementin the list, assuminghelist is not
empty

bad() returnsthe last elementin the list, assuminghe list is not
empty

rank(x) returnsthe rank of elementx in thelist, thatis, the integer

position of thefirst occurrenceof x in thelist, or zerois x
doesnotoccurin thelist

pushx) insertselementx atthefront of thelist

appendx) insertselementx attherearof thelist

pop) deletesandreturnsthefirst elementn thelist, assuminghe
list is notempty

Pop() deletesand returnsthe last elementin the list, assuming
againthatthelist is notempty

remoe(x) removesall occurrencesf elementx from thelist

condL) deleteghe elementf anothelist L andinsertsthematthe
rearof thelist

reverse)) reverseghe sequencef elementof thelist

permuté) performsarandompermutatiorof the elementf thelist

sort() sortsthelist by quick sortusingthe default linear ordering
ontheelements

meige_sort)) sortsthe list by meige sortusingthe default linear ordering
ontheelements

budket sorf(f) sortsthelist by bucket sortaccordingto theintegerfunction
f definedontheelements

meige(L) megesthelist with L usingthedefaultlinearorderingonthe
elements

unique) removes duplicateelementsrom the list, assuminghe list

is alreadysortedaccordingto the default linear orderingon
theelements

Fig. A.2. Someof theoperationgrovided by thelist class.

A.2.2 Stacks

Thestad classprovidesa stack thatis, asequencef elementsvhich
areinsertedanddeletedatthesameend(thetop) of thesequencelhe
stadk() constructorcreatesan empty stack. The operationgprovided
by the stadk classareshown in Fig. A.3.

top() returnsthe top elementin the stack,assuminghe stackis
notempty

pop) deletesandreturnsthetop elementn thestack,assuminghe
stackis notempty

pushx) insertselementx atthetop of the stack

Fig. A.3. Operationgprovided by the stad class.
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Thesta classincludesa defaultimplementatiorby singly linked
linearlists. Operationgop, pop, push size emptytake O(1) time;and
clear takesO(n) time, wheren is the sizeof the stack.Therepresen
tationusesO(n) space.

A.2.3 Queues

Thequeueclassprovidesa single-endedjueue thatis, a sequencef
elementswhich areinsertedat one end (the rear) and deletedat the
other end (the front) of the sequenceThe queud) constructorcre-
atesanemptyqueue.The operationgrovided by the queueclassare
shovnin Fig. A.4.

top() returnsthefront elemenin thequeueassuminghequeueas
notempty

pop) deletesandreturnsthefront elementin thequeue assuming
thequeues notempty

appendx) insertselementx attherearendof the queue

Fig. A.4. Operationgrovided by thequeueclass.

Thequeueclassincludesadefaultimplementatiorby singly linked
linear lists. Operationgop, pop, append size emptytake O(1) time;
andclear takesO(n) time, wheren is the sizeof the queue . Therep-
resentatiorusesO(n) space.

A.2.4 Priority Queues

The p_queueclassprovides a single-endedriority queue thatis, a
gueueof elementsvith bothinformationanda priority associatevith
eachelementwherethereis a linear orderdefinedon the priorities.
The p_queu€) constructorcreatesan empty priority queue basedon
the linear orderdefinedby the global compae function. The opera-
tionsprovidedby the p_queueclassareshavnin Fig. A.5.
Thep_queueclassincludesa defaultimplementatiorby Fibonacci
heaps[119]. Operationsprio, inf, find.min, change.inf, size empty
take O(1) time;insert, deceasep take amortizedO(1) time; deLitem,
deLmin take amortizedO(logn) time; and clear takes O(n) time,
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prio(x) returnsthe priority of elementx

inf(x) returnstheinformationassociatedvith elementx

inserii,p) insertsandreturnsanelementvith informationi andpriority
p in the priority queue

find_min() returnsan elementwith the minimum priority, or nil if the
priority queues empty

delLitem(x) deleteslementx from the priority queue

deLmin() deletesandreturnsthe priority of anelementwith the mini-
mum priority, assuminghe priority queues notempty

change_inf(xi) malkesi thenaw informationassociategvith elemenixin the
priority queue

deceasep(x,p) males p the new priority of elementx, assumingx already
belongsto the priority queuewith a priority not smaller
thanp

Fig. A.5. Operationgrovided by the p_queueclass.

wheren is thesizeof thepriority queue TherepresentationsesO(n)
space.

Alternative implementationsnclude pairing heaps[118, 308, k-
ary and binary heaps|lists, buckets, redistritutive heapg[3], mono-
toneheapsandEmde-Boadrees[335]. The default implementation
canalsobeselectedy theimplementatiorparametef_heap andthe
alternatve implementationsireselectedy p_heap k_heap bin_heap
list_pg, b_heap r_heap m heap andeb.tree respectrely.

A.2.5 Tuples

Thetwo_tuple, threetuple andfour_tupleclassegroviderespectiely
2-tuples,3-tuples,and4-tuples.The operationgrovided by the tuple
classesreshavnin Fig. A.6.

first() returnsthefirst componentn the 2-tuple,3-tuple,or 4-tuple

second) returnsthe secondcomponenin the 2-tuple, 3-tuple,or 4-
tuple

third() returnsthethird componentn the 3-tupleor 4-tuple

fourth() returnsthefourth componentn the4-tuple

Fig. A.6. Operationgrovided by thetwo_tuple, threetuple, andfour_tupleclasses.

The comparisoroperator= is definedfor 2-tuples,3-tuples,and
4-tuplestogethemwith a compae lexicographiccomparisoroperator
and a Hash hashingfunction. The tuple classesnclude an obvious
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default implementatiorby wrappingthe componentsas private data
memberf the class.Operationdirst, secondthird, andfourth take
O(1) time. TherepresentatiomsesO(1) spaceimesthetotal sizeof
thecomponents.

A.2.6 Arrays

The array classprovides one-dimensionatlynamicarrays.The ar-
ray(a,b) constructorcreatesan array of b —a+ 1 elementsndexed
by integersin the range[a..b]; array(n) createsan array of n ele-
mentsindexedby [0..n— 1]; andarray() createsanemptyarrayof el-
ementsSomeof theoperationgrovidedby thearray classareshavn
in Fig. A.7.

[1] returnsa referenceto elementA(i) of the array assuming
thatag<i<b

resiz€a,b) redefinesthe array to be indexed by integersin the range
[a.b]

low() returnstheminimalindex a of thearray

high() returnsthemaximalindex b of thearray

init(x) setsall elementsn thearrayto x

swagi,j) permuteselementd(i) andA(j) in thearray

permuté) performsarandompermutatiorof the elementof thearray

sort() sortsthearrayby quick sortusingthedefaultlinearordering
ontheelements

binary_seach(x) returnstheindex i suchthatA(i) = x, or a— 1 if elementx

doesnot belongto the array assuminghe arrayis already
sortedaccordingto the default linear orderingon the ele-
ments

Fig. A.7. Someof theoperationprovided by thearray class.

Thearray classincludesa defaultimplementatiorby C++ vectors.
Operationd ], low, high, swaptake O(1) time; binary seach takes
O(logn) time; init, permutetake O(n) time; andsort takesO(nlogn)
time, wheren = b—a+ 1. Further operationresizetakestime linear
in the maximumbetweenthe old andthe new sizeof the array The
representationsesO(n) spaceimesthesizeof theelements.

Further the array2 classprovides two-dimensionalktatic arrays.
The array2a,b,c,d) constructorcreatesa two-dimensionalarray of
b—a+1timesd — c+ 1 elementsandexed by integersin the range
[a..b] and|[c..d]; andarray2n,m) createsa two-dimensionahrray of
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n x m elementdandexed by [0..n— 1] and [0..m— 1]. The operations
providedby thearray2classareshovn in Fig. A.8.

[1.] returnsa referenceo elementA(i, j) of thearray assuming
thatagi<bandc<j<d

lowX() returnstheminimal index a of thearray
high1() returnsthemaximalindex b of thearray
low2() returnstheminimal index c of thearray
high2) returnsthemaximalindex d of thearray

Fig. A.8. Operationgprovided by thearray2class.

The array?2 classincludesa default implementatiorby C++ vec-
tors.Operationg ], low1, highl, low2, high2take O(1) time. Therep-
resentatiorusesO(nm) spacetimesthe size of the elementswhere
n=b—a+landm=d-c+1.

A.2.7 Dictionaries

The dictionary classprovides an associatie containey consistingof
a setof elementswith bothinformationanda uniquekey associated
with eachelementwherethereis a linear orderdefinedon the keys
andtheinformationassociateavith anelements retrievedontheba-
sisof its key. Thedictionary() constructocreatesanemptydictionary
basednthelinearorderdefinedby theglobalcompae function.The
operationgrovidedby thedictionary classareshowvn in Fig. A.9.

The dictionary classincludesa default implementatiorby (2,4)-
trees[26]. Operationkey, inf, change inf, empty sizetake O(1) time;
insert, lookup accessdel, delLitemtake O(logn) time;andcleartakes
O(n) time, wheren is the size of the dictionary The representation
usesO(n) space.

AlternativeimplementationincludeAVL treeq1], BBJa] treeq48,
248], red-blacktrees[143], randomizedsearchtrees[292], and skip
lists[262]. Thedefaultimplementatiorcanalsobeselectedy theim-
plementatiorparameteab_treg andthe alternatve implementations
areselectedoy avl treg bb_treg rb_tree rs.treg andskiplist, respec-
tively.
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key(x) returnsthekey associatedavith elementx

inf(x) returnstheinformationassociateavith elementx

[X] returnsa referenceto the information associatedvith ele-
mentx

inseri(k,i) insertsandreturnsan elementwith key k andinformationi
in thedictionary replacingtheelement(if ary) with key k

lookugKk) returnstheelementwith key k in thedictionary or nil if there
is nosuchelement

accesi) returnsthe information associatedvith key k in the dictio-
nary, assuminghereis suchanelement

delk) deletegheelementwith key k from thedictionary if thereis
suchanelement

delLitem(x) deletelementx from thedictionary assuming belongsto
thedictionary

change_inf(x,i) malkesi theinformationassociateevith element, assuming

x belonggto thedictionary

Fig. A.9. Operationgrovided by thedictionaryclass.

A.2.8 Dictionary Arrays

Thed_arrayclassprovidesasecondind of associatre containeyalso
consistingof asetof elementsvith bothinformationanda uniquekey
associateavith eachelementwherethereis alinearorderdefinedon
thekeys. Thed_array() constructorcreatesanemptydictionaryarray
Theoperationgprovidedby thed_array classareshavn in Fig. A.10.

[K] returnsa referenceo theinformationassociateavith key k
in thedictionaryarray
[K]=i insertsan elementwith key k andinformationi in the dic-

tionary array replacingthe element(if ary) with key k, and
returnsareferenceo theinformationassociateavith theel-

ement

definedk) returnstrueif thereis anelementwith key k in thedictionary
arrayandfalseotherwise

undefingk) deleteghe elemenwith key k from thedictionaryarrayand

leaveskey k undefined

Fig. A.10. Operationgrovidedby thed_array class.

The d_array classincludesa default implementatiorby random-
ized searchtrees[292]. Operationsizetakes O(1) time; [], defined
undefingake O(logn) time; andclear takesO(n) time, wheren is the
sizeof thedomain.TherepresentationsesO(n) space.

Alternative implementationsnclude (2,4)-trees[26], AVL trees
[1], BBJa] trees[48, 248, unbalancedinary trees,red-blacktrees
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[143], and skip lists [262]. The default implementationcan also be
selectedby theimplementatiorparameters_treg andthe alternatve
implementationsare selectedby ab treg avl_tree bb._treg bin_treg
rb_tree andskiplist respectely.

Iterationover definedelementss implementedoy LEDA macros.
In a macrocall of the form forall _definedk,A), the keys associated
with the elementsn the dictionaryarrayaresuccessiely assignedo
variablek, andin amacrocall of theform forall(i,A), theinformation
associateavith the elementsof the dictionaryarrayare successiely
assignedo variablei.

A.2.9 Hashing Arrays

Theh_array classprovidesa third kind of associatre containeycon-
sisting of a setof elementswith both an information and a unique
key associatedvith eachelementwherethereis a hashingfunction
definedonthekeys. Theh_array() constructorcreatesanemptyhash-
ing array The operationgrovided by the h_array classareshowvn in

Fig. A.11.

[K] returnsa referenceo theinformationassociateavith key k
in thehashingarray
[K]=i insertsanelementwith key k andinformationi in thehashing

array replacingthe element(if ary) with key k, andreturns
areferenceo theinformationassociateavith theelement

definedk) returnstrueif thereis anelementwith key k in the hashing
arrayandfalseotherwise
undefingk) deletesthe elementwith key k from the hashingarrayand

leaveskey k undefined

Fig. A.11. Operationgrovidedby theh_array class.

The h_array classincludesa default implementationby hashing
with chaining.Operationsizetakes O(1) time; [], defined undefine
take expectedO(1) time; andclear takes O(n) time, wheren is the
sizeof thehashingarray TherepresentatiomsesO(n) space.

Thereis an alternatve implementatiorby dynamicperfecthash-
ing [93, 117]. Thedefaultimplementatiorcanalsobe selectedy the
implementationparameteich_hash andthe alternatve implementa-
tion is selectedy dp_hash
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Again, iteration over definedelementds implementedoy LEDA
macrosIn amacrocall of theform forall definedk,A), the keys asso-
ciatedwith theelementsn thehashingarrayaresuccessiely assigned
to variablek, andin a macrocall of theform forall(i,A), theinforma-
tion associateavith theelementof thehashingarrayaresuccessiely
assignedo variablei.

A.2.10 Maps

The map classprovides still a fourth kind of associatie containey
consistingof asetof elementsvith bothinformationanda uniquekey
associateavith eachelementwherekeys areeitherof thetypeint or
of apointeroritemtype.Themap)) constructocreateanemptymap.
The operationgprovidedby the mapclassareshavnin Fig. A.12.

[K] returnsa referenceo theinformationassociateavith key k
in themap
[K]=i insertsan elementwith key k andinformationi in the map,

replacingthe element(if ary) with key k, andreturnsaref-
erenceto theinformationassociatedavith theelement

definedk) returnstrueif thereis anelementwith key k in themapand
falseotherwise

Fig. A.12. Operationgrovided by themapclass.

The mapclassincludesa defaultimplementatiorby hashingwith
chaining and table doubling. Operations[ ], definedtake expected
O(1) time; andclear takes O(n) time, wheren is the numberof el-
ementdn themap.TherepresentatiomsesO(n) space.

Iterationoverdefinedelementss alsoimplementedy LEDA mac-
ros.In amacrocall of theform forall _definedk,A), thekeysassociated
with the elementdn the maparesuccessiely assignedo variablek,
andin amacrocall of theform forall(i,A), theinformationassociated
with the elementf the maparesuccessiely assignedo variablei.

Further the map2classprovidesan associatie containerconsist-
ing of a setof elementswith both informationanda uniqueordered
pair of keys associatedvith eachelement.The mapZ) constructor
createsan empty two-dimensionamap. The operationsprovided by
themap2classareshowvn in Fig. A.13.
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(k1) returnsa referenceto the information associatedvith key
pair (k,1) in thetwo-dimensionamap
(k,H=i insertsan elementwith key pair (k,I) andinformationi in

thetwo-dimensionamap,replacingheelementif ary) with
key pair (k,1), andreturnsa referenceo theinformationas-
sociatedwith theelement

definedk,l) returnstrueif thereis an elementwith key pair (k,I) in the
two-dimensionamapandfalseotherwise

Fig. A.13. Operationgrovided by themapZ2class.

Themap2classincludesadefaultimplementatiorby hashingwith
chaining and table doubling. Operations(), definedtake expected
O(1) time; andclear takes O(n) time, wheren is the numberof el-
ementsin the two-dimensionalmap. The representatiorusesO(n)
space.

A.2.11 Sets

The setclassprovidesa setof elementsThe se{) constructorcreates
an empty set. The operationgprovided by the setclassareshavn in
Fig. A.14.

inser(x) insertselementx in the set

del(x) deletexlementx from the set

membegfx) returnstrueif x belongsto the setandfalseotherwise

choos€) returnssome elementof the set, assumingthe setis not
empty

join(T) returnsthe unionof the setwith setT

diff(T) returnsthe differenceof the setminussetT

intersec(T) returnstheintersectiorof the setwith setT

symdif(T) returnsthe symmetricdifferenceof the setandsetT

Fig. A.14. Operationgrovidedby the setclass.

The comparisoroperatorsg, >, =, #, <, and> aredefinedfor
the set class. The set classis implementedby randomizedsearch
treeg[292]. Operationempty size choosetake O(1) time;insert, del,
membetake expectedO(logn) time; cleartakesO(n) time; andjoin,
diff, intersect symdif take expectedO(nlogn) time, wheren is the
sizeof theset.
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Iterationover the elementof a setis alsoimplementedoy LEDA
macros.In a macrocall of the form forall(x,S), the elementf setS
aresuccessiely assignedo variablex.

A.2.12 Partitions

The partition classprovides a partition of a finite setof itemsinto
disjoint subsetscalledblodks The partition() constructorcreatesan
emptypartitionof anemptysetof elementsThe operationgprovided
by the partition classareshavnin Fig. A.15.

male_block() returnsa new item andinsertsa singletonblock containing
theitemin the partition

find(p) returnsa canonicarepresentatie item of theblock thatcon-
tainsitem p

sizép) returnsthe sizeof the block containingitem p

numberof_blodky) returnsthe numberof blocksin the partition

sameblodk(p,q) returnstrueif itemsp andq belongto the sameblock of the
partitionandfalseotherwise

union.blockyp,q) combineghe blocksof the partition containingitems p and
q

split(L) splits all blocks containingitemsin a list of itemsL of the

partitioninto singletonblocks

Fig. A.15. Operationgrovidedby the partition class.

Thepatrtition classncludesadefaultimplementatiorby theunion-
find datastructurewith weightedunion and path compressiorj318,
321]. Operationnumberof_blocks takes O(1) time; a sequenceof
n operationsmale_block and a total of m > n operationsfind, size
sameblodk, unionblodkstakesO(ma(m,n)) time, wherethevalueof
a(m,n), theinverseAckermanrfunction,is lessthanor equalto 4 for
all practicalpurposesandoperationsplit takestime linearin the size
of theblocks.TherepresentationsesO(n) spacewheren is now the
sizeof theset.

A.2.13 Sorted Sequences

Thesortseclassprovidesa sortedsequencehatis, asequencef el-
ementswith bothinformationanda uniquekey associateavith each
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elementwherethereis a linear orderdefinedon the keys. The sort-
sed) constructorcreatesan emptysortedsequencehasedon thelin-
earorderdefinedby the globalcompae function. Someof the opera-
tions providedby the sortsecclassareshovn in Fig. A.16.

key(it) returnsthekey associatedvith itemit

inf(it) returnstheinformationassociatedvith itemit

insertk,i) insertsandreturnsan elementwith key k andinformationi
in the sortedsequenceteplacingthe element(if any) with
key k

lookugk) returnsthe elementwith key k in the sortedsequencegr nil
if thereis nosuchelement

delk) deletesthe elementwith key k from the sortedsequenceif
thereis suchanelement

deLitem(it) deletedstemit from thesortedsequenceassumingt belongs
to thesequence

changeinf(it,i) malkesi theinformationassociatedvith item it, assumingt

belonggo the sortedsequence

Fig. A.16. Someof the operationgrovided by the sortsecclass.

Sortedsequencealso offer so-calledfinger searchoperationsas
well as operationsfor splitting and meging sortedsequencesThe
sortseqclassincludesa default implementationby skip lists [262].
Operationeempty size key, inf, deLitem change.inf take O(1) time;
insert, lookup del take expectedO(logn) time; andclear takesO(n)
time, wheren is the size of the sortedsequenceThe representation
usesO(n) spaceimesthesizeof theelements.

Alternative implementationsof sortedsequencesnclude (2,4)-
trees[26], BB[a] trees[48, 24§, red-blacktrees[143], andrandom-
ized searchtrees[292]. The default implementationcanalsobe se-
lected by the implementationparameteskiplist andthe alternatve
implementationsireselectedy ab_tree bb_treg rb_treg andrs_tree
respectrely.

A.2.14 Graphs

The graphclassprovidesdirectedgraphsandalsoundirectedgraphs
representedyy bidirectedgraphs.The graph() constructorcreatesan
emptygraph.Someof the operationgrovidedby the graphclassare
shovnin Fig. A.17.
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outdey(v) returnsthe numberof arcsgoingout of vertex v

indeg(v) returnsthe numberof arcscominginto vertex v

soucee) returnsthe sourcevertex of arce

target(e) returnsthetargetvertex of arce

oppositév,e) returns target(e) if vertex v is the sourceof arc e and

numberof_nodeg)

sourcege) otherwise
returnsthe orderof thegraph

numberof_edgey) returnsthe sizeof thegraph

choosenodd) returnsavertex of thegraphatrandom,or nil if the graphis
empty

chooseed() returnsan arc of the graphat random,or nil if the graphis
empty

all_nodeg) returnsalist of all theverticesof thegraph

all_edegey) returnsalist of all thearcsof thegraph

adj_edeqVv) returnsalist of all thearcsgoingout of vertex v

in_edeqv) returnsalist of all thearcscominginto vertex v

adj_nodegv) returnsalist of all theverticesadjacento vertex v

new_node) insertsandreturnsavertex in thegraph

new_edg(v,w) insertsandreturnsanarcin the graphgoingout of vertex v
andcominginto vertex w

deLnod€v) deletesvertex v from the graph,togethemwith all thosearcs
goingoutof or cominginto vertex v

deledg(e) deletesarce from thegraph

delall_nodeg) deletesall verticesfrom thegraph

delall_edeey) deletesall arcsfrom thegraph

sortnodegcmp sortsthegraphby quick sortaccordingo thelinearordering
cmpdefinedonthevertices

budket sort nodesf) sortsthe graphby bucket sortaccordingto theintegerfunc-
tion f definedonthevertices

sortedgeqcmp sortsthegraphby quick sortaccordingo thelinearordering
cmpdefinedonthearcs

budket sort edgeqf) sortsthe graphby bucket sortaccordingto theintegerfunc-
tion f definedonthearcs

empty) returnstrueif thegraphis emptyandfalseotherwise

clear() malesthe graphempty

Fig. A.17. Someof theoperationgrovided by thegraphclass.

The graph classincludes a default implementationby doubly
linked lists of verticesand arcs. Operationsoutdey, indeg, source,
target, opposite numberof_-nodes numberof_edges choosenode
chooseedge, new_node newv_edge, delnode deledge, emptytake
O(1) time; adj_edges adj_nodestake time linearin the outdegreeof
the vertex; in_edges takestime linear in the indegreeof the vertex;
all_nodes all_edges del all_nodes del.all_edges budket sort nodes
bucket sort edges clear take O(n+ m) time; operationsortnodes
takes O(nlogn) time; and sort edges takes O(mlogm) time, where
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nis theorderandm is the size of the graph.Therepresentationises
O(n+ m) space.

Therearefurther operationssupportingiterationover the vertices
andarcsof a graph.An alternatve form of iterationis implemented
by LEDA macros.In a macro call of the form forall_nodegv,G),
the verticesof graphG are successiely assignedo variablev; in a
macrocall forall_edgeqe,G), thearcsof graphG aresuccessiely as-
signedto variablee; in a macrocall forall_rev_nodegv,G), the ver-
tices of graph G are successiely assignedo variablev in reverse
order;in a macrocall forall _rev_edgeqe,G), the arcsof graphG are
successiely assignedo variablee in reverseorder;in a macrocall
forall _outedgeqe\V), the arcsgoing out of vertex v are successiely
assignedo variablee; in a macrocall forall in_edgege,w), the arcs
cominginto vertex w aresuccessiely assignedo variablee; andin a
macrocall of the form forall _adj_-nodegw,v), the verticesadjacento
vertex v aresuccessiely assignedo variablew.

Informationcanbeassociateavith theverticesandarcsof agraph
by definingappropriatearrays,matrices or mapsof verticesandarcs.
While theformerarestaticdatastructuresyalid only for the vertices
andarcscontainedn thegraphatthe momentof creationof thearray
or matrix, the latter aredynamicdatastructureswhich arealsovalid
for verticesandarcsinsertedaterin thegraph.

Thenodearray classprovidesa staticarrayof informationassoci-
atedwith theverticesof agraph.Thenodearray() constructocreates
anemptystaticarrayof informationto be associateavith thevertices
of agraph,thenodearray(G) constructoricreatesa staticarrayof in-
formationindexedby theverticesof graphG, andthenodearray(G,x)
constructorcreatesa static array of informationindexed by the ver-
ticesof graphG andinitializes all entriesto the value of variablex.
Someof theoperationgprovidedby thenodearray classareshavnin
Fig. A.18.

The nodearray classincludesa default implementationby C++
vectorsandaninternalnumberingof the verticesof the graph.Opekr
ationsget.graph [] take O(1) time; andinit takesO(n) time, where
nis the orderof the graph.TherepresentationsesO(n) spacetimes
thesizeof theinformationassociateavith thevertices.
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get.graph) returnsareferenceo thegraphwhichthearrayof verticesis
associateavith

V] returnsareferenceo theinformationassociateavith vertex
v

init(G) makesthearrayvalid for all verticesof graphG

init(G,x) malesthearrayvalid for all verticesof graphG andinitial-

izesall entriesto the valueof variablex

Fig. A.18. Someof theoperationgprovided by thenodearray class.

Theedge array classprovidesa staticarrayof informationassoci-
atedwith thearcsof agraph.Theedge_array() constructorcreatesan
emptystaticarray of informationto be associateavith the arcsof a
graphtheedge array(G) constructocreates staticarrayof informa-
tionindexedby thearcsof graphG, andtheedge array(G,x) construc-
tor createsa staticarray of informationindexed by the arcsof graph
G andinitializes all entriesto the value of variablex. Someof the
operationgrovidedby theedge array classareshavn in Fig. A.19.

get.graph) returnsa referenceto the graphwhich the array of arcsis
associateavith

[€] returnsareferenceo theinformationassociatedvith arce

init(G) makesthearrayvalid for all arcsof graphG

init(G,x) malkesthe arrayvalid for all arcsof graphG andinitializes

all entriesto thevalueof variablex

Fig. A.19. Someof theoperationgrovided by theedge_array class.

The edge_array classincludesa default implementationby C++
vectorsandaninternalnumberingof thearcsof thegraph.Operations
getgraph [] take O(1) time; andinit takesO(m) time,wheremis the
sizethe graph.TherepresentatiomsesO(m) spacetimesthe size of
theinformationassociatedvith thearcs.

The nodematrix classprovidesa statictwo-dimensionakrray of
informationassociatewvith theverticesof agraph.Thenode matrix()
constructocreatesanemptystatictwo-dimensionaarrayof informa-
tion to be associatedvith the verticesof a graph,the nodematrix(G)
constructorcreatesa statictwo-dimensionahrray of informationin-
dexedby theverticesof graphG, andthe nodematrix(G,x) construc
tor createsa statictwo-dimensionahkrray of informationindexed by
the verticesof graphG andinitializes all entriesto the value of vari-
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ablex. Someof the operationgrovided by the node matrix classare
shavnin Fig. A.20.

get.graph) returnsa referenceo the graphwhich the two-dimensional
arrayof verticesis associateaith

V] returnsareferenceo the nodearray associateavith vertex
v

(v,w) returnsa referenceto the information associatedvith ver-
ticesv andw

init(G) makesthetwo-dimensionahrrayvalid for all vertex pairsof
graphG

init(G,x) makesthetwo-dimensionabrrayvalid for all vertex pairsof

graphG andinitializesall entriesto thevalueof variablex

Fig. A.20. Someof the operationgrovided by the nodematrix class.

Thenodematrix classincludesa defaultimplementatiorby node
array vectorsandan internalnumberingof the verticesof the graph.
Operationgiet graph [], () take O(1) time; andinit takesO(n?) time,
wheren is theorderof thegraph.TherepresentationsesO(n?) space
timesthe sizeof theinformationassociateavith the vertices.

The nodemap and edge map classegprovidesdynamicarraysof
information associatedavith the verticesandthe arcsof a graph,re-
spectvely. Thenodemap) andedge_mag) constructorgreateempty
dynamicarraysof informationto be associateavith the verticesand
arcsof agraph,the nodemapG) andedge magG) constructorsre-
ate dynamicarraysof informationindexed by the verticesand arcs
of graphG, andthe nodemap(G,x) andedge_mapG,x) constructors
createdynamicarraysof informationindexedby the verticesandarcs
of graphG andinitialize all entriesto the value of variablex. Some
of the operationgprovidedby thenodemapandedge mapclassesre
shavnin Fig. A.21.

Thenodemapandedge mapclassesncludesa defaultimplemen-
tation by hashingbasedon aninternalnumberingof the verticesand
arcsof the graph.Operationsget graph, init take O(1) time; and[]
takes expectedO(1) time. The representatiorusesO(n) and O(m)
spacetimesthe size of the information associatedvith the vertices
and arcs,respectrely, wheren is the orderandm is the size of the
graph.
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get.graph) returnsa referenceo the graphwhich the dynamicarrayis
associateavith

V] returnsareferenceo theinformationassociateavith vertex
v

[€] returnsareferenceo theinformationassociatedvith arce

init(G) malkes the dynamic array valid for all verticesor arcs of
graphG

init(G,x) malkes the dynamic array valid for all verticesor arcs of

graph G andinitializes all entriesto the value of variable
X

Fig. A.21. Someof theoperationgprovided by thenodemapandedge_mapclasses.

Thenodemap2classprovidesadynamictwo-dimensionaarrayof
informationassociateavith theverticesof agraph.Thenodemap2)
constructorcreatesan empty dynamictwo-dimensionakrray of in-
formationto be associatedvith the verticesof a graph,constructor
nodemapdG) createsa dynamictwo-dimensionahrrayof informa-
tion indexedby theverticesof graphG, andthenodemapZG,x) con-
structorcreatesa dynamictwo-dimensionahrray of informationin-
dexedby theverticesof graphG andinitializesall entriesto thevalue
of variablex. Someof theoperationprovidedby thenodemap?2class
areshavnin Fig. A.22.

get.graph) returnsa referenceo the graphwhich the two-dimensional
arrayof verticesis associateavith

(v,w) returnsa referenceto the information associatedvith ver
ticesvandw

definedv,w) returnstrueif thereis anentryin thetwo-dimensionahrray
for verticesv andw andfalseotherwise

init(G) malkesthetwo-dimensionahrrayvalid for all vertex pairsof
graphG

init(G,x) makesthetwo-dimensionahrrayvalid for all vertex pairsof

graphG andinitializesall entriesto the valueof variablex

Fig. A.22. Someof the operationgrovided by thenodemap2class.

The nodemap2classincludesa default implementatiorby hash-
ing basedon aninternalnumberingof the verticesof the graph.Op-
erationsget.graph, init take O(1) time; and(), definedtake expected
O(1) time. TherepresentatiomsesO(n + m) spacetimesthe size of
theinformationassociatedavith the vertices,wheren is theorderand
mis thesizeof thegraph.
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An alternatve form of associatingnformationwith verticesand
arcs consistsof using graphsparametrizedoy the type of the in-
formation associatedwvith the verticesand arcs of the graph.The
GRAPHCclassprovides parametrizedlirectedgraphs,and also undi-
rected graphsrepresentedy bidirectedgraphs.The GRAPHV,E)
constructorcreatesan empty graphparametrizedy vertex informa-
tion type V andarcinformationtype E. The GRAPHCclassis derved
from the graph class,andinheritsall of the operationsprovided by
thegraphclass.Furtheroperationgrovided by the GRAPHclassare
shovnin Fig. A.23.

inf(v) returnstheinformationassociatedvith vertex v

V] returnsareferenceo theinformationassociateavith vertex
v

inf(e) returnstheinformationassociatedvith arce

[€] returnsareferenceo theinformationassociatedvith arce

nodedatq)) males the information associatedvith the verticesof the
graphavailableasanodearray

edge_data() malkesthe informationassociatedvith the arcsof the graph
availableasanedg array

assigriv,x) makesx theinformationassociatedvith vertex v

assigrie,x) malesx theinformationassociateavith arce

new_nodéx) insertsandreturnsa vertex in the graphwith informationx
associated

new_edg(V,w,X) insertsandreturnsanarcin the graphgoingout of vertex v

andcominginto vertex w with informationx associated

Fig. A.23. Someof theadditionaloperationgrovided by the GRAPHclass.

The GRAPH classincludesa default implementationby doubly
linked lists of verticesandarcs.Operationanf, [ ], nodedata edge.
data, assign new_node newv_edge take O(1) time. Therepresentation
usesO(n) spaceimesthesizeof theinformationassociatedvith the
verticesplus O(m) spaceimesthe sizeof theinformationassociated
with thearcs,wheren is theorderandm s the sizeof thegraph.

LEDA alsoprovideslinear lists, priority queuesand partitionsof
the setof verticesof a graph,which have a moreefficientimplemen-
tationthanthe correspondingjenericclassesThenodelist classpro-
videsalinearlist of theverticesof agraphthatcancontaineachvertex
of thegraphat mostonce with theadditionalrestrictionthateachver-
tex of a graphis containedn at mostonelinearlist of vertices.The
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nodelist() constructorcreatesan emptylist of vertices.Someof the
operationgprovidedby the nodelist classareshown in Fig. A.24.

Thenodelist classincludesa defaultimplementatiorby a doubly
linkedlist of verticestogethemwith a mapof verticesindexed by the
verticesof thegraph.Operationsappend push insert, pop, del, head
tail, sucg pred emptytake O(1) time; membertakes expectedO(1)
time; andclear takesO(n) time, wheren is the size or lengthof the
linearlist of vertices.

Iterationover the verticesin alinearlist of verticesis alsoimple-
mentedby LEDA macrosln a macrocall of theform forall(x,L), the
verticesof L aresuccessiely assignedo variablex.

appendv) appendwvertex v to thelist of vertices

pushv) insertsvertex v atthefront of thelist of vertices

inseri(v,w) insertsvertex v right after vertex w, assumingw belongsto
thelist

pop) deletesandreturnsthefirst vertex from thelist, assuminghe
list of verticesis notempty

delv) deletesvertex v from thelist of vertices,assuminghereis
suchavertex

membegv) returnstrueif vertex v belonggo thelist of verticesandfalse
otherwise

head) returnsthefirst vertex in thelist of vertices,or nil if thelist
is empty

tail() returnsthe last vertex in thelist of vertices,or nil if thelist
is empty

sucdv) returnsthe successoof vertex v in the list of vertices,as-
sumingthelist is notempty

predv) returnsthe predecessoof vertex v in thelist of vertices,as-
sumingthelist is notempty

empty) returnstrueif thelist of verticesis emptyandfalseotherwise

clean) malesthelist of verticesempty

Fig. A.24. Someof the operationgrovided by the nodelist class.

The nodepq classprovides a priority queueof the verticesof a
graphthatcancontaineachvertex of thegraphat mostonce,with the
additionalrestrictionthat only one priority queueof verticesmay be
usedfor agraph.Thenodepq(G) constructorcreatesa priority queue
of the verticesof graphG. The operationgprovided by the nodepq
classareshavn in Fig. A.25.

The nodepq classincludesa default implementationby priority
gueues—implementedh turn, by binary heaps—andrraysof ver-
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tices. Operationsprio, inf, member find_min, size emptytake O(1)
time; insert del, deLmin, decreasep take O(logm) time; andclear
takesO(m) time, wheremis the sizeof thepriority queue Therepre-
sentatiorusesO(n) spacewheren is the orderof thegraph.

The nodepartition classprovidesa partition of the verticesof a
graph.The nodepartition(G) constructorcreatesa trivial partition of
the verticesof graphG, containinga singletonblock for eachvertex
of thegraph.The operationgrovided by the nodepartition classare
shavnin Fig. A.26.

prio(v) returnsthe priority of vertex v

inf(v) returnstheinformationassociatedvith vertex v

membefv) returnstrueif vertex v belonggo the priority queueandfalse
otherwise

inseri(v,p) insertsvertex v with priority p in the priority queue

findLmin() returnsa vertex with the minimum priority, or nil if the pri-
ority queueis empty

delv) deletesvertex v from the priority queue

deLmin() deletesandreturnsa vertex with the minimum priority, as-
sumingthe priority queues notempty

deceasep(v,p) malkes p the new priority of vertex v, assumingv already
belongsto the priority queuewith a priority notsmallerthan
p

Fig. A.25. Operationgrovided by thenodepqclass.

find(v) returnsa canonicalrepresentate vertex of the block con-
tainingvertex v

sizgV) returnsthe sizeof the block containingvertex v

sameblock(v,w) returnstrueif verticesv andw belongto the sameblock of
the partitionandfalseotherwise

union.blockgv,w) combinesthe blocks of the partition containingverticesv
andw

split(L) splits all blockscontainingverticesin alist of verticesL of
the partitioninto singletonblocks

male_rep(v) makesvertex vthecanonicarepresentate of theblock con-
tainingit

Fig. A.26. Operationgrovided by the nodepartition class.

The nodepartition classincludesa default implementationby a
partition—implementedh turn by the union-finddatastructurewith
weightedunionandpathcompression—togeth&vith astaticarrayof
itemsof the partitionindexed by the verticesof the graph.Initializa-
tion takesO(n) time; operationdind, size sameblodk, unionblocks
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male rep take amortizedO(a (n)) time, wheren is the orderof the
graphandthe valueof a(n), theinverseAckermannfunction,is less
thanor equalto 4 for all practicalpurposesandsplit takestime linear
in the sizeof the blocks.TherepresentatiomsesO(n) space.

Further data structuresprovided by LEDA include compressed
Booleanarrays;strings; randombits, charactersand numbers;data
structuredor graphicalinput and output;and computationabeome-
try datastructuresThereaderis referredto [236] for details.

BFSG,s,dist)
computeghedistancalistin graphG of all verticesreachabldrom vertex sduring
abreadth-firstraversalof the graphin O(n+ m) time [232] [235, Sect.7.3], and
returnsalist of all visitedvertices
BICONNECTEDRCOMPONENTS5,compnum
computeghebiconnectedomponentsf anundirectedgraphG in O(n+m) time
[74] andreturnsthe numberof biconnecteccomponentstogetherwith the com-
ponentumbercompnumnto which eachedgebelongs
COMPONENTS5,compnurh
computeghe connecteccomponent®f an undirectedgraphG in O(n+ m) time
[232] andreturnsthe numberof connectedomponentstogethemwith thecompo-
nentnumbercompnunto which eachedgebelongs
DFS.NUM(G,dfshumcompnum
computeghe numberdfsnumandcompnumn which theverticesarefirst andlast
visited, respectrely, during a depth-firsttraversalof graphG in O(n+ m) time
[235, Sect.7.3][317] andreturnsa list of treeedgesn the correspondinglepth-
first forestof thegraph
STRONG.COMPONENTS
computesthe strong componentsof graph G in O(n+ m) time [232] [235,
Sect.7.4.2]andreturnsthenumberof strongcomponentsogethemwith thestrong
componenhumbercompnunto which eachvertex belongs
TOPSORTG,ord)
computesatopologicalsortord of anagyclic graphG in O(n+m) time[176] and
returnstrueif thegraphis indeedagyclic andfalseotherwise
TRANSITIVECLOSUREG)
computeghetransitive closureof graphG in O(n+ m) time [134]

Fig. A.27. Somebasicgraphalgorithmsprovided by LEDA.

A.3 Fundamental Graph Algorithms

LEDA providesefficientimplementation®f a large numberof graph
algorithms,including traversal,connectvity, shortestpath, minimum
spanningree,bipartitematching maximumflow, minimumcut,algo-
rithmsfor planargraphsandgraphdrawing algorithms.Thesegraph
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algorithmsareimplementedsC++ generidunctions,andaccepboth
graphsandparametrizedraphsasarguments.

Basic graph algorithms provided by LEDA include topological
sorting;depth-firsandbreadth-firstraversal,connectedbhiconnected,
andstronglyconnected@¢omponentsandtransitve closurealgorithms.
Someof themaresummarizedn Fig. A.27.

Furthergraphalgorithmsprovidedby LEDA includesereralsingle-
sourceshortespathandall-pairsshortespathsalgorithms,aswell as
minimumspanningreealgorithms.Someof themaresummarizedn
Fig. A.28.

ACYCLICSHORTESIPATH(G,s,costdist,pred)
computeghe distancedist andthe shortestpatharcspred in anagyclic graphG
with arc costscostof all verticesreachabldrom vertex sin O(n+ m) time [235,
Sect.7.5.4]

ALL_PAIRSSHORTESIPATHYG,costdist)
computeghedistanceadist betweerall reachablgairsof verticesin graphG with
no negative-costcyclesin O(nm+n?logn) time [235, Sect.7.5.10]and returns
trueif thegraphhasindeedno negative-costcyclesandfalseotherwise

BELLMANFORD(G,s,costdist pred)
computeghedistancalistandtheshortespatharcspredin graphG with arccosts
costof all verticesreachabldrom vertex sin O(nm) time [29] [235, Sect.7.5.7—
7.5.9] andreturnsfalseif thereis a negative-costcycle reachabldrom s in the
graphandtrue otherwise

DIJKSTRAG,s,costdist,pred)
computeshedistancedistandtheshortespatharcspredin graphG with nonneg-
ative arc costscostof all verticesreachabldrom vertex s in O(m+ nlogn) time
[94] [235, Sect.6.6]

MIN_SFANNING TREEG,cos)
computesa spanningtree of minimum costof an undirectedgraphG with edge
costscostin O(n+m) time[204] [235, Sect.6.8] andreturnsalist of theedgesn
theminimumspanningree

SFANNING.TREEG)
computesa spanningtree of an undirectedgraphG in O(n+ m) time [232] and
returnsalist of theedgesdn the spanningree

Fig. A.28. Furthergraphalgorithmsfor shortespathsandminimumspanningreesprovided
by LEDA.

Additional graphalgorithmsprovided by LEDA include several
matchingalgorithmsin bipartiteandgeneralgraphs,aswell ascom-
binatorialoptimizationalgorithmsfor computinga maximumor min-
imum flow in anetwork, andminimum cut algorithms.Someof them
aresummarizedn Fig. A.29.
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MAX_CARD.BIPARTITEMATCHINGG)
computesa matchingof maximumcardinalityin a bipartitegraphG in O(,/nm)
time[7, 165 orin O(nm) time [114], andreturnsthelist of edgesn thematching
MAX_CARD.MATCHING(G)
computesa matching of maximum cardinality in an undirectedgraph G in
O(nmo(n,m)) time [103, 121], andreturnsthelist of edgesn thematching
MAX_FLOW(G,s;t,cap
computesamaximum(s,t)-flow in anetwork (G, s,t,cap with arccapacitiesap
in O(n?y/m) time [128] [235, Sect.7.10]andreturnsthe valueof the flow
MAX WEIGHTASSIGNMENT{G,costpof)
computes perfectmatchingof maximumcostin anundirectedyraphG with edge
costscostin O(n(m+ nlogn)) time [235, Sect.7.8] andreturnsthelist of edgesn
thematchinganda correctnessertificatepot
MAXWEIGHTBIPARTITEMATCHING(G,costpof)
computesa matchingof maximumcostin a bipartite graph G with edgecosts
costin O(n(m+ nlogn)) time [235, Sect.7.8] andreturnsthelist of edgesn the
matching togethemwith a correctnessertificatepot
MIN_CUT(G,weigh)
computesa cutof minimumweightin graphG with arcweightsweightin O(nm-+
n?logn) time [11, 310 andreturnsthevalueof the cut

Fig. A.29. Furthergraphalgorithmsfor flows in networks andcutsandmatchingsn graphs
providedby LEDA.

Beware that the maximum cardinality bipartite matching algo-
rithms actuallytransformthe representationf the graphby reorder
ing adjaceng lists, therebymodifying the combinatorialembedding
of the graph.Bewarealsothatsomeof the layoutalgorithmsfor pla-
nar graphsincludedin LEDA transformfirst the graphinto a planar
map, modifying againthe combinatorialembeddingf the graph.In
particular applyinga straight-linelayoutor avisibility representation
layoutto anorderedreetransformat into a differentorderedree.

LEDA also provides efficient implementationsof algorithmsfor
planargraphsand graphdrawing algorithms.The readeris referred
to [236, Chap.7-8] for detalils.

A.4 A Simple Representationof Trees

The LEDA representatiorof graphsmay be usedfor representing
treesaswell, althoughLEDA graphsoffer mary operationghat do
not make much sensefor trees—forinstance mostof thosedealing
with embeddedyraphs,because tree hasonly oneface—andnore
space-dicient representationfr treescould be adoptedasalready
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discussedn Sect.1.4. Neverthelessthe choicein this book hasbeen
to definea simpletreeclasswhichinheritstherepresentatioandop-

erationsfrom the graph classandalsoprovidesadditionaloperations
for trees.

Thetreeclassprovidesnonemptyrootedtirees.Thetreg) construc-
tor createsan empty tree,andthe tregG) constructorcreatesa tree
representationf graphG, assumings is the graphrepresentationf
a nonemptyrootedtree. All operationgprovided by the graph class
can be appliedto treesas well. Furtheroperationsprovided by the
treeclassareshavnin Fig. A.30.

pareni(v) returnsthe parentof nodev, or nil if vis theroot of thetree

is_root(v) returnstrueif nodev is theroot of the treeandfalseother
wise

is_leaf(v) returnstrueif nodev is aleaf of thetreeandfalseotherwise

root() returnstherootnodeof thetree

first.child(v) returnsthefirst child of nodev in thetree,or nil if vis aleaf
node

last_child(v) returnsthelastchild of nodev in thetree,or nil if vis aleaf
node

next_sibling(v) returnsthe next sibling of nodev in the tree,or nil if vis
eithertheroot nodeor alastchild of thetree

previous sibling(v) returnsthe previoussibling of nodev in thetree,or nil if vis
eithertheroot nodeor afirst child of thetree

is_first.child(v) returnstrue if nodev is afirst child in the tree and false
otherwise

is_last child(v) returnstrueif nodev is alastchild in thetreeandfalseoth-
erwise

numberof_children(v) returnsthe numberof childrenof nodev in thetree

Fig. A.30. Operationgrovidedby thetreeclass.

Thetreeclassincludesa defaultimplementatiorderved from the
LEDA graphclasslnitializationfrom aLEDA graphtakesO(n) time;
operationgparent, is_root, is_leaf, first.child, last child, next_sibling,
previoussibling, is_first child, is_last child, numberof_childrentake
O(1) time; root takestime linearin the depthof the tree;andclear
takes O(n) time, wheren is the size of the tree. The representation
usesO(n) space.

Recallfrom Sect.1.1thataconnectedindirectedgraphG = (V, E)
with n verticesandm edgess a nonemptyundirectedreeif andonly
if n=m+ 1. As a matterof fact,in an empty undirectedtree both
n=0andm=0.
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In the caseof directed rootedtrees,the previous conditionis still
necessanput no longer suficient for a graphto be a tree, because
anodecould have morethanoneparent.Recallfrom Definition 1.36
thataconnectedyraphT = (V, E) is atreeif theunderlyingundirected
graphhasnocyclesandfor all nodesr € V, thereis apathin thegraph
from adistinguishechoderoof T] to nodev.

LemmaA.1. A connectedgraph T = (V,E) with n verticesand m
arcsis atreeif andonlyif n=m+ 1 andindeg(v) < 1 for all vertices
vev.

Proof. Let T = (V,E) beaconnectedyraphwith n verticesandm =
n— 1 arcssuchthatindeg(v) < 1 for all verticesv € V. Supposeéhat
indeg(v) = 1 for all verticesve V. Then,3 v indeg(v) = Syey 1=n.
But 5 ey indeg(v) = mby Theoreml.5, contradictingheassumption
thatn = m-+ 1. Thereforethereis avertex u € V with indeg(u) = 0.
Now, sincethegraphis connectedhereis, for all verticesve V, an
undirectedoathfrom vertex u to vertex v. Supposehatthe pathfrom
vertex u to somevertex v € V is notadirectedpath.Then,theremust
besomevertex w € V alongthepathwith indeg(w) > 2, contradicting
the assumptiorthat indeg(v) < 1 for all verticesv € V. Therefore,
thereis adirectedpathfrom vertex u to vertex v, for all verticesve V.
Supposaow thatthereis acycle[vi, ..., Vo, ..., v1] in theunderly-
ing undirectedgraph.If thecycle is directed,vertex u cannotbelong
to the cycle, becausendeg(u) = 0, and there mustbe somevertex
w € V in thecycle suchthatthedirectedpathfrom vertex u up to, but
notincluding, vertex w is disjointfrom thecycle. Then,indeg(w) > 2,
contradictingthe assumptiorthatindeg(v) < 1 for all verticesv e V.
Otherwise,if the cycle is not directed,there must be some vertex
w € V alongeitherthe undirectedpath|vy,...,v,] or the undirected
path|va,...,vq] with indeg(w) > 2, contradictingagainthe assump-
tion thatindeg(v) < 1 for all verticesv € V. Therefore thereareno
cyclesin theunderlyingundirectedyraph,andT is indeedatree.
Corversely let T = (V,E) be atreewith n nodesandm arcs.By
Theoreml.43,n=m+ 1. Supposeow thatthereisanodew € V with
indeg(w) > 1. Let v1,v» € V be nodessuchthat (v, w), (v2,w) € E,
andlet v betheleastcommonancestoof nodesv; andvs in T. Then,
the paths|y,...,vi,w] and|y,...,v2,w| togetherconstitutea cycle in
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the underlyingundirectedgraph,contradictingthe assumptiorthat T
is atree.Thereforejndeg(v) < 1 for all nodesv € V. O

Thefollowing proceduras_treereturnstrueif thegraphis therep-
resentatiorof arootedtreeandfalseotherwise Sincethe LEDA pro-
cedurels_ConnectedakesO(n) time to determinewhetherthe graph
is connectedprocedurds_treealsotakesO(n) time.

(treegraphrepresentatiod29g =
bool is_treg
constgraph& G)

nodev;
forall_nodegv,G)
if (G.indgg(v) > 1) returnfalse // nonuniqueparent
return ( G.numberof_nodeg¢) = G.numberof_edegeq) + 1
A Is_Connecte() );

}

The following tree classis derived from the LEDA graph class.
The destructor copy constructor and copy assignmenbperatoy as
well asthe operationson LEDA graphs,are all inheritedfrom the
graphclass.

(treegraphrepresentatiod293 +=
classtree: public graph{
public:
treg) : graph() { }

treq constgraph& G) : graph( G)

if (—is_tregG))
error_handle1,"Graph is not a tree");
}

nodepareni constnodev ) const

bool is_root( constnodev ) const

bool is_leaf( constnodev ) const
noderoot() const

nodefirst.child( constnodev ) const
nodelast child( constnodev ) const
nodenext sibling( constnodev ) const,
nodeprevioussibling( constnodev ) const,
bool is_first.child( constnodev ) const
bool is_last child( constnodev ) const

int numberof_children( constnodev ) const
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In the graphrepresentationf atree T = (V,E), the parentof a
nodev €V is theuniquenodeu € V suchthat(u,v) € E.
(treegraphrepresentatiod293 +=

nodetree:paren{ constnodev ) const

{
if ((xthis).indeg(v) = 0) return nil;
return (xthis).sourcg((xthis).firstin_edg(v));

Therootof atreeT = (V,E) is theonly nodev € V which is not
thetamgetof ary arcof theform (u,v) € E, thatis, theonly nodev € V
with indeg(v) = 0.

(treegraphrepresentatiod29g +=
bool tree:is_root( constnodev ) const

return (xthis).indeg(v) = 0;

On the otherhand,anodev € V is aleaf of atreeT = (V,E) if
thereis no arcof theform (v,w) € E, thatis, if outdey(v) = 0.
(treegraphrepresentatiod293 +=

bool tree:is_leaf( constnodev ) const

return (xthis).outdey(v) = 0;
}

Theroot of a treecanbe foundin time linearin the depthof the
tree by startingoff with somenode—forinstance a nodechosenat
random—andhenfollowing the pathup to theroot of thetree.

Noticethatoperatiorrootcouldbeimplementedo take O(1) time
instead,by just extendingthe graphrepresentatiof a tree with an
explicit pointerto therootnode.However, theroot of atreemuststill
be foundwhenreadingthe treefrom a LEDA graphwindow; for in-
stancejn theinteractve demonstratiorf graphalgorithms.Besides,
all algorithmson treesdiscussedn this booktake Q(n) time anyway,
thetime neededo eithergenerater inputthetree.

(treegraphrepresentatiod293 +=
nodetree:roof() const

nodev = (xthis).choosenod€);
while ( —is_root(v) )
v = pareniVv);
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returnyv;

}

Thefirst andthelastchild of a nodein atreearethe targetof the
first and the last arc going out of the node, respectrely, according
to the relative order of the children of the nodefixed by the graph
representationf thetree.

431a (treegraphrepresentatiod29a +=
nodetree:first.child( constnodev ) const

if ( (xthis).outdeg(v) = 0) return nil;
return (xthis).target((xthis).first adj_edgg(v));

431b (treegraphrepresentatiod29a +=
nodetree:last child( constnodev ) const

if ((xthis).outdeg(v) = 0) return nil;
return (xthis).target((xthis).last adj_edge(v));
}

In the samesensethe next andthe previous sibling of a nodein
atreearethetargetof the next andthe previous arc going out of the
parentof the node,respectrely, accordingto therelative orderof the
arcsgoingout of the parentnodefixed by the graphrepresentatioof
thetree.

431c (treegraphrepresentatiod293 +=
nodetree:next_sibling( constnodev ) const

if ((xthis).indeg(v) = 0) return nil;

edee e = (xthis).adj_suc(xthis).firstin_edg(v));
if (e=nil) return nil;

return (xthis).target(e);

431d (treegraphrepresentatiod293 +=
nodetree:previoussibling( constnodev ) const

if ((xthis).indeg(v) = 0) return nil;

edee e = (xthis).adj_pred(xthis).firstin_edg(v));
if (e=nil) return nil;

return (xthis).target(e);
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Now, thefirst child of the parentof anodeis saidto beafirstchild
node,andthelastchild of theparentof anodeis saidto bealastchild
node.

432a (treegraphrepresentatiod293 +=
bool tree:is_first.child( constnodev ) const

if ((xthis).is_root(v) ) return false
return (xthis).first.child((xthis).paren{v)) = v,

432b (treegraphrepresentatiod293 +=
bool tree:is_last child( constnodev ) const

if ((xthis).is_root(v) ) return true;
return (xthis).last. child((xthis).paren{v)) = v;

Thenumberof childrenof anodein atreeis just the outdegreeof

the correspondingertex in thegraphrepresentationf thetree.
432c (treegraphrepresentatiod29a +=
int tree:numberof_children( constnodev ) const

return (xthis).outdey(v);

Iterationover all childrennodesw € V of nodev €V in atreeT =
(V,E) isimplementedy the LEDA macrofor iteratingoverthetamget
vertex w of all arcsof theform (v, w) € E in thegraphrepresentatioof
thetree.In amacrocall of theform forall _children(w,v), the children
of nodev aresuccessiely assignedo nodew.

432d (treegraphrepresentatiod293 +=
#define foral | _children(w,v) forall _adj _nodes(w, v)

A TREECclassis also defined,providing nonemptyrootedtrees
parametrizedy thetype of theinformationassociateavith thenodes
and edgesof the tree. The TREE classis derived from the GRAPH
classwhich is, in turn, derived from the graph class.The destruc-
tor, copy constructorand copy assignmenbperatoy aswell asthe
operationson LEDA parametrizedyraphs,areall inheritedfrom the
GRAPH class. Further operationsprovided by the TREE classare
identicalto theadditionaloperationgrovidedby thetreeclass.

432e (treegraphrepresentatiod29a +=
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template<classV,classE>
classTREE: public GRAPH<V,E> {
public:
TREE<V,E>(){ }
TREH constGRAPH<V,E>& G) : GRAPHV,E>(G)

if (—is_tregG) ) error_handlef1,"Graph is not a tree");

nodeparen{ constnodev ) const

if ( (xthis).indeg(v) = 0) return nil;

return (xthis).sourcg((xthis).firstin_edg(v));
bool is_root( constnodev) const

return (xthis).indeg(v) = 0;
}

bool is_leaf( constnodev ) const

return (xthis).outdeg(v) = 0;

noderoot() const

nodev = (xthis).choosenod€);
while (—is_root(v) )

v = pareni(v);
returnv;

}

nodefirst_child( constnodev ) const

if ( (xthis).outdey(v) = 0) return nil;

return (xthis).target((xthis).first adj_edg(v));
nodelast child( constnodev ) const

if ( (xthis).outdey(v) = 0) return nil;

return (xthis).target((xthis).last adj_edg(v));
nodenext_sibling( constnodev ) const

if ( (xthis).indeg(v) = 0) return nil;

edee e = (xthis).adj_sucg(xthis).firstin_edg(v));

if (e=nil) return nil;
return (xthis).target(e);
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nodeprevious sibling( constnodev ) const

if ( (xthis).indeg(v) = 0) return nil;

edee e = (xthis).adj_pred(xthis).firstin_edg(V));
if (e=nil) return nil;

return (xthis).target(e);

bool is_first.child( constnodev ) const

if ((xthis).is_root(V) ) return false
return (xthis).first.child((xthis).paren(v)) = v;
}

bool is_last child( constnodev) const

if ( (xthis).is_root(Vv) ) return true;
return (xthis).last.child((xthis).pareniv)) = v;
}

int numberof_children constnodev ) const

return (xthis).outdegy(v);

A.5 A Simple Implementation of Radix Sort

Someof the algorithmsfor tree isomorphismand relatedproblems
discussedn Chap.4, requiredradix sortingalist of arraysof integers.
Radix sortis basedon bucket sort, and consistsof sortingthe list of

arraysof integersin severalstagesusingbucket sortateachstage.

Bucket Sort

LEDA doesnot provide animplementatiorof radix sort, althoughit
includesanefficientimplementatiorof bucketsortwhichis, however,
of aratherlow level. The following, straightforvardimplementation
of bucket sortis a morecorvenientstartingpoint for a simple LEDA
implementatiorof radix sort.

Letord: E — int beafunctionwith ord(x) € [i..]] for all elements
x of list L. Bucket sortingL consistsof maintainingan array bucket
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of | —i+ 1 lists of elementsinitially empty;appendingeachelement
x of L to bucket numberk = ord(x) — i + 1; andthen collectingthe
elementsn sortedorderby concatenatingll the bucketsbackinto a
singlelist.

The following algorithmsortsthe elementof list L usingbucket
sort,implementinghe previousprocedureTheelementf L aredis-
tributedinto buckets,andthe bucketsare concatenatetdackinto the
sortedlist L. Theidentity functionis providedasdefault valuefor the
ord parameterSpaceefficiengy of the implementatiorfollows from
both popandconcoperationdeingdestructve.

(subroutinedl0)+=
template<classE>
void straight bucket_sort(
list<E>& L,
inti,
int j,
int (xord)(constE&) =id)
intn=j—i+1; //numberof bucketsneeded
array<list<E> > bucket(1,n);
while (—L.empty) ) {
E x = L.pop);
int k=ord(x) —i+1; //elementbelongsn bucketk
if (k=1Akn){
budket K].appendx);
} else{
error_handle(1," bucket sort: value out of range");

1}

for(i=21;i<ni+)
L.conqbuckefi]); // destructie
(double-checlbucket sort436h

}

RemarkA.2. Notice that bucket sortis a stablesorting method,that
is, if ord(x) = ord(y) andx precedey in L, thenx alsoprecedey in
the bucket sortedlist L, for all elementsx andy of L. As a matterof
fact, in the previous bucket sortingalgorithm, the elementsof L are
appendedo appropriatédoucketsin order andthis orderis presered
whenconcatenatinghe buckets.

Bucket sortis often calledjust on a list of elementsA procedure
call of the form straight bucket sort(L,ord) is the sameasthe proce-
durecall straight budket_sort(L,i,j,ord), wherei andj arerespectrely
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the minimumand maximumvaluesof ord(x) asx rangesover the el-
ementsof list L. Again, the identity function is provided as default
valuefor theord parameter

436a (subroutinedl0)+=
template<classe>
void straight bucket sort(
list<E>& L,
int (xord)(constE&) = id)

if (L.empty) ) return;
int i = ord(L.head));
intj=i;

Ex;

forall(x,L) {
int k =ord(x);
if (k<i)i=k
if (k>j)ji=k

}
straight bucket_sort(L,i,j,ord);
}

Thefollowing double-checlof bucket sort,althoughbeingredun-
dant,givessomereassurancef thecorrectnessf theimplementation.
It verifiesthatL is sorted thatis, thatord(x) < ord(sucdx)) for all but
thelastelementx of list L.

436b (double-checlbucket sort436h =
{ list_itemit;
forall _itemgit,L) {
if (it # L.last() A ord(L[it]) > ord(L[L.sucdit)]) ) {
error_handle(1,"Wong inpl ementation of bucket sort");

P}

Lemma A.3. Thealgorithm for bucket sorting runsin O(n—+ j —i)
time using O(j — i) additional space wheee n is the lengthof list L
andi, j are respectivelthe minimumand maximunmvaluesof ord(x)
asx rangesovertheelement®of L.

Proof. The first loop rangesover the elementsof L, and thustakes
O(n) time, andthe secondoop rangesover the buckets, thustaking
O(j —i) time. Thereforethealgorithmrunsin O(n+ j —i) time. Fur
ther, thealgorithmusesO( j — i) additionalspacepecaus@narrayof
] —i+1bucketsis first allocatedtheelementof L arepoppedrom L
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andappendedo their respectre bucket, andthe bucketsareconcate-

natedbackinto L, wherebothpopandconcoperationsredestructve.
The double-checlof bucket sortingrunsin O(n) time usingO(1)

additionalspace. O

It follows that j —i < nis a sufficient conditionfor bucket sortto
runin O(n) time.

Corollary A.4. Thealgorithm for budket sorting runsin O(n) time
upona list L of n elementsf j —i < n, whee ord(x) € [i.. ] for all
elementx of L.

Radix Sort

Radix sortis a stablesortingmethodconsistingof k passe®f bucket
sort,onthelastelementthe previous-to-laselementandsoon, until

bucket sortingon the first elementof eachlist, wherek is the maxi-
mumamongthelengthsof thelists of integersto besorted.Sincesuch
aprocedureequiresdirectaccesso individual elementsn eachlist,

though,thelist of lists of integersto be sortedis representetdy alist

of arraysof integersinstead.

ExampleA.5. Radixsortingthelist of arraysof integers[[83, 79,82, 84,
[73,78,71],(73,78|,[76,73,78], [69,65,82], [84,73,77,69] ], whichare
the ASCII codesof the charactersn the list of characterstrings
[SORT,ING, IN, LIN, EAR, TIME], proceedssfollows.

SORT | I EAR EAR
I NG I[N I Tl ME [N
I[N LI Tl LI N I NG
LIN EA LI [N LI N
EAR Tl [ING SORT
TI ME SORT] SCRT SORT T ME

Theleftmostcolumnshawvsthelist of charactestringscorresponding
to thelist of arraysof integersto besorted andtheremainingcolumns
show theresultof bucket sortingonincreasinglysignificantcharacter
positions.Thecharactepositionbucket sortedon to produceeachlist
of charactestringsfrom the previousoneis highlighted.
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RemarkA.6. The previous algorithmis known asLSD (leastsignifi-

cantdigit) radixsort,becaus¢heleastsignificantelemenin thearrays
of integersis bucket sortedfirst. MSD (mostsignificantdigit) radix
sort,onthecontrary consistof bucket sortingonthe mostsignificant
elemenffirst, andthenradix sortingeachgroupof arraysufiixesshar

ing acommonfirstelementWhile with LSD radix sortall element®f

thearraysareinspectedpnly thedistinguishingprefixesof thearrays
areinspectedvith MSD radix sort,althoughattheexpenseof decom-
posingthe sortingprobleminto a large numberof subproblemsWith

LSD radix sort,bucket sortingis appliedseveraltimesto thesamdist

of arraysof integersinstead.

Now, givena list L of n arraysof at mostk integerseach,where
ord(x) € [i..]] for all integersx in eacharrayin list L andj —i < n, the
previous radix sorting algorithmstill makesk passe®f bucket sort,
eachtaking O(n) time, andthereforerunsin O(kn) time. This is ef-
ficient whenall arrayshave approximatelythe samelength,because
the total lengthof the arraysof integersto be sortedis 51! ; O(k) =
O(3 L, k) = O(kn). However, radix sortingalist L of n arraysof inte-
gers,oneof themof lengthn andtheotheronesof only afew integers,
would take O(n?) time, althoughthetotal lengthof the arraysof inte-
gersto besortedis, in thiscaseO(n) + i ,O(1) = O(n).

The reasonfor the lack of efficiengy is thatin the previous radix
sortingalgorithm,alargenumberof emptybucketsmightbeinspected
at eachpassof bucket sort. Neverthelessthe previous algorithmcan
beextendedo asimpleradix sortingalgorithmrunningin time linear
in thetotal lengthof the arraysof integersto be sorted,asfollows.

Let maxlenbe the maximumlengthamongall arraysof integers
to be sorted.Inspectingemptybucketscanbe avoidedby building for
eachpositioni in the arrays,with 1 < i < maxlen,alist LEN[i] of
the arraysof lengthi andalso a sortedlist FULL[i] of the integers
appearingattheith positionin thearrays.

Then,bucket sortingthelist L of arrayson theith componenpro-
ceedsby concatenatingt the front of L thelist LEN[i] of arraysof
lengthi, distributing the resultinglist L into bucketsaccordingto the
ith componentand, finally, concatenatindpackinto L all nonempty
buckets,thatis, thosebucketscorrespondingo FULL]i].
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ExampleA.7. More efficient radix sortingof thelist of arraysof inte-
gersof ExampleA.5, which arethe ASCII codesof the charactersn
thelist of charactestrings[SORT, ING, IN, LIN, EAR, TIME].

SORT | EAR EAR

| NG - Tl VE I N
IN (@, Tlarﬁ JORY (©), LI N @ [|ING
LIN S I'N LI N
EAR ST I NG SORT
TI ME SORT Tl VE

(a) List LEN[4]; L = [SORT, Tl ME];[] is distributedinto bucketsaccord-
ing to the fourth componentbut only thosebucketscorrespondingo

FULL[4] = [E,T] are concatenatedbackinto L. (b) List LEN[3];L =

[I NG LI N,EAR]; [Tl ME,SORT] is distributedinto bucketsaccordingto

thethird componentbut only thebucketscorrespondingo FULL[3] =

[GMN,R] areconcatenatebackinto L. (c) List LEN[2]; L =[I NJ; [I NG,
TLME, LI N, EAR, SORT] is distributedinto bucketsaccordingto the sec-
ond componentput only thosebuckets correspondingo FULL[2] =

[A, I ,N,O] areconcatenatetackinto L. (d) List LEN[1];L = []; [EAR,

TI ME,LI N, N,I NG SORT] is distributedinto bucketsaccordingto the
first componentput only thosebuckets correspondingo FULL[1] =

[E,I,L,S,T] areconcatenatefackinto L.

Nonemptybuckets can be found, as a matterof fact, by bucket
sorting.Let P bealist of pairs(i,A[i]) for all arraysA in list L, with
1 <i < maxlen After bucketsortingP onthesecondositionandthen
on thefirst position,a sortedlist (without duplicates)FULL[i] of the
integersin the ith positionof the arrayscan be obtained,indicating
which bucketswill be nonemptyduring the radix sort, when bucket
sortingon theith positionof thearrays.

ExampleA.8. Finding nonemptybuckets for a more efficient radix
sortingof thelist of arraysof integersof ExampleA.7, which arethe
ASCII codesof the charactersn thelist of characteistrings[SORT,
ING, IN, LIN, EAR, TIME].
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(a) Extractinga list P of pairs (i, Ali]) for all arraysA in list L, with
1 <i < 4. (b) Bucketsortinglist P by thesecondosition.(c) Bucket
sortingtheresultinglist P by thefirst position.(d) Extractinga sorted
list FULL[i] of the integersin the ith positionof the arrays.(e) Re-

moving duplicatedrom eachsortedlist FULL]I].

The following algorithm sortsthe arraysof integersof list L us-
ing radix sort,implementingthe previous procedureln orderto avoid
usinga new bucket arrayfor eachpassof bucket sort, a singlearray
bucket of lists of arraysof integersis usedthroughoutthe whole pro-
cedure andthelist P of pairs(i,Ali]} is alsorepresentedty a list of

arraysof integers.

(subroutinedl0)+=
void radix_sort(
list<array<int> >& L,
int min,
int max

if (L.empty) ) return;
{computenumbem of bucketsneededi41g
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array<list<array<int> > > budket(1,n);
(find nonemptybuckets441b
(distributearraysby length442¢
for (inti=maxleni > 1;i—){
(bucket sortlist L of arraysonith componen#433

}
(double-checkadix sort443¢9

Thenumberof bucketsneededs thelargestof max— min+ 1 and
maxlen the maximumlengthamongall arraysA in list L.

(computenumbem of bucketsneededi413 =
int maxlen=0;
array<int> AT;
forall(A,L)
maxlen= ledamaxmaxlenA.siz«));
int n = ledamaxmax— min+ 1,maxler);

Nonemptybucketsarefoundby (a) building alist P of pairs(i, A[i])
for all arraysAin list L, with 1 < i < maxlen (b) bucketsortinglist P
onthesecondcomponenandthenonthefirst component(c) collect-
ing the secondcomponenbf eachpair of the sortedlist P in a sorted
list FULLJi] of integers;and(d) makingeachlists FULL[i] uniqueby
removing duplicates.

Notice thatduplicatescanberemovedin time linearin thelength
of the list usingthe LEDA procedureunique becausdists FULL]i]
aresorted.

(find nonemptybuckets441h =
{male list P of pairs(i,A[i]) 4419
(bucket sortlist P of pairsby A[i] 4423
(bucket sortlist P of pairsby i 442b
array<list<int> > FULL(1,maxler);
forall(A,P)
FULL[A[1]].appendA[2]);
for (inti=1;i <maxleni+)
FULL[i].uniqu€);

Recallthat the list of pairs (i, Afi]) is representedby a list P of
arraysT = [i,Ali]] of integers,in orderto usethe samearraybucket
of lists of arraysof integersfor bucket sorting throughoutthe radix
sortingalgorithm.

(male list P of pairs(i,A[i]) 4410 =
list<array<int> > P;
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forall(A,L) {
for (inti=1;i < Asizd); i+ ){
array<int> T(L1,i,A[i]);
P.appendT);
H}

Whenbucketsortingthelist P of arraysT of integersby thesecond
componentarrayT = [i,Ali]] belongsin bucket Ali] — min+ 1.

(bucket sortlist P of pairsby A[i] 4423 =
while (=P.empty) ) {
T =P.pop);
int k=T[2] — min+1; // Tbelongsn bucketk
if(k=1Ak<n){
budket k].appendT);
} elseg{
error_handle(1,"radi x sort: value out of range");
1}
for (inti=1;i<n;i+)
P.condbuckefi]); // destructve

Whenbucket sortingthe list P of arraysT of integersby thefirst
componentpnthe otherhand,arrayT = [i, Afi]] belongsin bucketi.

(bucket sortlist P of pairsby i 442h =
while (=P.empty) ) {
T=P.pop);
int k=T[1]; // T belongsin bucketk
if(k=1Akn){
bucket k].appendT);
} elseg{
error_handlef1,"radi x sort: value out of range");
1}
for (inti=1;i<n;i+)
P.congbuckefi]); // destructve

Distributing the list L of arraysA of integersinto lists LEN[i] of
arraysof lengthi is straightforward.An arrayA of lengthi belongsin
LEN(i].

(distribute arraysby length442¢ =
array<list<array<int> > > LEN(1,maxlen;
while ( —=L.empty) ) {

A= L.pop);
LEN[A.siz€)].appendA);
}
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Now, bucket sortingthelist L of arraysatcomponent canbedone
by first concatenatingll arraysof lengthi atthefront of L, thendis-
tributing L into bucketsaccordingto theintegersattheith component
and,finally, concatenatingll nonemptybucketsbackinto L.

(bucket sortlist L of arraysonith componené43g3=
L.condLEN[i],LEDA::befor); // destructe
while ( —L.empty) ) {
A= L.pop();
int k=A[i] — min+1; //arrayAbelongsn bucketk
if (k=1Akn){
budcketk].appendA);
} elseg{
error_handlef1,"radi x sort: value out of range");
b}
int x;
forall(x,FULL[i])
L.condbudkefx — min+ 1]); // destructve

Radix sortis often called just on a list of arraysof elementsA
procedurecall of theform radix_sort(L) is the sameasthe procedure
call radix_sort(L,i,j), wherei and j arerespectrely the minimumand
maximumelementsamongall arraysin list L.

(subroutinedl0)+=
void radix_sort(
list<array<int> >& L)

if (L.length() < 1)return;
if (L.head).siz€) = 0) return;
int i = L.head)[1];
intj=i,
array<int> A;
int x;
forall(A,L) {
forall(x,A) {

i = ledamin(i,x);

j = ledaimax(,x);
H}

radix.sort(L,i,j);

The following double-checlof radix sort, althoughbeingredun-
dant, gives somereassurancef the correctnes®f the implementa-
tion. It verifiesthat L is sortedin lexicographicorder that is, that
A < sucdA) for all but thelastarrayof integersA of thelist of arrays
of integersL.
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443c (double-checkadix sort443¢=
{ list_itemit;
forall_itemgit,L) {
if (it #£ L.last)) A L[it] > L[L.sucdit)] ) {
error_handle(1,"Wong inpl ementation of radix sort");

P}

RemarkA.9. Correctnessf radix sortingfollowsfrom bucketsortbe-
ing a stablesortingmethod.

Lemma A.10. The algorithm for radix sorting runsin O(n+ j —1i)
time using O(max(n, j —i)) additional space whee n is the total
length of the arraysin list L andi and j are respectivelythe mini-
mumandmaximumelement@amongall arraysin list L.

Proof. Let L bethelist of m arraysof integersto be sorted,let n be
the total lengthof the arraysin list L, andleti and j berespectrely
the minimum and maximumelementsamongall arraysin list L. Let
alsoP bealist of pairs(k,Ak]) for all arraysAin list L.

List P is built in O(n) time, and nonemptybuckets are found in
O(n+ j —i) time by two passe®f bucket sortuponlist P. Then,for
eachcomponenk in the arrays,bucket sortinglist L on the kth com-
ponenttakestime linearin the numberof arraysA with lengtHA| > k
andtherefore bucket sortinglist L on all array componentdakesa
total of O(n+ j —i) time. Further O(max(n, j —i)) additionalspace
is usedfor storingthe arrayof buckets,whichis sharedoy all passes
of bucket sort.

The double-checkof radix sorting makes m array comparisons,
whereeachcomparisorntakestime linearin the lengthof the arrays,
andthereforerunsin O(n) time, usingO(1) additionalspace. O

A few implementatiordetailsstill needto befilled in, though.The
double-checlof radix sort requiresthe lexicographiccomparisorof
arraysof integers,andthefollowing proceduredefinesthen,adefault
linearorderfor LEDA arraysof integers.Giventwo arraysof integers
A; andAy, it returns—1 if A; is smallerin lexicographicorderthan
Ay, 0 if the arraysA; and A, areidentical,and 1 if A; is largerin
lexicographicorderthanA;.
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(default proceduregl44 =
int compag(
constarray<int >& Al,
constarray<int>& A2)

int n =ledamin(Alsiz€),A2siz€));
for (inti=1;i<n;i+){

if (AL[i] < AZ[i])return —1,;

if (AL[i] > AZi]) return 1;

if (Alsizd) < A2sizd) ) return —1;
if (Alsiz€) > A2sizd) ) return 1;
return O;

}

Now, the following Booleancomparisoroperatorfor arraysof in-
tegersmalkesit possibleto testanarrayfor beinglargerthananother
one.

(default procedured44+=
bool operator>(
constarray<int >& Al,
constarray<int >& A2)

{
return compag(ALA2) = 1,

Bibliographic Notes

Seeg[234,236]for acomprehensie descriptionof LEDA. Thesimple
implementatiorof radix sortis basedon [233, Sect.2.2]. Seealso|8,
9, 36,87,195 230,373,374.



