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Universitat Politècnica de Catalunya
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Resum

Aquesta tesi doctoral estudia diversos problemes que sorgeixen quan es combina teoria i pràctica en
algorı́smia, en particular, quan es consideren els requirements de les biblioteques de programari. La
Standard Template Library (STL)del llenguatge de programació C++ actua com a fil conductor en
l’estudi de problemes fonamentals en algorı́smia, com ara les seqüències, els diccionaris, l’ordenació
i la selecció. Per fer-ho, seguim aproximacions diverses però interrelacionades, i que han estat
parcialment influenciades pels canvis recents i radicals enl’arquitectura dels computadors.

Per una banda, presentem diversos algorismes i estructuresde dades que es fonamenten en les
capacitats dels computadors moderns. Concretament, de leslist s de la STL presentem imple-
mentacions conscients de la memòria cau que, tot aprofitantles propietats d’aquestes jerarquies de
memòria, aconsegueixen recorreguts molt eficients. Alhora, com també és el cas de les implementa-
cions de la STL amb llistes doblement enllaçades, compleixen amb els requeriments de cost de
l’estàndard per a les operacions, aixı́ com amb la validesaen tot moment dels iteradors.

També presentem diversos algorismes pràctics per a processadorsmulti-core. Concretament,
descrivim algorismes paral·lels per a la construcció i la inserció múltiple en arbresvermell-negre.
Aquests algorismes es basen en (a) l’accés en temps constant als elements usant el seu ı́ndex, com és
el cas també dels algorismes en el model PRAM, (b) operacions d’unió i divisió d’arbres, aixı́ com
(c) tècniques d’equilibri dinàmic de la càrrega paral·lela. La nostra implementació estén la del com-
pilador GCC per als diccionaris de la STL. Els resultats experimentals en mostren la conveniència
pràctica. A més a més, per preprocessar l’entrada de les anteriors operacions eficientment, hem
definit un algorismeonlinegeneral per particionar seqüències de mida desconeguda.Aquest mètode
té un interès tant teòric com pràctic.

Per altra banda, descrivim millores en algorismes, ja existents, basats en reusar part dels càlculs
previs. En primer lloc, presentem implementacions en paral·lel de lapartition de la STL. Aquests
són els primers algorismes pràctics que fan un nombre òptim de comparacions, és a dir, una per
element. Més endavant, mostrem la utilitat d’aquesta propietat quan els elements són cadenes de
caràcters (strings) i es fan particions repetitivament i jeràrquica, com araen elquicksorti el quick-
select. Certament, mostrem grans millores de rendiment en combinar-los amb tècniques ja existents
per evitar comparacions de caràcters redundants. Els nostres algorismes poden usar-se per especial-
itzar el sort i el nth element de la STL, respectivament. També, fem notar que algunes de les
comparacions en aquests tipus d’algorismes i estructures de dades no accedeixen a les cadenes de
caràcters pròpiament dites. Si, com és habitual, elsstrings s’implementen mitjançant punters, aquest
fet és rellevant si es considera l’ús de la memòria cau. Enaquest sentit, quantifiquem analı́ticament
el nombre d’accessos astrings en arbres binaris de cerca, i també enquicksorti quickselectmodi-
ficats d’aquesta manera. També analitzem els beneficis d’afegir redundància a aquests algorismes i
estructures de dades.

Finalment, presentem i analitzem detalladament l’algorismemultikey quickselect, que és l’anàleg
de l’algorisme d’ordenaciómultikey quicksortper al problema de la selecció per astrings. Aquest al-
gorisme és eficient respecte el nombre de comparacions de caràcters, no necessita memòria auxiliar,
i és fàcil d’implementar. A més a més, es pot usar per a especialitzar elnth element de la STL. La
nostra anàlisi considera tant el nombre de comparacions com el d’intercanvis sota la hipòtesi d’una
distribució de claus aleatòria uniforme. Addicionalment, proposem diverses variants per millorar
l’eficiència, que també es poden aplicar almultikey quicksort.





Abstract

This thesis studies several problems that arise from combining theory and practice in algorithmics, in
particular, when considering requirements in software libraries. The well-knownStandard Template
Library (STL) of the C++ programming language is the common thread of this research.We have
tackled fundamental problems in algorithmics, such as sorting and selection, sequences and dictio-
naries. This aim has been achieved using varied, intertwined and evolving approaches, in particular,
partially influenced by fast and radical changes in technology.

Most of the contributions concern generic algorithms and data structures that take advantage of
the processing capabilities of modern computers. First of all, we present cache-conscious imple-
mentations of STLlist s. Taking advantage of the properties of memory hierarchies, very good
performance is obtained for traversal-based operations. But like typical STL doubly linked list im-
plementations, they keep up with the required cost for operations as well as with the validity of
iterators at all times.

Besides, we present several practical algorithms for multi-core computers. Specifically, we
describe parallel algorithms for the construction and insertion of many elements at a time into red-
black trees. These algorithms use (a) constant-cost index computations to access the elements, as it
is the case for some existing algorithms in the PRAM model, (b) split and union operations on trees,
and (c) parallel load-balancing techniques. The implementation extends a red-black tree codification
of STL dictionaries in the GCC compiler. The experiments show the practicability of this approach.
In addition, motivated by efficiently preprocessing the input of the aforementioned bulk operations
in dictionaries, we describe a general online algorithm forpartitioning sequences whose size is
unknown. Our algorithm is interesting from both a theoretical and practical perspective.

Furthermore, we have devised new variants of algorithms by exploiting the reusing of com-
putations. In particular, we consider the parallel partitioning of an array with respect to a pivot
element. We present practical algorithms that can be used toimplement STLpartition . These
are the first such algorithms that perform an optimal number of comparisons, i.e., one per element.
Later, we show that this property is particularly useful when the elements are strings and parti-
tioning is repetitively used and in a hierarchical way, as inquicksort and quickselect. Specifically,
we show big performance improvements combining parallel quicksort and quickselect with existing
techniques to avoid redundant character comparisons. Furthermore, the resulting algorithms can be
used to specialize STLsort andnth element , respectively. Moreover, we highlight that some of
the comparisons made in this kind of algorithms and data structures do not need to access the actual
strings. Under the common assumption of a pointer string implementation, this is very relevant from
a cache-conscious perspective. In this sense, we analytically quantify the number of string lookups
in so modified binary search trees, quicksort and quickselect. Also, we analyze the benefits of adding
some redundancy on the top of these algorithms and data structures.

Finally, we present and analyzemultikey quickselect, the analog of multikey quicksort for the
selection problem for strings. This algorithm is efficient with respect to the number of character
comparisons, it is in-place and it is easy to implement. In particular, it can be used to specialize
nth element for strings. We present an analysis of its cost, measuring both the number of compar-
isons and the number of swaps, under a random uniform distribution. Last but not least, we propose
several enhanced variants, that can be also applied to multikey quicksort.
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Chapter 1

Introduction

Most software systems are built on the top of predefined components. In this way, software
architects can concentrate on the high-level design aspects and, as a result, save develop-
ment costs and time. Data structures libraries are an important kind of software components
that define interfaces and implement fundamental data structures and algorithms. Nowa-
days, data structures librares are very accessible becausethey are included as part of most
programming languages.

The Standard Template Library (STL)is the algorithmic core of the C++ standard li-
brary [50]. Its design principles include generic programming, abstractness without loss of
efficiency, value semantics and the Random Access Machine (RAM) computation model.
The key components of the STL are containers, iterators and algorithms. Containers consist
of basic data structures such as lists, vectors, maps or sets. Iterators can be seen as high-
level pointers that are used to access and traverse the elements in a container. Algorithms
are basic operations such as sort, rotate or find. The specification of the STL components
describes not only their external behavior but also their cost. From a theoretical point of
view, the knowledge required to implement the STL is well laid down on basic textbooks
on algorithms and data structures (see, e.g., [19, 69, 82, 104]). Indeed, most widely used
STL implementations offered by compiler and library vendors are based on these.

Computing needs have varied over time together with the features of ever-evolving tech-
nology. But in the latest years, the changes in computer architecture have become more and
more evident with respect to the RAM model of computation. This fact has motivated the
definition of new, more realistic models of computation, as well as new algorithms and data
structures for them.

For instance, as bigger, faster and cheaper secondary storage devices have become
available, and as the gap between memory access time and arithmetic operation time has
widen, the old RAM computation model has become more and moreinaccurate. This
fact has promoted the definition of IO and cache-conscious models, that is, algorithms
and data structures that take into consideration the underlying memory hierarchy (see,
e.g., [2, 21, 42, 58, 83]).

Besides, in the latest five years, the hardware industry has decidedly shifted to parallel
chips, due to the current practical impossibility of providing more processing power by fur-
ther increasing clock-rates (see, e.g., [76, Chapter 1]). In particular, most of today cheap
laptop computers aremulti-core (multi)processors, i.e., they have several independent pro-
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2 CHAPTER 1. INTRODUCTION

cessors that share the memory system. As a result, designinggeneral-purpose reusable
parallel algorithms and data structures has become a must. Awide range of algorithms and
data structures have been described under the Parallel Random Access Machine (PRAM)
model (see, e.g., [52]). However, a PRAM bears low correspondence to a multi-core com-
puter. Thus, adapting PRAM algorithms and data structures is not straightforward. On the
other hand, some of the techniques that have been used in high-performance computing for
big expensive parallel machines might be appropriate for multi-core computers.

Finally, it has become more and more important to efficientlymanage textual data (i.e.,
strings) due to its growing applications in organizing the Web, in computational biology, in
data mining, etc. Strings are represented as a sequence of symbols (digits, characters,. . . )
from a predetermined set or alphabet. Comparing strings lexicographically is a common
operation, for instance when sorting and searching. Generic comparison-based data struc-
tures and algorithms can be used to solve these problems, butthey make redundant symbol
comparisons. In order to overcome this drawback, several algorithms and data structures
have been definedad hoc for strings. Specifically, tries [30] are the basis to implement
efficient string dictionaries, and radixsort is their counterpart for string sorting. Moreover,
comparison-based data structures and algorithms can be refined so that strings are efficiently
compared (see, e.g., [45, 79]). Also, several cache-efficient algorithms and data structures
for strings have been proposed (see, e.g., [7, 16, 48, 88]). Still, practical string algorithms
and data structures for multi-core computers are scarce.

Anyhow, most common data structures libraries are still a step behind these novelties.
Some exceptions are: Boost [13] (portable C++ libraries that extend the C++ Standard Li-
brary), the STL-XXL [22] (a STL implementation for big data sets), the MCSTL [86] (a
parallel STL implementation for multi-core machines), or the STAPL [4] (a concurrent im-
plementation of STL components).

Contributions of this thesis

This doctoral dissertation is aimed at building bridges between theory and practice in al-
gorithmics. Overall, techniques from analysis and design of algorithms and data struc-
tures, high performance computing, experimental algorithmics, and algorithm engineering
are used. The focus is on data structures libraries, becauseit is an effective way to trans-
parently provide novelties. In particular, we consider theSTL because it is standard and it
is widely spread. This approach was also followed in my master thesis. See [31] for the
complete version and [32] for a reduced version presented inALENEX. That piece of work
dealt with extending STL dictionaries with rank operations, and it can be considered as the
starting point of my doctoral dissertation.

The contributions of this thesis concern three (non exclusive) areas: cache-conscious
algorithms and data structures, parallel algorithms for multi-core computers and specialized
algorithms and data structures for strings keys. Chapter 2 gives some essential background
on these topics. It also gives an overview on the STL.

All the algorithms and data structures proposed in this doctoral dissertation have been
implemented (in C++) and are available. Appendix A gives pointers to the actual implemen-
tations.
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The following seven chapters are devoted to the contributions of this thesis, including
some additional background for each of the problems.

Chapter 3 presents cache-conscious implementations of STLlist s. The main issue
is combining cache-efficiency with STLlist s constraints, in particular, constant cost of
operations and iterator validity under modifications. On the one hand, cache-efficient lists
take advantage of memory hierarchies by packing elements together (typically, using arrays)
so that the physical and logical order of elements is roughlythe same. But this design enters
in conflict with STL list s constraints. On the other hand, usual implementations of STL
list s based on doubly linked lists can cope easily with STLlist s constraints, but at
the price of a poor usage of the cache memory. By contrast, we describe and analyze in
detail three cache-conscious but standard-compliant implementations that combine features
of both approaches. The experimental results show significant improvements in practice for
common operations.

The results on this chapter appeared in the following publications:

• [36] L. Frias, J. Petit, and S. Roura. Lists Revisited: CacheConscious STL Lists.
In C. Àlvarez and M. J. Serna, editors,Experimental Algorithms, 5th International
Workshop, WEA 2006, Cala Galdana, Menorca, Spain, May 24-27, 2006, Proceed-
ings, volume 4007 ofLecture Notes in Computer Science, pages 121–133, Berlin,
Heidelberg, May 2006. Springer.

• [37] L. Frias, J. Petit, and S. Roura. Lists Revisited: CacheConscious STL Lists.
Journal of Experimental Algorithmics, 14:3.5–3.27, 2009.

From that point on, we move on problems related with dictionaries, sorting and selec-
tion. We first present the analysis of several efficient string algorithms and data structures.
Some of them are used later in this thesis.

Chapter 4 presents an analytical work on the number of stringlookups in binary search
trees (BSTs) and related algorithms with enhanced string comparisons. Enhancing string
comparisons in comparison-based algorithms and data structure is achieved by taking ad-
vantage of the order and outcome of previous comparisons, aswell as on the digital structure
of strings. We highlight that, in some cases, this information suffices to decide the outcome
of a comparison. Under the common assumption of a string implementation using point-
ers, this is relevant from a cache-conscious perspective. We analyze so-augmented BSTs
using their relationship to ternary search trees (TSTs), which is a kind of trie representation.
Moreover, we add some redundancy on the top of these BSTs to avoid the string lookups
due to binary searching for a character position. We also analytically quantify the benefits
of this approach. These techniques for strings, when applied on the top of a balanced BST,
can be used to specialize STL dictionaries for strings. Furthermore, we extend our anal-
ysis for quicksort and quickselect, which in turn can be usedto specialize STLsort and
nth element , respectively.

Most of the results on this chapter are included in the following research report:

• [33] L. Frias. On the number of string lookups in BSTs (and related algorithms) with
digital access. Technical report LSI-09-14-R, Universitat Politècnica de Catalunya,
Departament de Llenguatges i Sistemes Informàtics, 2009.
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Chapter 5 presentsmultikey quickselect, which is the analog of multikey quicksort for
the selection problem. First, we present our algorithm, which combines partitioning, as
in quickselect, with digital access to strings. The result is an in-place, easy to implement
algorithm that can be used to specializenth element for strings. We analyze the expected
number of comparisons and swaps considering a random uniform distribution. The results
lead us to introduce variants of multikey quickselect that reduce the expected number of
comparisons and swaps. Some of the enhancements presented in this chapter can be applied
to multikey quicksort as well.

The results on this chapter are included in the following research report:

• [38] L. Frias and S. Roura. Multikey Quickselect. Technicalreport LSI-09-27-
R, Universitat Politècnica de Catalunya, Departament de Llenguatges i Sistemes In-
formàtics, 2009.

We also present several practical parallel algorithms for multi-core computers.
Chapters 6 and 7 present a collaborative work with theITI Sandersresearch group at

Universiẗat Karlsruhe. This work was done in the context of the MCSTL, a parallel STL
implementation for multi-core machines. Chapter 6 considers the parallelization of some
bulk operations for red-black trees. Red-black trees are a kind of balanced binary search
trees and are typically used to implement STL dictionaries.The considered operations are
the construction from many elements, and the insertion of many elements at a time. We
describe and analyze the algorithms. The construction frommany elements shares some
similarities with existing algorithms under the PRAM model. The insertion of many el-
ements uses split and union operations on red-black trees, plus dynamic load-balancing
techniques. We also present the results of a thorough experimental study, which indicates
that great speedups can be obtained.

The results on this chapter appeared in the following publication:

• [39] L. Frias and J. Singler. Parallelization of Bulk Operations for STL Dictio-
naries. In L. Bougé, M. Forsell, J. L. Träff, A. Streit, W. Ziegler, M. Alexander,
and S. Childs, editors,Euro-Par 2007 Workshops: Parallel Processing, HPPC 2007,
UNICORE Summit 2007, and VHPC 2007, Rennes, France, August 28-31, 2007, Re-
vised Selected Papers, volume 4854, pages 49–58, Berlin, Heidelberg, March 2008.
Springer.

Chapter 7 presents a general technique to partition sequences of unknown size so that,
later, they can be efficiently processed in parallel. In particular, this technique has been used
to partition the input sequences of bulk operations in Chapter 6. We describe and analyze
the properties of the proposed algorithm. It is online (i.e., it uses only one traversal) and it
requires sublinear additional space. Experiments show thepracticability of this approach in
parallelization.

The results on this chapter appeared in the following publications:

• [40] L. Frias, J. Singler, and P. Sanders. Single-Pass List Partitioning. InThe Second
International Conference on Complex, Intelligent and Software Intensive Systems,
pages 817–821. IEEE Computer Society Press, March 2008.
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• [41] L. Frias, J. Singler, and P. Sanders. Single-pass list partitioning. Scalable
Computing: Practice and Experience, 9(3):179–184, 2008.

Chapter 8 and 9 deal with the problem of partitioning an arrayin parallel. Partitioning
an array is a basic building block of quicksort and quickselect. Besides, it is typically used
in the implementation of STLpartition , nth element andsort . Chapter 8 considers
the parallel partition of an array of generic keys. We reviewsome existing practical parallel
partitioning algorithms for multi-core architectures. They consist of a main parallel step and
a cleanup step. We highlight that, in all cases, some elements might need to be compared
again during cleanup. We describe a novel enhanced cleanup parallel algorithm to achieve
one comparison per element, which is optimal. This cleanup is applied to the aforemen-
tioned partitioning algorithms, and then, it is experimentally evaluated. Unfortunately, the
experiments show that the new cleanup algorithm is not especially worth in terms of time
performance. Indeed, the improvement when measuring the total number of operations is
small. But the properties of our cleanup algorithm regarding comparisons turn out to be
crucial for the algorithms in Chapter 9.

The results on this chapter appeared in the following publication:

• [34] L. Frias and J. Petit. Parallel partition revisited. InC. C. McGeoch, editor,Ex-
perimental Algorithms, 7th International Workshop, WEA 2008, Provincetown, MA,
USA, May 30-June 1, 2008, Proceedings, volume 5038 ofLecture Notes in Computer
Science, pages 142–153, Berlin, Heidelberg, 2008. Springer.

Chapter 9 considers parallel partition for string keys. We describe how to enhance string
comparisons in parallel partitioning-based algorithms, namely quicksort and quickselect, to
avoid redundant character comparisons. This is achieved bymeans of the techniques an-
alyzed in Chapter 4. To the best of our knowledge, parallel algorithms are a novel appli-
cation of these techniques for strings. The main issue in thecase of parallel quicksort and
quickselect is that each partitioning step must compare each element at most once. This
is achieved using the cleanup algorithms presented in Chapter 8. The resulting implemen-
tations can be used to specialize STLnth element andsort for strings. Moreover, the
experiments indicate its practicability.

The results on this chapter appeared in the following publication:

• [35] L. Frias and J. Petit. Combining digital access and parallel partition for quick-
sort and quickselect. InIWMSE ’09: Proceedings of the 2009 ICSE Workshop on
Multicore Software Engineering, pages 33–40, Washington, DC, USA, 2009. IEEE
Computer Society.

Finally, Chapter 10 sums up the contributions in this thesisand highlights some further
future work.
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Chapter 2

Preliminaries

TheRandom Access Machine (RAM)model [3] is a very common model for analyzing algo-
rithms and data structures. This model essentially describes a 1-processor, 1-level memory
computer. Nonetheless, most of modern computers have a memory hierarchy and several
parallel processing units. Indeed, some problems can be solved much more efficiently in
practice if these capabilities are taken into account. Not surprisingly, new computation mod-
els have been devised so that algorithms and data structurescan be described and analyzed
more accurately with respect to these features. Section 2.1gives a background on algo-
rithmic design conscious of memory hierarchies. The aim is to maximize the benefit from
memory hierarchies, but cache memories always come into play. By contrast, taking advan-
tage of several processing units to solve one task can only bedone explicitly. Section 2.2
gives a background on parallel algorithmic design.

Furthermore, many comparison-based problems can be solvedmore efficiently taking
into account peculiarities of the data type of the elements that are being compared. Sec-
tion 2.3 gives an overview of existing efficient comparison-based algorithms and data struc-
tures for string elements.

In order to ease the delivery of these specialized algorithms and data structures, they can
be included in data structure libraries. We consider the Standard Template Library (STL)
of the C++ programming language. Section 2.4 gives an overview of the STL, including its
implementations.

2.1 Cache-conscious algorithms and data structures

Memory hierarchieswere introduced by computer architects to minimize the gap between
memory access time and arithmetic operation time. See e.g.,[76] for a detailed description
on possible architectures. Each memory level may store copies of the actual data, being the
access time and the size of the levels inversely proportional. Whenever the processor needs
to access a memory location, it starts checking from the mostto the less internal level (with
respect to the processing unit).

Cache hierarchiesconform the most internal levels of a memory hierarchy, namely
those between the processing unit(s) and the main memory. Whenever the processor tries to
access a memory location in a cache level, acache hitoccurs if the memory location exists;
and acache missoccurs, otherwise.

7
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The benefits of memory hierarchies rely on the locality of data and programs. However,
locality is not an universal property of data and programs. This has motivated looking for
alternative data structures that organize data in such a waythat logical access patterns are
related to physically near memory locations. Several models have been devised to describe
and analyze these data structures and algorithms.

Theexternal memoryor I/O model is a 2-level memory model introduced by Aggarwal
and Vitter [2] to capture the existence of a fast internal memory and a slow external disk
storage. Transfers between levels are done in blocks of consecutive elements. The internal
level (main memory) has fixed size and is fully associative. Fully associative means that
blocks can be mapped anywhere in memory. The external level (disk) is considered to be
infinite and is explicitly managed. In this model, the cost measure of an algorithm is the
number of disk accesses (the computation cost is neglected).

Similarly, cache-consciousmodels have been described to capture the existence of cache
hierarchies that mitigate the access time to main memory. Cache hierarchies are mainly
characterized by the number of levels and the size of each of them. Similarly to I/O, transfers
between levels are done in blocks of consecutive elements. But by contrast, the cost of
computation is not negligible and memory is not managed explicitly.

There are two main flavors of cache-conscious models, depending on whether they rely
on specific cache hierarchy parameters or not.Cache-awarealgorithms and data structures
(see e.g., [58, 83]) are explicitly described using cache parameters and so, the resulting
algorithms are not portable. Instead,cache-obliviousalgorithms (see e.g., [21, 42]) use
the parameters in the analysis but not in the actual algorithm description. They are very
attractive from a theoretical point of view, but unfortunately they have some limitations:
on the one hand, most cache-oblivious algorithms and data structures are not so efficient in
practice as their cache-aware counterparts. In addition, for some problems it seems unlikely
to find a reasonable cache-oblivious solution. Finally, there are problems for which an
asymptotic gap has been proved between a cache-aware and a cache-oblivious solution (see
e.g., [15]).

In the following, the cache-oblivious model is presented a bit more in detail, together
with the basic algorithmic building blocks.

Cache-oblivious algorithms and data structures

The cache-oblivious model is a 2-level memory model introduced by Frigo et al. [42] in
1999. The internal level (cache memory) has fixed sizeM and is fully associative. The
external level (main memory) is considered to be infinite andit is not managed explicitly.
Besides, there is optimal cache replacement, i.e., whenever a cache block is evicted, it
is chosen such that the total number of evicted blocks is minimal. Optionally, thetall-
cache assumptionmight be added to the model. This assumption considers that the number
of blocks fitting in the cache is larger than the block sizeB (which, to the best of our
knowledge, is the case of every current cache configuration).

In this model, the cost measure of an algorithm is two-fold. Let n be the size of the
input. Both the number of computational steps and the numberof accesses to main memory
are considered as a function ofn. The main strength of the model is that provides reasoning
in two levels, whilst the results are asymptotically valid for any number of cache levels and
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more realistic cache configurations (namely, not fully associative).
For instance, consider the problem of computing an aggregate of a sequence. In the

RAM model, this problem can be solved usingΘ(n) computational steps, as long as finding
the next element and the aggregate function have costΘ(1). In the I/O model or cache-
aware model, this can be done in⌈n/B⌉ memory accesses if the elements are stored in
⌈n/B⌉ blocks of sizeB. In the cache-oblivious model, a similar bound can be obtained as
follows: store the elements in any order in an array so that all elements are consecutive in
memory; traverse the array in storage order. Doing so, at most ⌈n/B⌉+ 1 main memory
accesses are done. Note that in contrast to the solution for the I/O model, the array data is
not required to be aligned and no information about the cacheparameters is used.

In order to solve more complex problems, more elaborated data structures are needed.
Two popular building blocks for cache-oblivious data structures and algorithms are the van
Emde Boas Layout (static structure) and the packed-memory structure (dynamic structure).
Both were introduced by Bender et al. [6] to implement cache-oblivious search trees.

Thevan Emde Boas Layoutis a cache-oblivious layout for trees that resembles the van
Emde Boas data structure [101, 102]. It is is defined as follows. Split the tree at the middle
level of edges, resulting in onetop recursive subtreeand roughly

√
n bottom recursive

subtrees, each of size roughly
√

n. Recursively, lay out the top recursive subtree, followed
by each of the bottom recursive subtrees. Each recursive subtree is laid out in a single
segment of memory, and these segments are stored together without gaps. Searching in
a complete binary search tree with the van Emde Boas Layout, needsO(logBn) memory
accesses andO(logn) comparisons.

The packed-memory structuremaintains an ordered sequence of elements in almost
consecutive memory. It is an adaptation of theordered-file maintenanceproblem solution
in [51, 105]. The main idea is to distribute gaps in an array sothat insertion and deletion
takeso(n) time but scanning needs onlyΘ(n/B) memory accesses. Specifically, the array
is conceptually partitioned in blocks of sizeΘ(logn). In each block, elements are kept con-
tiguously, and a constant number of gaps is left between two blocks. Each of these blocks
is the leaf of a conceptual tree. Each node of such a tree must keep with density constraints
that are stronger as further up the tree. Inserting or deleting an element in a packed-memory
structure takesO(log2 n) amortized moves andO(log2n/B) amortized memory accesses

The packed-memory structure can also be used to implement a cache-oblivious list.
Besides, splitting the array into smaller subarrays, the bounds for insertion and deletion can
be improved. These bounds can be lowered until amortized constant if updates breaking the
uniformity are allowed until the structure is reorganized when traversed.

Using a similar approach, we present standard-compliant cache-conscious STLlist s
in Chapter 3. In particular, our implementations achieve constant costs for insertion and
deletion operations.

2.2 Parallel algorithms and data structures

Parallel computers provide several processing units that run in parallel. Additionally, com-
munication and synchronization mechanisms are provided sothat processing tasks can in-
teract with each other. For an overview on parallel architectures, see e.g., [76].
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Operating systems and libraries provide high-level abstractions to facilitate program-
ming. For instance, POSIX threads [49] are a widely used abstraction of a processing task.
They are commonly used as the base for higher level abstractions.

A parallel algorithm specifies how to solve a computational problem using several
threads simultaneously. To do so, it is crucial to find a decomposition of the computation
into tasks. Tasks may interact with others, and may depend on finalization of other tasks.
Tasks are mapped to threads and in turn, to processors. The aim is to maximize resource
usage while minimizing (explicit and implicit) interaction between threads. In most cases,
these are contradicting objectives, so a balance must be found. For an overview on parallel
design techniques, see e.g [57].

Parallel data structures can be obtained in mainly two (not exclusive) ways. On the
one hand, operations on data structures can be implemented in parallel. For instance, in
Chapter 6 we consider the insertion of many elements at a timein STL dictionaries. On
the other hand, data structures can provide mechanisms so that the data structure can be
externally parallelized by executing concurrent, non-blocking operations. For instance, the
STAPL library (see Section 2.4.3) offers such insertion operations for dictionaries.

The performance of a parallel program is measured by the parallel speedup. It is mea-
sured dividing the execution time of the best sequential implementation by the execution
time of the parallel implementation. The maximum achievable speedup is limited by the
portion of computation that is inherently sequential, i.e., tasks that cannot be divided fur-
ther in concurrent tasks.Amdahl’s Lawstates this relationship (see e.g., [76]). Indeed,
the initial decomposition into parallel tasks (parallel setup) is in most cases inherently se-
quential. Specifically, it commonly deals with dividing theinput into independent pieces to
which essentially the same processing is applied (data parallelism). Doing so efficiently for
no trivial inputs is tackled in Chapter 7.

Until recently, the practicability of parallel computation had been constrained tohigh-
performance computing, that is, to solving highly computationally-intensive (typically nu-
merical kind) problems. First, writing parallel programs was and is more involved and error
prone than writing sequential problems due to concurrency.For an overview of concurrency
and concurrency hazards, see e.g., [62]. Second, in most existing parallel machines the cost
of synchronization and communication did not pay off for small or even medium-size com-
putations. Indeed, finding the best parameters for a (parallel) program is a research issue
in itself (see e.g., [81]). Third, fast improvements on clock-rates frequency during the last
three decades made the parallelization efforts for generalpurpose software not attractive.

But in the last 4-5 years, hardware industry has had to shift to parallel chips to obtain
more processing power significatively. Augmenting furtherthe clock-rate was not a possi-
bility anymore because of the resulting power consumption and the need for more and more
expensive cooling systems. This phenomenon is known as the power wall (see e.g., [76,
Chapter 1]).

These new parallel chips are mostlymulti-core (multi)processors, which combine sev-
eral independent processors (so-calledcores) into a single socket. Each core alone may
have several levels of cache memory. Additionally, all cores in a socket may share a higher
level of cache memory. Besides, several sockets can be combined into a single chip so that
all of them share the interconnection to main memory. Thus, amulti-core processor has a
shared hierarchical memory structure.
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The proliferation of multi-core computers has renewed the interest on parallel algo-
rithms and data structures. Existing parallel algorithmictechniques also apply for multi-
core computers. Nonetheless, the range of problems to be solved is much broader because
parallel processing units have become cheap and available.Existing tools and abstractions
to ease parallel programming have gone strong. For instance, Cilk [11] and OpenMP[72].
Besides, some new abstractions likeIntel Threading Building Blocks[78] have been de-
fined. All these tools completely abstract from thread management and their later mapping
to processors. In particular, we have used OpenMP for the parallel implementations in this
thesis. TheOpenMP APIconsists of a set of compiler directives, library routines,and en-
vironment variables that support multi-platform shared-memory parallel programming in a
portable, scalable and flexible way.

Besides, some efforts to automate parallel programming have been done, but in most
cases they are limited to highly structured programs. A popular and simple way to ben-
efit from multi-core processors is to provide parallel implementations of data structures
libraries. In particular, several efforts have been devoted to parallelize the STL of the C++

programming language. Section 2.4.3 gives some examples ofparallel STL-like libraries.
In Chapters 8 and 9, we present parallel implementations forSTL partition .

On the other hand, new parallel computational models have been defined. During the
80s and the 90s, the PRAM was the reference machine model for describing parallel algo-
rithms and data structures. The PRAM model extends the RAM model with an arbitrarily
large number of parallel processors, which share the memoryand proceed synchronously.
For an overview of algorithms under the PRAM model, see e.g.,[52]. However, the PRAM
bears low correspondence to a multi-core computer. By contrast, recent models like the
Multi-BSP[99] by Valiant mirror multi-core computers. This is a hierarchical model (from
the perspective of both processing and memory units). An arbitrary number of levels is
considered; in each one, the number of processing components, the bandwidth, the syn-
chronization cost and the memory size is defined. Also, the latest edition of an algorithmics
book such as Cormen et al. [19] does not use the PRAM model anymore but a more realistic
model with respect to current parallel computers.

2.3 Algorithms and data structures for strings

Strings, a common representation of textual data, are a sequence of symbols from a prede-
termined set or alphabet (digits, characters,. . . ). We consider the following common pointer
representation: string data itself is stored in an array, and this array is accessed through a
pointer. This is the case of C like strings, i.e.,char* whose end is indicated with zero, and
C++ string s, i.e., a pointer to an array plus the array size.string implementation adds
namely a level of indirection with respect to roughchar* , but in return, it can offer more
advanced features.

Comparing strings lexicographically is a common operation, for instance, when sorting
and searching. Generic comparison-based data structures and algorithms can be used to
solve these problems. They consider keys as atomic to make comparisons. This is sim-
ple, and in many cases leads to a good performance. However, many redundant symbol
comparisons might be performed, in particular if the strings share long common prefixes.
This source of inefficiency can be avoided taking into consideration the digital structure of
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strings.
To compare strings efficiently,ad hocstring algorithms and data structures have been

defined. Many of them are based on the same principle as a thumbindex on an encyclope-
dia: from the first letter of a given word, the pages that contain all the words beginning with
that letter can be immediately located. If this idea is pursued, a searching scheme based
on repeated subscripting is achieved, which is optimal in the number of symbol compar-
isons. Section 2.3.1 gives an overview of string data structures and algorithms following
this principle. We focus on string dictionaries, and the sorting and selection problems. The
description of the data structures and algorithms is first done in the RAM model of com-
putation. Then, Section 2.3.2 discusses how to build cache-conscious string data structures
and algorithms from them.

The behavior ofad hocstring algorithms and data structures greatly depends on the
characteristics of the dataset (string length, how skewed are the strings,...). In many com-
mon cases, that leads to a better (or at least good) performance, but there is no guarantee.
Besides, many of these algorithms and data structures need to know the specific value of
the alphabet cardinality. A more robust approach consists in specializing comparison-based
data structures and algorithms so that no redundant digit comparisons are made, whilst
keeping the rest of combinatorial properties (see Roura [79] and Grossi et al. [45, 28]).
Comparisons in such specialized algorithms and data structures take advantage of the digi-
tal structure of strings, and the order and the outcome of other comparisons. To efficiently
reuse this information, some extra data must be kept per element (i.e., the data structures
and algorithms are augmented). Figure 2.1(d) shows an example for a binary search tree
(BST): each node additionally keeps the maximum common prefix of its string with its an-
cestors in the access path, which is shown in parenthesis. The resulting implementations are
amenable, and the data structures and algorithms are competitive in practice. In particular,
this approach is convenient for long and skewed strings. Seee.g., [20] for an experimental
study.

In this thesis, we explore further advantages of specializing comparison-based data
structures and algorithms for strings. Chapter 4 deals withthe analysis of some properties
related to cache-efficiency. Chapter 9 combines these specializations with parallelization.
Besides, our proposals are aimed to be generic with respect to the string type. Indeed,
most of existing C-C++ implementations of efficient string algorithms and data structures are
keyed for C like strings (actually, in most cases they are pure C implementations).

2.3.1 Ad hoc string algorithms and data structures

A trie [30] (name that comes from retrieval) is an efficient dictionary data structure for
strings. A trie is aσ -ary tree, whereσ denotes the cardinality of the alphabet (tries are
aware of the value ofσ ). Each trie node at depthℓ represents the set of strings that begin
with a certain prefix of lengthℓ. A search branches in the tree until the searched string is
completely matched or a leaf is reached. Thus, successfullysearching a string of lengthd
requiresΘ(d) symbol comparisons, which is optimal. Besides, for a given set of strings,
there is only one associated trie. Figure 2.1 (a) shows an example of trie. Trie nodes are
typically implemented with an array of pointers with null pointers indicating not existing
branches. This is particularly efficient for small alphabets, e.g., the English alphabet.
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Figure 2.1: Examples of string data structures for dictionaries. (a) Trie. (b) TST. (c) Patricia
trie. (d) Specialized BST.
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If the alphabet cardinality is big (e.g., the Unicode alphabet), implementing trie nodes
with arrays is not efficient. An elegant alternative areternary search trees[9] (TSTs).
TSTs are tries in which BSTs are used to guide descent for eachcharacter. Figure 2.1 (b)
shows an example of a TST. An internal TST node contains two possibly nullcomparison
pointers(shown with a diagonal line) and a not nulldescent pointer(shown with a vertical
line). A leaf contains a special character (shown with #). For each character position in the
searched string, several comparison pointers might be followed (binary searching in their
values) until the matching node or a null pointer is found. Incase of success in the current
character, the descent pointer is followed. All the nodes for a given character position and
prefix can be placed in several ways. The actual TST shape depends on insertion order and
whether balancing techniques are applied. In a not balancedTST that storesn string keys, a
search needsΘ(n) symbol comparisons in the worst-case. But if the TST is kept balanced,
only Θ(d + logn) symbol comparisons are needed. The main advantage of TSTs istheir
generality. In particular, no information on the alphabet is needed. However, as in plain
tries, much more nodes than keys are needed. This causes a poor usage of memory.

Patricia tries [71](name that comes fromPractical algorithm to retrieve information
codedin alphanumeric) reduce the total number of nodes toΘ(n). Patricia tries are tries
in which all nodes that only have one possible follow-up (i.e., one not null pointer) are
compacted. Thus, they are especially suitable for extremely long, variable-length keys with
common prefixes. The compaction is done including the numberof symbols to skip over
before making the next comparison, and placing the keys in the leaves. An example of a
Patricia trie is shown in Figure 2.1 (c). A search in a Patricia trie examines several nodes
but only one string (at the leaf). Thus,Θ(d) symbol comparisons are needed.

For a detailed analysis of trie-like data structures, see e.g., [17, 24].
Furthermore, there are several sorting algorithms that follow the same main ideas as

tries. Specifically, Most Significant Digit (MSD) radixsortis a sorting algorithm isomorph
to constructing a trie.Radixsort(see e.g., [56]) is based on recursively distributing the
elements into groups w.r.t the current character position.MSD radixsort needsO(dn) sym-
bol comparisons, whered is the maximum string length. The main issue in implementing
radixsort is dealing efficiently with groups. There are manyvariants. One main distinction
is whether one or two passes on the data are done. One-pass algorithms typically use an
array of groups, in which each group is implemented with a dynamic data structure. Some
of the groups might be empty. If there are many of them, it turns out in a considerable slow-
down (apart from the waste of space). Radixsort can be implemented in-place by using an
extra pass to previously determine the size of the groups before partitioning the array. There
are several proposals to mitigate the drawbacks of both approaches, as well as hybrids. For
further reading on the tuning of radixsort, see e.g., [5, 54,67]. For further details on the
analysis of radixsort, see e.g., [63].

Multikey quicksort[9] is the sorting algorithm isomorph to constructing a TST.Accord-
ing to [5], multikey quicksort can be seen as a variation of MSD radixsort with bucketing
replaced by (three-way) quicksort. Multikey quicksort performs Θ((d + logn)n) symbol
comparisons using a randomly chosen pivot. It is simple to implement, in-place, needs no
knowledge on the alphabet cardinality, and it has been shownto be relatively fast in practice
(see e.g., [5]).

However, not much attention has been paid to adapting radixsort or alike to selection.
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Selection consists in finding an element in a unsorted sequence of a given rank using a
certain order function. As far as we know, only [63] analyzesa very generic radixselect
algorithm. In this thesis, we contribute multikey quickselect algorithms. Section 5 describes
and analyzes them.

2.3.2 Cache-efficiency considerations

The algorithms and data structures described in the previous subsection are not cache-
conscious. Cache-conscious algorithms and data structures for strings can be obtained as
follows. On the one hand, trie or alike building blocks can becombined in a cache-efficient
way. The resulting data structures (externally) are not tries. On the other hand, trie alike
data structures can be build using cache-efficient blocks. In the following, we describe some
examples.

Several cache-conscious data structures and algorithms for strings use Patricia tries as
a building block. Patricia tries are used because they perform only one string lookup per
search. Patricia tries are used in IO efficient string dictionaries, namelyString B-trees [27],
and their corresponding sorting algorithm (see e.g., [26]). Also, this approach has been used
to build cache-oblivious string dictionaries in [7] and [16].

By contrast,burst tries[48] are cache-aware tries whose nodes are buckets. Buckets
store a collection of strings that share a common prefix. Cache-efficiency is attained inside
the bucket. Whenever a bucket does become too large, itbursts, i.e., it expands so that
there is a new child node for each symbol. Buckets can be implemented in several ways.
Burstsort [88, 89, 90, 87] is a sorting algorithm based on burst tries, where the buckets are
kept unsorted until the strings are outputted. One of the variants uses multikey quicksort for
sorting the buckets. Burstsort has been shown to be very fastin practice for common data
sets.

In addition, cache-efficiency might be improved by means of redundancy or asuperal-
phabet. Redundancy consists in storing some extra symbol(s) together with the string so
that these are looked up in the first instance. The gain is obtained by avoiding looking up
the string in some cases. Asuperalphabetconsists in changing the base alphabet by consid-
ering groups of more than one symbol instead of one alone. These techniques can be used
on their own. For instance, they can be used in combination with radixsort [54]. Besides,
they can be combined with a cache-conscious design, as it is the case of some variants of
burst tries.

2.4 The Standard Template Library

The C++ language specification [50] includes the definition of a standard library. This spec-
ification dates back to 1998. A new Standard (unofficially known asC++0x) has been in
preparation for long but it is not finished yet. More details on the development of the new
Standard can be found in [18].

The C++ standard library defines components to deal with input/output, numbers and
strings; abstract data types and algorithms; support for the language itself (dynamic memory
management, exceptions, . . . ); internationalization and other utilities (allocators, date and
time, . . . ).
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TheStandard Template Library (STL)is a widely used subset of the C++ standard library
comprising basic algorithms and data structures. Besides,it has had and has a great impact
in the rest of the library (see e.g., [95]).

Section 2.4.1 describes the main STL components. Section 2.4.2 outlines the main
issues on STL compliance. Finally, Section 2.4.3 gives an overview of existing implemen-
tations. This includes existing efforts to provide advanced algorithmic features in STL and
alike C++ libraries.

2.4.1 STL components

The STL is based on the interaction of three key components:containers, iteratorsandal-
gorithms. We describe them in the following. For examples on how to useSTL components,
see e.g., [53].

Containers

Containers store and manage collections of elements. Elements stored in a container are
copies of the provided elements and their life depend on the life of its container. The fol-
lowing two types of containers are devised, depending on howthe relative order between
the elements is determined:

• Sequences:Sequences are linear collections of elements. The relativeorder of their
elements is determined according to the time and place of insertion, but not on the
element characteristics. The following sequences are provided: vector , deque and
list . All of them provide sequential access to elements. In addition, vector and
deque support efficient random access. Besides, given an iterator, elements can be
inserted and deleted at any point. The cost depends on the modification point and the
container. In particular,list s provide efficient insertion and deletion at any point,
deque provide these operations efficiently only at the beginning and end of the se-
quence, andvector only at the end of the sequence. Common implementations for
deque andvector use arrays. By contrast,list s are typically implemented using
doubly linked lists.

Further, the STL specifies three container adaptors that take sequences as default:
queue , stack and priority queue . Essentially, a container adaptor takes a con-
tainer type and transforms it into another with restricted functionality. In particular,
none of the previous adaptors allows iteration through its elements.

• Associative containers:Associative containers correspond with the notion of dictio-
nary. The relative order of their elements is determined by its key and a comparison
function. Associative containers support efficient search, insertion and deletion of el-
ements by key. Besides, given an iterator to the structure, associative containers also
offer efficient traversal by sorted key order.

The following ordered associative containers are defined:set , map, multiset and
multimap . They are differentiated according to the following two criteria. On the
one hand, elements can be made up only by a key, which is the case of set types, or
be a pair{key, value}, which is the case ofmap types. On the other hand, associative
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containers can allow repeated keys (multi types) or not. Associative containers are
usually implemented with balanced binary search trees.

Additionally, many library vendors offer associative containers which do not keep an
order among their elements, and whose aim is optimizing query operations by key.
They are typically implemented with a hash table. This kind of associative containers
will be probably be included in the forthcoming standard.

Iterators

Iterators offer a container-independent interface to traverse the elements of a collection.
In particular, they offer a dereference operation to accessthe element ’pointed to’ by the
iterator. If the iterator is mutable, the element can also bemodified.

The main iterator types are: forward, bidirectional and random access. Forward itera-
tors provide one-by-one forward access in a sequence of values. Additionally, bidirectional
iterators provide one-by-one backward access.list , (multi)map and (multi)set offer
bidirectional iterators. Furthermore, random access iterators provide constant time access to
any element of the collection. This is done using iterator arithmetic (in analogy to pointer
arithmetic). Specifically, a displacement can be added and subtracted, the difference be-
tween the position of two iterators can be calculated, or iterators can be compared using<
and> relational operators.vector anddeque offer random access iterators.

Algorithms

STL algorithms use iterators to process elements of a collection in a generic way. A collec-
tion is described by means of a begin iterator and an end iterator.

Algorithms in the STL can be classified in the following categories: non-modifying
sequence operations (for each , find , count ...), modifying sequence operations (copy ,
swap, partition ...), sorting-like (sort , nth element ..), binary search (lower bound ,
binary search ,...), merge (merge , set union ...), heap (push heap , make heap ...), and
min/max (min element , next permutation ...).

2.4.2 STL specification

The specification of STL components comprises pre and post conditions and complexity
requirements. Besides, some general exception handling requirements are stated.

Time and space complexity requirements are commonly described using asymptotic
notation. But in some cases, exactly a certain number of operations is required. The analysis
is done under the RAM model of computation and considering elements as black boxes (i.e.,
the size of the input considers only the number of elements, not their length).

Error checking in the STL is minimal because efficiency has a higher priority. In gen-
eral, if preconditions are violated, the behavior is unspecified (no exception is thrown).
Nonetheless, objects that are managed by the STL can throw exceptions that if not caught,
can reach the user program. Unfortunately, recovering froman exception is not always
possible or, if it is, compromises efficiency. In this sense,the Standard establishes that the
STL will not lose resources or violate the containers invariants when exceptions are thrown.
Besides, in some cases, the Standard requires that if an exception occurs, the operation
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has no effect. That is, the Standard requires these operations to be atomic with respect to
exceptions. For further reading on exception handling, seee.g., [1, 94].

Finally, the library is not concerned about concurrency or parallelism. Specifically,
it does not provide tools for building multi-threaded applications. But also the expected
behavior of concurrently accessing a component is unspecified, i.e., it is implementation
specific. By contrast, the new Standard constraints the expected behavior. Up to now,
most of existing implementations follow thethread-safetycriteria by the SGI STL [84]:
query concurrent operations and concurrent operations performed over different instances
are thread-safe. Thus, query operations must be reentrant and containers must not share
data among instances.

2.4.3 STL implementations

The first public STL implementation was released by HP [92] in1994, i.e., even before
the Standard was published. TheSGI STLwas one of its successors. Some features were
corrected, and new features were added, such as thread safety. Besides, it became and still
is specially popular for its comprehensive web-based documentation.

Nowadays, most known C++ compilers implement their own STL. For instance, theGNU
Compiler Collection (GCC)[43] offers an STL implementation together with the C++ com-
piler. GCC is is a free software project that also includes front ends for other programming
languages like Java or Fortran. GCC’s implementation of theSTL is based on SGI’s. In all
the experiments in this thesis, we have used the GCC compiler.

Additionally, there are some STL implementations distributed unto themselves. In par-
ticular, Dinkum [60] and STLPort [93] put special emphasis on the conformance with the
Standard. TheDinkum STLis a proprietary implementation by DinkumWare Ltd. Cus-
tomized versions of Dinkum are distributed with Microsoft and IBM compilers. By contrast,
theSTLPortis freely available through SourceForge [91] and offers debugging support.

But the STL is not the only C++ data structure library. Boost [13] and the CPH-STL [25]
libraries are strongly related to the STL.Boostprovides STL-like extensions for graph, math
and string algorithms, among others. In particular, the string library includes specific string
searching algorithms, but does not include sorting or string containers. Boost libraries are
free, peer-reviewed and portable. Besides, they are intended to be widely useful, to estab-
lish existing practice, and to provide reference implementations so that they are suitable for
eventual standardization. TheCPH-STLis a research project that includes alternative im-
plementations and extensions to the STL. For instance, theyinclude cache-conscious STL
dictionaries based on B-trees (though without supporting iterators functionality). Lately,
they have rather focused on alternative design approaches of the library and on defining
stronger guarantees for some of the components.

Furthermore,LEDA [68] is a C++ library for algorithms and data structures that is com-
pletely independent from the STL. It has been specially popular in the research commu-
nity, in which the project started. Among its features thereare a comprehensive library for
graphs, as well as mechanisms to choose among different implementations of a component.

Finally, some STL implementations are designed to take advantage of particularities of
modern computer architectures. For instance, theSTL-XXL[22] is an implementation of the
STL for efficient external (out-of-core) memory computations.
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Several STL or alike C++ libraries are aimed to ease parallel computation. TheStandard
Template Adaptive Parallel Library (STAPL)[4] is a parallel and concurrent C++ library. It
provides a collection of parallel algorithms (pAlgorithms), parallel containers (pContain-
ers), and ’iterators’ for parallel containers (views). Besides, it provides a run-time system.
It is designed for both shared and distributed-memory parallel computers. The focus is on
providing a concurrent framework more than on the parallelizations themselves (i.e., their
parallel algorithms are rather simple). For instance,pContainersprovide mechanisms for
efficient concurrent modifying operations. Unfortunately, there is no publicly release avail-
able.

By contrast, theMulti-Core Standard Template Library (MCSTL)[86] is a parallel STL
implementation that focus on the parallelization of algorithms. Specifically, the MCSTL
consider parallel algorithms for shared-memory multiprocessors, namely multi-core multi-
processors. Under this assumption, some techniques like fine-grained load-balancing can
be efficiently implemented. Fine-grained load-balancing techniques are specially useful to
adapt to changes in resources and tasks, as well as to accommodate to other forms of par-
allelism (multi-core computers are not typically used as dedicated machines, thus, several
processes might run concurrently). Also, they scale down for small inputs, i.e., as the in-
puts become smaller, the number of used threads decreases. Scaling down makes sense
under the assumption of a multi-core computer, but not in many other parallel platforms.
The MCSTL is implemented using OpenMP 2.5 [73]. Furthermore, I collaborated with the
MCSTL on the implementation of parallel bulk insertion operations for STL dictionaries
(see Chapter 6) and a helper algorithm in parallelization for partitioning sequences whose
size is unknown (see Chapter 7). Both pieces of code are included in the 0.8.0-beta version.
Besides, the later piece of code is also included on the successor of the MCSTL, thelib-
stdc++ parallel mode, which is included with the GCC compiler version 4.3 on. Nowadays,
development is focused on thelibstdc++ parallel mode. See [85] for further considerations
on its design.

TheOpenMP Multi-Threaded Template Library[74] has a similar aim and approach to
those of the MCSTL, but the algorithms they use are less competitive.
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Chapter 3

Lists revisited: cache-conscious STL
lists

In this chapter, we present three standard-compliant cache-conscious implementations of
STL list s. list is one of the most simple but essential objects in the STL. Doubly linked
lists are typically used to implement them because they easily cope with STL list s re-
quirements. However, they are not cache-efficient. On the other hand, the design of existing
cache-conscious lists addresses rather different requirements than those in STLlist s.

This chapter merges both approaches, paying special attention to iterators constraints.
The remainder of this chapter is organized as follows. In Section 3.1, we present some basic
facts on STLlist s. Then, in Section 3.2, we consider the behavior of classic doubly linked
list implementations with regard to the cache memory. In Section 3.3, we give a background
on previous work and present the main design issues on our data structure. Then, in Sec-
tion 3.4 we present an specific reorganization algorithm andin Section 3.5, further analyze
it. Finally, in Section 3.6 we give the results of a thorough experimental evaluation. In
particular, great speedups are shown with respect to doublylinked lists implementations.
Section 3.7 sums up some conclusions.

3.1 STLlists

STL list s are sequences, which are a kind of container. See Section 2.4.1 for an overview
of STL containers. As sequences, they provide insertion anddeletion of elements at any
point. In particular,list s provide all the variants of insertion and deletion efficiently,
namely using linear time in the number of elements being inserted or deleted. Additionally,
they provide efficient operations to sort, reverse or splicea list, also to merge two lists or
make one list unique, among other minor utilities. Specifically, the standard requires that
on a list withn elements,sort() takes O(nlogn) and is stable,splice() takes only O(1)
time, andreverse() andunique() take O(n) time. Besides,size() is allowed to take
O(n) time.

list provides bidirectional iterators, i.e.,list s can be backward and forward traversed.
An iterator is valid if the element that points to is a valid element of a collection. List
iterators can only be invalidated, when the element they point to is deleted. Any other

21



22 CHAPTER 3. LISTS REVISITED: CACHE-CONSCIOUS STL LISTS

operation does not affect their validity. Besides, the number of iterators per list and per
element is unbounded.

Figure 3.1 illustrates how to use an STLlist to solve theJosephus problem: Given a
group ofn men arranged in a circle under the edict that everyk-th man will be executed
going around the circle until only one remains, find the position in which one should stand
in order to be the last survivor.

int survivor ( int n, int k) {
if (k==1) return n;
list <int> L;
for ( int i = 1; i ≤ n; ++i) L.pushback( i );
list <int>:: iterator it = L.begin();
for ( int i = 1; i < n; ++i) {

int c = (k − 1) %n;
for ( int j = 0; j < c; ++j) {

++it ;
if ( it == L.end()) it = L.begin();

}
it = L.erase( it );
if ( it == L.end()) it = L.begin();

}
return ∗L.begin();

}

Figure 3.1: Using STLlist s to solve the Josephus problem

3.2 Cache behavior of doubly linked lists

In order to implement a list fulfilling all the STL requirements, a classical doubly linked list
suffices. Indeed, this is what all known STL implementationsdo. In this case, nodes store
an element together with a pointer to the previous and the next node in the list. The size
of the list is not stored in order to guarantee constant timesplice() operations. Besides,
sort() is typically implemented by bottom-up mergesort to guarantee stability and quasi-
linear performance. Moreover, list iterators are just pointers to these nodes. Because of the
existence ofbegin() andend() iterators, implementations include a fake node after the
end of the list. Figure 3.2 depicts this classical solution and Figure 3.4 gives its simplified
definition in C++.

Pointer-based data structures usememory allocatorsto allocate and deallocate their
nodes. Once a node is allocated, its physical position remains unaffected until it is freed.
The logical position of a node in the list, instead, can be changed by simply modifying the
nodes to which it is linked. This is a key property of any pointer-based data structure. It also
makes implementing iterators trivial: iterators are not affected by these logical movements
and they always remain valid.

Allocators typically answer consecutive memory requests with consecutive addresses
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1 2 3 4 5

begin() it end()

Figure 3.2: Classical doubly linked implementation.

of memory (whenever possible). This is particularly important in the case oflist , be-
cause if elements are added at one end (and no other allocations are performed at the same
time), there is a good chance that logically consecutive elements are also physically con-
secutive, which leads to a good cache performance when elements are traversed. How-
ever, if elements are inserted at random points or if the listis shuffled or if different lists
are constructed, logically consecutive elements will rarely be at nearby physical locations.
Therefore, a traversal may incur in a cache miss per access, thus dramatically increasing the
execution time.

In order to give evidence of the above statement, we have performed the following
experiment with the GCClist implementation: Given an empty list,n random integers are
pushed back one by one. Then, we measure the time to fully traverse it. Afterwards, we sort
the list (using the sort method oflist ) to randomly shuffle the links between nodes. Finally,
we measure again the time to fully traverse it. Traversal times before and after sorting the
list are shown in Figure 3.3. Except for very small lists, it can be seen that the traversal of
the shuffled list is about ten times slower than the traversalof the original list; and the only
difference can be in the memory layout (and so, in the number of cache misses).

Taking into account thatlist is used when elements are often reorganized (e.g., sorted)
or inserted and deleted at arbitrary positions (e.g., the Josephus problem), the previous
experiment shows that it is worth to try to improve the performance oflist using a cache-
conscious approach. Note that if a user only wished to perform operations at the ends, (s)he
would better have selectedvector , stack , queue or deque rather thanlist .

3.3 Design of cache-conscious STLlists

A good survey of previous work on cache-conscious lists can be found in [21]. That survey
considers traversal (as a whole), insertion and deletion operations. Let ben the list size and
B be the block size. The cache-aware solution consists of a sequence ofΘ(n/B) pieces, each
having betweenB/2 anB consecutive elements. In this way, constant cost in the number of
memory accesses is achieved for updates andO(n/B) for traversals. The cache-oblivious
solutions are based on the packed memory structure (see Section 2.1). Specifically, updates
requireO(log2 n/B) memory accesses using its basic form. By allowing more flexibility
on the data structure, and then, reorganizing it when traversing, updates only require an
amortized constant number of memory accesses. However, this approach is not convenient
in the case of STLlist s because they are not traversed as a whole but step by step via
iterators.

Therefore, theory shows that cache-conscious lists fastenscan based operations and
hopefully, do not significantly rise update costs compared to traditional doubly linked lists.



24 CHAPTER 3. LISTS REVISITED: CACHE-CONSCIOUS STL LISTS

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

1 2 4 8 16 32 64 128 256 512

sc
al

ed
tim

e
(i

n
m

ic
ro

se
c)

list size (in 104)

Traversal with libstdC++

no-modification
sort

Figure 3.3: Time measurements for list traversal before andafter shuffling it. The vertical
axis is scaled to the list size.

However, none of the previous designs take into account common requirements of software
libraries. In particular, combining iterator requirements and cache consciousness rules out
some of the most attractive choices.

In this section, we describe precisely the challenges that poses keeping with list iterator
requirements. Besides, we present some hypotheses that have guided some of our choices.
Finally, we present the key ideas of our approach.

3.3.1 Iterator concerns and hypotheses on commonlist usages

In cache-conscious data structures, logical and physical locations of elements are heavily
related to take advantage of cache hierarchies. As a consequence, it is difficult to implement
iterators trivially with pointers, because these should bekept coherent whenever a modifi-
cation in the list affects the position of the pointed element. In fact, the main issue here is
that an unbounded number of iterators can point to the same element. Besides, any arbitrary
restriction on its number would make the solution non standard compliant.

In order to overcome this difficulty, our design has been guided by some hypotheses on
commonlist usages. In particular, from our experience as STL users, we can state that
many uses oflist are in keeping with the following:

1. The list is often modified at any position: insertions, deletions, splices.

2. A particular list instance has typically only a few iterators on it.

3. Many traversals are expected.

4. The stored elements are not very big (e.g., integers, doubles, . . . ).

Let us briefly justify these points: Point 1 applies because if there were no updates at
arbitrary points, the programmer would have selected another container rather thanlist
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(stack , deque , vector , ...). Point 2 raises from the observation that iterators are mainly
declared as local variables to perform traversals or updatethe list. Truly, one can conceive
creating arrays of (not initialized) iterators, but this isvery rare. Point 3 is a direct con-
sequence of Point 2 and the fact that list elements can only beaccessed through iterators,
which provide sequential access. Finally, Point 4 is a common assumption in the design
of cache-conscious structures that also appears implicitly or explicitly in general cache-
conscious data structures literature. Since this last condition can be checked at compilation
time, a traditional implementation could be used instead and this could neatly be achieved
with template specialization.

3.3.2 Our data structure

In the following, we present the main characteristics of ourdata structure. This data struc-
ture will prove to be specially convenient when the hypotheses on commonlist usages
hold, but, in any case, it shall always be compliant with the costs required by the STL even
when the above conditions do not apply.

The core of the data structure is inspired by the cache-awaresolution previously men-
tioned in Section 3.3. Specifically, it consists in a doubly linked list of buckets. A bucket
contains an small array ofK elements, pointers to the next and previous buckets, and extra
fields to manage the data in the array. This simple data structure ensures locality inside the
bucket, but logically consecutive buckets are let to be physically far.

From now on,K will denote thecapacityof the buckets, that is, the number of elements
a bucket can hold. Moreover, we will say that theoccupancyof a bucket is its number of
elements divided by its capacity.

In addition, we must deal with the following issues:

1. Capacity of a bucket.The capacity of a bucket has been fixed according to the out-
come of the experiments (see Section 3.6.1).

2. Elements arrangement inside a bucket.We devise three possible ways to arrange the
elements inside a bucket:

(a) Contiguous: The elements are stored contiguously from left to right. Conse-
quently, insertions and deletions must shift some elementstowards their left or
their right.

(b) With gaps: Elements are stored from left to right, but gaps between elements are
allowed. Gaps though do not improve the worst-case with respect to the number
of shifts. Besides, an extra bit per element is needed to distinguish real elements
from gaps.

(c) Linked: The order of the elements inside the bucket is set by internal links rather
than the implicit left to right order. This requires extra space for the links, but
avoids shifting inside the bucket. Thus, this solution is more scalable.

These three possibilities are depicted on Figure 3.7 and Figure 3.5 gives their simpli-
fied definition in C++.
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struct node{
node∗ next;
node∗ prev;
elem x;

};

struct iterator {
node∗ p;

};

Figure 3.4: C++ definition for a doubly linked list implementation.

struct bucket {
bucket∗ next;
bucket∗ prev;
elem[K] a;
int beg;
int end;

};

(a) Contiguous

struct bucket {
bucket∗ next;
bucket∗ prev;
elem[K] a;
bool[K] occupied;

};

(b) With gaps

struct bucket {
bucket∗ next;
bucket∗ prev;
elem[K] a;
int [K] next;
int [K] prev;

};

(c) Linked

Figure 3.5: C++ definition for bucket arrangements.

struct bucket {
bucket∗ next;
bucket∗ prev;
pair<elem,relay∗>[K] a;

};

struct relay {
bucket∗ b;
int index;
int count;

};

struct iterator {
relay∗ r ;

};

(a) Bucket of pairs

struct bucket {
bucket∗ next;
bucket∗ prev;
elem[K] a;

};

struct relay {
relay∗ next;
relay∗ prev;
bucket∗ b;
int index;
int count;

};

struct iterator {
relay∗ r ;

};

(b) 2-level list

Figure 3.6: C++ definition for iterator implementations (obviating arrangement details).
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contiguous with gaps linked

Figure 3.7: Bucket arrangement.

3. Bucket reorganization when inserting or deleting elements. The algorithms involved
in the reorganization of buckets preserve the data structure invariant after an insertion
or deletion. Our actual invariant will be given latter, in the next section. The main
issue here is keeping a good balance between high occupancy,few bucket accesses
per operation, and few of elements movements.

4. Iterators management.Our key idea is identifying all the iterators referred to an
element with a dynamic node calledrelay that points to it. Thus, there are two levels
of indirection: iterators pointing to a relay, and relays pointing to elements.

The pointer from a relay to an element is actually a pointer toits bucket and its index
in that bucket. In this way, the rest of bucket data can also beaccessed. Besides, it
keeps count of the number of iterators that are referring to that relay so that it can be
destroyed when there are none. A problem remains: when the physical location of an
element changes, its relay (if it exists) must be reached andchanged accordingly in
constant time. We devise two approaches for that:

(a) Bucket of pairs: This solution is depicted in Figure 3.8 and Figure 3.6(a) gives
its simplified definition in C++ (arrangement details are obviated here).

In this obvious solution, for each element, a pointer to its relay is kept. This
technique is easy to implement and still uses less space thana traditional doubly
linked list because it needs one pointer per element rather than two.

(b) 2-level: This solution is depicted in Figure 3.9 and Figure 3.6(b) gives its sim-
plified definition in C++ (arrangement details are obviated here).

The key point is taking advantage of the fact that STLlist elements can only
be accessed by library users through iterators. Letit denote an iterator given
as operation parameter,r the relay to whichit points andelemthe element to
which r points; our reorganization algorithm guarantees that if the location of
another elementother changes due to the operation onelem, other is at con-
stant (logical) distance ofelem. Then, in order to find its relay also in constant
time, we keep a doubly linked list of relays in the same relative order that their
elements and perform a sequential search starting atr. Note that if the relay of
otherdoes not exist, the search finishes when the first relay pointing to another
bucket is found. This solution is more involved to implementbut uses less space
compared to the previous one, provided there are not many relays.

It is clear that, in both solutions, the locality of iteratoraccesses decreases with the
number of elements with iterators, because the locations ofthe relays are not related
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. . .

1 2 1

begin() it1 it2 end()

Figure 3.8: Bucket of
pairs.

. . .

1 2 1. . .

begin() it1 it2 end()

Figure 3.9: 2-level list.

to their elements. However, assuming that there will not be many iterators in a single
application, we expect to find the relays in the cache. In any case, our two approaches
conform to the standard for an arbitrarily large number of iterators.

5. Relay allocation:Given that iterators are frequently incremented or decremented and,
typically, moving from/to places where there are no other iterators, our implementa-
tions avoid (whenever possible) to destroy the relay (to leave an element) and recreate
it (to arrive to the next element). Not only that, our implementations also make use
of a pool of relay nodes to delay as much as possible the use of the allocator to get or
release memory for them.

3.4 Reorganization of the buckets

In this section, we present with some detail how we keep the buckets reorganized when
insertion and deletion operations are applied to the list. For the sake of simplicity, we
assume that the elements in the buckets are arranged using the linked strategy so that we
may ignore intra-bucket movements.

This section is organized as follows. First, we present the notation that we will use.
Then, we state the representation invariant of our data structure. Finally, we give the nec-
essary reorganization algorithms to keep up this invariantwhen insertion and deletions are
applied to the list. To do so, we first present some useful operations, then present the algo-
rithm for the general case and, finally, present the algorithms for various particular cases.

3.4.1 Notation

In the following, we denote byb(i) the i-th bucket of the list, byℓ(i) the bucket at its left,
and byr(i) the bucket at its right, provided that they exist. We also denote by ℓ j(i) the
bucket j positions to the left ofb(i) and byr j(i) the bucketj positions to the right ofb(i).
On the other hand, we denote by|b(i)| the occupancy of bucketb(i), that is, its number
of elements divided by its capacity (K). Moreover, we define the occupancy of buckets
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from i to j as|b(i . . . j)| = |b(i)|+ · · ·+ |b( j)| andsi = |ℓ(i)|+ |b(i)|+ |r(i)|. From now on,
x always denotes the new element to be inserted or deleted andm denotes the number of
buckets in the list (there is always at least one bucket).

3.4.2 Representation invariant

Roughly, our goal is to try to achieve an average occupancy ofat least23 for each bucket.
This is a compromise between guaranteeing a very high occupancy for any pattern, which
is costly, and very loose restrictions that could turn the data structure useless. Besides,
endpoint buckets constraints are relaxed to achieve almostmaximum occupancy when lists
are built adding elements at the back or the front, which is a common building pattern.

Specifically, the representation invariant of our data structure is given by the following
constraints, which are depicted in Figure 3.10.

• General constraint:For allb(i), s.t. 2< i < m−1, we havesi ≥ 2.

• Endpoints constraints:Whenm≥ 3, we have

{

|b(1)| = 0 =⇒ |b(2)| > 5
12,

|b(1)| 6= 0 =⇒ |b(2)| = 1,
and

{

|b(m)| = 0 =⇒ |b(m−1)| > 5
12,

|b(m)| 6= 0 =⇒ |b(m−1)| = 1.

• Small lists constraints:We have







m= 4 =⇒ |b(1. . .4)| > 3
2.

m= 3 =⇒ |b(1. . .3)| > 1.

m= 2 =⇒ |b(1. . .2)| > 1
2.

Note that lists with one single bucket do not have occupancy constraints.

3.4.3 Useful reorganization operations

In order to present our reorganization algorithm, let us define the following basic reorgani-
zation operations:

• Transfer from b(i) to b( j): One or several elements are moved from bucketb(i) to
bucketb( j), which typically corresponds to eitherℓ(i) or r(i).

• Split of b(i): A new bucket is allocated to the left or right ofb(i), and the elements
are redistributed betweenℓ(i), b(i), r(i) and the new bucket.

• Merge of b(i): The elements fromb(i) are redistributed amongℓ(i) and r(i), then,
b(i) is deallocated.
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. . .≥ 0 1
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︸ ︷︷ ︸

> 1
2

(d) Constraint for lists with two buckets

︸ ︷︷ ︸

≥ 1

1

(e) Constraint for lists with three buck-
ets (in addition to the endpoint con-
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≥ 1

> 5/12 > 5/12

(f) Constraint for lists with four buckets (in addition to endpoint constraints).

Figure 3.10: Occupancy constraints.

3.4.4 Reorganization algorithm for the general case

We first consider the reorganization algorithm on large lists for buckets far from the end-
points. Assume that a deletion or an insertion takes place inbucketb(i), with 2< i < m−1.
There are three possible cases where reorganization is needed:

1. Deletion from b(i), which makes sk = 2 for some k∈ {ℓ(i),b(i), r(i)}:

In this case, firstx is removed and thenb(k) is merged.

2. Insertion in b(i) such that|b(i)| = 1 and si < 3:

In this case, an element must be transfered fromb(i) to eitherℓ(i) or r(i) to make
room for x. It seems reasonable to choose the neighbor with lowest occupancy, but
this is not necessary for the forthcoming analysis.

3. Insertion in b(i) such that|b(i)| = 1 and si = 3 and3 < i < m−2:

In this case, either a split or a transfer may be performed. The algorithm is the fol-
lowing:

(a) General case:First, b(i) is split so thatℓ(i), b(i), r(i) and the new bucket have
capacity of34 at least. Afterwards,x is put in its place.

(b) When|ℓ2(i)| < 1
2: The elements inℓ2(i) andℓ(i) are equally distributed among

these two buckets. In this way,sℓ3(i) increases,sℓ2(i) andsℓ(i) remain the same,

andsi decreases (never under5
2). Finally, one element fromi is moved toℓ(i),

thus making room forx, which is put in its place.
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Figure 3.11: General reorganization operations.

(c) When|ℓ3(i)|+ |ℓ2(i)| < 5
4: The elements inℓ3(i), ℓ2(i) and ℓ(i) are equally

distributed among these three buckets. In this way,sℓ4(i) and sℓ3(i) increase,
sℓ2(i) remains the same,sℓ(i) decreases (never under7

3) andsi decreases (never

under8
3). Finally, we move one element fromi to ℓ(i), thus making room forx,

which is put in its place.

The three most general cases (Cases 1, 2 and 3a) are shown in Figure 3.11. The two
special transfer cases (Cases 3b and 3c) are shown in Figure 3.12.

3.4.5 Reorganization algorithm at the endpoints

We consider now the reorganization algorithm at the endpoints of large enough lists. Here,
the rules change to achieve almost perfect occupancy for typical list building patterns at the
endpoints. We wish to note that if there were no special constraints for the endpoints, and
the list was built adding elements at the ends, the general reorganization algorithm would
lead to an average occupancy of about3

4, which is already greater than the lower bound
of 2

3.
The rules are simple and apply symmetrically at the right endpoint. First, we present

the transfer rules and second, rules that allocate or deallocate buckets.

Transfer rules

1. Deletion in b(2) such that|b(1)| > 0: First, the element x is removed. Then, the last
element fromb(1) is transfered tob(2).
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Figure 3.12: Special transfer operations.

2. Insertion in b(2) such that|b(2)| = 1 and |b(1)| < 1: The first element fromb(2) is
transfered tob(1). Then,x is put in its place.

Allocation and deallocation rules

1. Deletion in b(2) such that|b(2)| ≤ 5/12: First, the element ofb(2) is deleted and
b(1) is deallocated. Then,b(2) elements are transfered tob(3) until this is full.

2. Insertion in b(1) such that|b(1)| = 1: First of all, an empty bucketb is allocated and
placed as the newb(1). Then, ifx was inserted at the front of the list, we just putx in
b. Otherwise, the first element ofb(2) is shifted tob to make room forx.

3. Insertion in b(2) such that s2 = 3: We perform a split operation with final occupancies
(in this order) of 1/2, 1, 3/4 and 3/4. Then,x is put in its place.

4. Insertion in b(3) such that s3 = 3: First, we perform a split operation as in the general
case. Second, elements from theb(1) are transfered tob(2) until b(2) is full or b(1)
is empty. (Note: if the list has only five buckets, this step must be repeated for the
right endpoint, because the third bucket from the left is also the third bucket from the
right.) Then,x is put in its place.

3.4.6 Reorganization algorithm for small lists

We consider now lists with four or less buckets (m≤ 4). The rules are adapted as follows:

• Transfer rules in Section 3.4.5: All apply, except for lists s.t.m= 2, in which elements
are inserted with no transfers when possible.
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• Allocation of new buckets in lists s.t. m≤ 3: A new bucket is allocated only when
there is no room at all. Further, the elements are reorganized as follows: the endpoint
buckets are at12 or more of its capacity; the rest become full.

• Allocation of new buckets in lists s.t. m= 4: Here, we assume that the left endpoint
is the nearest to the insertion point.

– Insertion in b(1): The same algorithm as in Section 3.4.5.

– Insertion in b(2): If b(4) is not full, one element is transfered fromb(3) to b(4),
and then, one fromb(2) to b(3). If b(4) is full (i.e., all the buckets are full), a
split operation must be performed with final list occupancies of 5

8, 1, 3
4, 1 and5

8.

• Deallocation of buckets: A bucket is deallocated when the corresponding minimum
average occupancy is reached.

– m= 3 or m= 4: The endpoint bucketb which is empty is deallocated. Ifm= 4,
the elements ofb neighbor are transfered to the following neighbor until this is
full.

– m= 2: The elements from the bucket with lowest occupancy are transfered to
the other one. Then, it is deallocated.

3.5 An upper bound for the number of created and destroyed
buckets

In this section, we present and prove two asymptotically optimal properties of our reorga-
nization algorithms related to the number of created/destroyed buckets. In practice, this
means that our bucket management strategy is robust whatever the applied sequence of list
operations. This goes towards a good (cache) performance.

3.5.1 Interleaved operations at the same point

Theorem 3.5.1. Let a list conform to the representation invariants given inSection 3.4.
Consider an arbitrary long alternating sequence of insertions and deletions at the same point.
Then, the total number of allocated and deallocated bucketsis at most two.

Proof. We have the following case analysis:

1. The first operation performs no allocation neither deallocation. There are two cases:

(a) No element is transfered. In this subcase, the next operation returns the bucket
to its initial state, and so happens again and again, and so, no allocation or
deallocation are performed (in fact, neither transfers).

(b) An element is transfered from bucket bi to bucket bj . If bi or b j are endpoint
buckets, then this operation is reversed at each step, and so, no allocations or
deallocations are performed. Otherwise, this operation must be an insertion (be-
cause deletions do not transfer elements except when at the endpoint buckets),
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and so, the next is a deletion. In this case, a deallocation cannot occur either
because the value ofsi is the initial one.

2. The first operation is an insertion and allocates a bucket. Then, the next deletion can-
not deallocate a bucket. For small lists, this is due to the fact that allocation and deal-
location thresholds do not coincide. For big lists, when theallocated bucket becomes
an endpoint, its next bucket is full and therefore, cannot bedeallocated afterwards. Fi-
nally, in the most general case, a split guarantees that the two central bucketsi, where
the element is actually inserted, havesi > 9

4, and so, a right afterwards deallocation
cannot either occur.

Therefore, we turn to Case 1, for which has been shown that no further allocations or
deallocations are performed.

3. The first operation is a deletion and deallocates a bucket. There are two subcases:

(a) The next operation (insertion) allocates a bucket. Then, we are in Case 2.

(b) The next operation (insertion) does not allocate a bucket. Then, we are in
Case 1.

In any case, we turn to a case for which has been shown that no further allocations
or deallocations are performed. Further, for Case 2, the total number of allocated and
deallocated buckets is exactly two.

3.5.2 Arbitrary sequences of insertions and deletions

Theorem 3.5.2.Let L be an empty list. Consider a sequence ofr insertions and/or deletions
at arbitrary positions conform to the rules given in Section3.4 applied toL. Then, the
number of allocated and deallocated buckets is at most 6r/K.

Proof. The amortized cost is shown using the potential method.
Let L0 be the initial list. For eachi = 1, . . . , r, let ci be the actual cost of thei-th oper-

ation, and letLi be the list resulting after applying thei-th operation toLi−1. Since we are
interested in the number of created/destroyed buckets, we have

ci =

{
1, if a split/merging is performed during thei-th operation;
0, otherwise.

Let Φ be a potential function (defined later) that assigns a real number to every list. We
define:

• The increment of potential of thei-th operation:∆i = Φ(Li)−Φ(Li−1).

• The amortized costai of the i-th operation:ai = ci + ∆i.

• The total actual cost:C = ∑r
i=1ci .

• The total amortized cost:A = ∑r
i=1ai .
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An easy calculation shows thatC = A+ Φ(L0)−Φ(Lm).
Every list update can be separated conceptually into two steps:

1. one normal split, or one normal merging, or the equal redistribution of the elements of
some non-endpoint buckets, or one specialized operation ata bucket near an endpoint,
or just nothing;

2. one element insertion or one element deletion.

Note that the actual costci comes from the first step. Let us denote by∆(1)
i and by∆(2)

i
the increment of potential due to the first step and to the second step, respectively; that is,
∆i = ∆(1)

i +∆(2)
i . The rest of this section is devoted to define an adequate potential function,

and prove with it

1. ∆(1)
i ≤ 0 whenci = 0,

2. ∆(1)
i ≤−1 whenci = 1,

3. and∆(2)
i ≤ 6/K.

Altogether, this will implyai ≤ 6/K for everyi, and thus will prove an upper bound of 6r/K
for C.

The potential function

To define the potential function, it is convenient to use the following definitions:

|L| = ∑
b∈L

|b|.

f (x) =

{
6x−5, if x≥ 5

6;
5−6x, if x≤ 5

6.

f1(x) =

{
4x−2, if x≥ 1

2;
2−4x, if x≤ 1

2,

f2(x) =

{
4x−4, if x≥ 1;
4−4x, if x≤ 1,

f3(x) =

{
4x−6, if x≥ 3

2;
6−4x, if x≤ 3

2.

Then, we define the potential of a bucketb as follows:

Φ(b) =

{
2|b|, if b is an endpoint;
f (|b|), if b is not an endpoint.

Finally, we define the potential of a list as:

Φ(L) =







f1(|L|), if L consists of only one bucket;
f2(|L|), if L consists of two buckets;
f3(|L|), if L consists of three buckets.
∑b∈L Φ(b), if L consists of four or more buckets.
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Computation of ∆(1)
i and ∆(2)

i

From the definitions in the previous sections, it is trivial that∆(2)
i ≤ 6/K. Let us now bound

∆(1)
i for every case.

Large lists

1. Normal split:∆(1)
i = 4· f (3

4)−3· f (1) = −1.

2. Normal merging: Letbi ,b j ,bk be the initial buckets. Denotex= |bi |, y= |b j |, z= |bk|
andϕ = f (x)+ f (y)+ f (z). It holds thatx+y+z= 2. Further, suppose w.l.o.g. that

x ≤ y ≤ z. Then,∆(1)
i = 2 · f (1)−ϕ = 2−ϕ . We devise 3 cases according to the

values ofx, y andz: (a) x≤ 2
6, y≥ 5

6, andz≥ 5
6, (b) x < 5

6, y < 5
6, andz≥ 5

6 and (c)
x < 5

6, y < 5
6, andz< 5

6.

For any of them, the reader can easily check thatϕ ≥ 3, and so,∆(1)
i ≤−1.

3. Equal redistribution of elements when inserting on a bucket i, s.t. |ℓ2(i)|< 1
2 (Case 3b

in Section 3.4). Letx2 = |ℓ2(i)|, then:∆(1)
i = 2· f (1+x2

2 )− ( f (1)+ f (x2)) = −2.

4. Equal redistribution of elements when inserting on a bucket i, s.t. |ℓ3(i)|+ |ℓ2(i)| < 5
4

(Case 3c in Section 3.4). Letx2 = |ℓ2(i)| andx3 = |ℓ3(i)|, then:∆(1)
i = 3· f (1+x2+x3

3 )−
( f (1)+ f (x2)+ f (x3)) = 8−6(x2 +x3)− ( f (x2)+ f (x3)).

We devise two cases according the value ofx2: (a) x2 ≤ 5
6 and (b)x2 ≥ 5

6. In both

cases, the reader can easily check that∆(1)
i ≤−2.

5. Removing the first bucket when the second bucket is at5
12 or less: Letb3 be the third

bucket andx = |b3|, then: ∆(1)
i = 2( 5

12 − (1− x))+ f (1)− (2 ·0+ f ( 5
12)+ f (x)) =

−8
3 + 2x− f (x). We devise two cases according to the value ofx: (a) x≥ 5

6 and (b)

x≤ 5
6. In any of them, it can be checked that∆(1)

i ≤−1.

6. Splitting at the first bucket:∆(1)
i = 2·0+ f (1)− (2·1) = −1.

7. Splitting at the second bucket:∆(1)
i = 2· 1

2 + f (1)+2· f (3
4)− (2·1+2· f (1)) = −1.

8. Splitting at the third bucket: Letb1 be the first bucket,x = |b1|, y = min(x, 1
4), and

z= x−y, then:∆(1)
i = 2z+ f (3

4 +y)+3· f (3
4)−(2x+3· f (1)) =−3

2 −2y+ f (3
4 +y).

There are two cases according to the value ofy: (a) y ≥ 1
12 and (b)y≤ 1

12. In both

cases, it can be checked that∆(1)
i ≤−1.

Small lists

1. Split 1–2:∆(1)
i = f2(1)− f1(1) = −2.

2. Merging 2–1:∆(1)
i = f1(1

2)− f2(1
2) = −2.
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3. Split 2–3:∆(1)
i = f3(2)− f2(2) = −2.

4. Merging 3–2:∆(1)
i = f2(1)− f3(1) = −2.

5. Split 3–4:∆(1)
i = 2(2· 1

2)+2· f (1)− f3(3) = −2.

6. Merging 4–3: Letb2 andb3 be the middle buckets of the original 4-bucket list. Let
x= |b2| andy= |b3|, wherey= 3

2 −x. Then,∆(1)
i = f3(3

2)−(2(2·0)+ f (x)+ f (y)) =
−( f (x)+ f (3

2 − x)). Let us assume thatx≥ y without loss of generality. There are

two cases: (a)x≥ 5
6 and (b)x≤ 5

6. In both of them, it can be checked that∆(1)
i ≤−1.

7. Splitting 4–5 at a non-endpoint when all buckets are full:∆(1)
i = 2(2· 5

8)+2· f (1)+
f (3

4)− (2(2·1)+2· f (1)) = −1.

8. Extra reorganization after splitting 5–6 at the third bucket: Letb5 be the fifth bucket,
x = |b5|, y = min(x, 1

4), andz = x− y, then: ∆(1)
i = 2z+ f (3

4 + y)− (2x+ f (3
4)) =

−1
2 −2y+ f (3

4 +y).

There are two cases according to the value ofy: (a) y≥ 1
12 and (b)y≤ 1

12. In any of

them, it can be checked that∆(1)
i ≤ 0.

Note that the bound∆(2)
i ≤ 6/K is not necessarily tight. It remains as an open problem

showing that this bound is tight or that, by contrast, a tighter bound exists.

3.6 Experimental analysis

In this section, we experimentally analyze the performanceof our implementations and
show their competitiveness in several common settings.

We developed three implementations. Two of them use contiguous bucket arrangement,
one of which uses thebucket of pairsiterator solution and the other the2-level solution.
The third implementation uses a linked bucket arrangement and the2-level iterator solution.
Notice that in contrast to a flat doubly linked list, our operations deal with several cases and
each of them with more instructions. This makes our code 3 or 4times longer (in code
lines).

The results are shown for a Sun workstation with Linux and an AMD Opteron CPU
at 2.4 GHz, 1 GB main memory, 64 KB + 64 KB 2-associative L1 cache, 1024 KB 16-
associative L2 cache and 64 bytes per cache block. The programs were compiled using the
GCC 4.0.1 compiler with optimization flag-O3 . Comparisons were made against the current
STL GCC implementation and LEDA 4.0 (in the latter case the compiler was GCC 2.95 for
compatibility reasons).

All the experiments were carried with lists of integers considering several list sizes that
fit in main memory. Besides, all the plotted measurements arescaled to list size for a better
visualization.

With regard to performance measures, we collected wall-clock times, that were repeated
enough times to obtain significative averages (variance wasalways observed to be very low).
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Figure 3.13: Performance results for basic operations withno iterator load.
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Furthermore, to get significant insight on the behavior of the cache, we used Pin [61], a
collection of tools for the dynamic instrumentation of programs. Specifically, we have used
a Pin tool that simulates and gives statistics of the cache hierarchy (using typical values of
the AMD Opteron).

In the following we present the most significant results. Firstly, we analyze the behavior
of lists with no iterators involving basic operations and common access patterns. Then, we
consider lists with iterators. Finally, we compare our implementations against LEDA, and
consider other hardware environments.

3.6.1 Basic operations with no iterator load

Insertion at the back and at the front

Given an initially empty list, we wish to compare the time to get a list ofn elements by
successively applyingn calls to either thepush back or push front methods.

The results forpush front are shown in Figure 3.13(a); a similar behavior was ob-
served forpush back . In these operations, we observe that our three implementations per-
form significantly better than GCC. This must be due to managememory more efficiently:
firstly, the allocator is called only once for all elements ina bucket and not for every el-
ement. Secondly, our implementations ensure that buckets get full or almost full in these
operations, and so, less total memory space is allocated.

Traversal

Consider the following experiment: First, build a list; then, create an iterator at its begin
and advance it up to its end four times. At each step, add the current element to a counter.
We measure the time taken by all traversals.

Here, the way to construct the list plays an important role. If we just build the list
as in the previous experiment, the traversal times are thosesummarized in Figure 3.13(b).
These show that performance does not depend on list size and that our 2-level contiguous
list implementation is specially efficient even compared tothe other 2-level implementation.
Our linked bucket implementation is slower than the contiguous implementation because,
firstly, its buckets are bigger for the same capacity and so, there are more memory accesses
(and misses). Secondly, the increment operation of the linked implementation requires more
instructions.

Rather, if we sort this list before doing the traversals, andthen measure the time, we
obtain the results shown in Figure 3.13(c). Now, the difference between GCC’s implemen-
tation and ours becomes very significant and increases with list size (our implementation
turns out to be more than 5 times faster). Notice also that there is a big slope just beginning
at lists with 20000 elements.

The difference in performance is due to the different physical arrangement of elements
in memory (in relation to their logical positions). To provethis claim, we repeated the
same experiment using the Pin tool, counting the number of instructions, as well as, L1 and
L2 cache accesses and misses. Some of these results are givenin Figure 3.15(a). Firstly,
these show that indeed our implementations incur in less caches misses (both in L1 and L2).
Secondly, the scaled ratio of L1 misses is almost constant because even small lists do not fit
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Figure 3.14: Performance results for basic operations withno iterator load.
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in L1. Besides, the big slope in time performance for the GCC implementation coincides
with a sudden rise in L2 cache miss ratio, which leads to a state in which almost every
access to L2 is a miss. This transition also occurs in our implementations, but much more
smoothly. Nevertheless, the L2 access ratio (that is, L1 miss ratio) is much lower because
logically close elements are in most cases in the same bucketand so, already in the L1 cache
(because bucket capacity is not too big).

Insertion

In this experiment, we deal with insertions at arbitrary points. First, a list is built (using the
two abovementioned ways). Then, it is forwardly traversed four times. At each step, with
probability 1

2, an element is inserted before the current. We measure the time of doing the
traversal plus the insertions.

Results are shown in Figures 3.14(a) and 3.14(b), whose horizontal axis corresponds to
the initial list size.

Analogously to plain traversal, performance depends on theway the list is built. How-
ever, as in this case the computation cost is greater, the differences are smoother. In fact,
when the list has not been shuffled, the bucket of pairs list performs worse than GCC’s. Our
two other implementations perform similarly to GCC’s though. On the other hand, when
the list has been shuffled, GCC’s time highly increases, while ours is almost not affected.

It is interesting to observe that the linked arrangement implementation does not out-
perform the contiguous ones even though it does not require shifting elements inside the
bucket. This must be due to the fact that more memory accesses(and misses) are performed
and this is still dominant. This was confirmed performing thesame experiment under the
Pin environment. As more insertions per element are done, this gain starts to be rather
noteworthy. This is shown in Figure 3.14(c).

Internal sort

The STL requires aO(nlogn) sort method that preserves the iterators on its elements. Our
implementations use a customized implementation of merge sort in order to keep with the
validity of iterators.

Results of executing the sort method are given in Figure 3.16. These show that our
implementations are between 3 and 4 times faster than GCC. Taking into account that GCC
also implements a merge sort, we claim that the significant speedup is due to the locality of
data accesses inside the buckets. To confirm this, Figure 3.15(b) shows the Pin results. In-
deed, GCC does about 30 times more cache accesses and misses than our implementations.

Effect of bucket capacity

The previous results were obtained for buckets with capacity of 100 elements. Anyway, this
choice did not appear to be critical. Specifically, we repeated the previous tests with lists
with other capacities, and observed that once the bucket capacity is not very small (less than
8-12 elements), a wide range of values behaved neatly. Note that a bucket of integers with
capacity of 8 elements is already 40-80 bytes long (depending on the implementation and
address length) and a typical cache block is 64 or 128 bytes long.
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Figure 3.15: Simulation results on the cache performance (the vertical axis is logarithmic).

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

1 2 4 8 16 32 64 128 256 512

sc
al

ed
tim

e
(i

n
m

ic
ro

se
c)

list size (in 104)

0% iterator load and bucket capacity 100

gcc
bucket-pairs
2-level-cont
2-level-link

Figure 3.16: Performance results forsort with no iterator load.



3.6. EXPERIMENTAL ANALYSIS 43

0

0.5

1

1.5

2

2.5

10 100 1000

sc
al

ed
tim

e
(i

n
m

ic
ro

se
c)

bucket capacity

4.86∗106 list size and 0 % it load

gcc
bucket-pairs
2-level-cont
2-level-link

Figure 3.17: Performance results for insertion after shuffling, with variable bucket capacity
(list size 486000).

To illustrate the previous claims, we show in Figure 3.17 insertion results on a shuffled
list with initially roughly 5 million elements. These show that for contiguous arrangement
implementations, time decreases until a certain point and then starts to increase. In these
cases, increasing the bucket size increases the intrabucket movements which finally results
more costly than the achieved locality of accesses. In contrast, the linked arrangement im-
plementation seems to be not affected because no such operations are performed, accesses
of a bucket do not interfere between them, and our insert reorganization algorithm takes into
account at most three buckets at a time.

If we perform the previous test with several instances at thesame time, a smooth rise
in time for all implementations can be seen, in particular for big bucket capacities. In fact,
it is common dealing with several data structures at the sametime. In this case, some
interferences within the different objects accesses can occur, which are more probable as
the number of instances grows. Therefore, it is advisable tokeep a relatively low bucket
size.

3.6.2 Basic operations with iterator load

Now, we repeat the previous experiments on lists that do haveiterators on their elements.
We use the termiterator load to refer to the percentage of elements of a list that have one
or more iterators on them. Given how our iterators are implemented, this is what really can
affect performance and not the exact number of iterators.

Results are shown for tests in which elements have already been shuffled, iterator loads
range from 0% to 100% and a big list size is fixed (about 5 million elements) because then,
it is crucial to manage data in the cache efficiently.
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Figure 3.18: Performance results depending on the iteratorload.



3.6. EXPERIMENTAL ANALYSIS 45

Traversal

When there are no iterators on the list, our implementationsperform a list traversal very
fast because the increment operation is simple and elementsare accessed with high locality.
However, when there are some iterators, it may turn slower because the increment opera-
tion depends whether there are other iterators pointing to the element or its successor. In
contrast, the increment operation on traditional doubly linked lists is independent of it, and
so, performance must be not affected. When the list has not been shuffled, this is exactly
the case.

In contrast, when the elements are shuffled, which changes iterators logical order, it-
erators accesses may score low locality. Results for this case are shown in Figure 3.18(a),
which show indeed that the memory overhead become the most important factor in perfor-
mance. Nevertheless, the good locality of accesses to the elements themselves makes our
implementations more competitive than GCC’s up to 80% iterator load even for relatively
small lists (about 100000 elements).

Insertion

When an element is inserted in a bucket with several iterators, some extra operations must be
done but are much less than in the traversal case in relative terms. Therefore, performance
should be less affected.

Insertion results are shown after the elements have been shuffled in Figure 3.18(b).
The results are analogous to the traversal test but with smoother slopes, as happened

with no iterator load. Specifically, when the list has been shuffled, our implementations are
more convenient up to 80% iterator load.

Internal sort

Guaranteeing iterators consistency in our customized merge sort is not straightforward, spe-
cially in the case of 2-level approaches that need some (though small) auxiliary arrays.
Performance results are shown in Figure 3.18(c).

The results indeed show that the 2-level implementations are more sensitive to the iter-
ator load. Anyway, all of our implementation are faster thanGCC for iterators loads lower
than 90%.

3.6.3 Comparison with LEDA

We compare now our lists with LEDA lists. The interface of LEDA lists is very similar to
STL list s. Besides, they use a doubly linked list implementation. Inaddition, LEDA lists
use a customized memory allocator.

In Figure 3.19, we show the results for traversal operation after shuffling. These make
evident the limitations in performance of using a doubly linked list compared to our cache-
conscious approach. LEDA’s times are just slightly better than GCC’s, but remain worse
than our implementations.

We omit the rest of plots with LEDA, because its results are just slightly better than
GCC. The only exception is its internal sort (a quicksort) which is very competitive. Nev-
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Figure 3.19: Performance results for traversal after shuffling (LEDA).

ertheless, it requires linear extra space, does not keep iterators (items in LEDA jargon) and
is not faster than ours.

3.6.4 Other environments

The previous experiments have been run in a AMD Opteron machine. We have verified that
the results we claim also hold on other environments. These include an older AMD K6 3D
Processor at 450 MHz with a 32 KB + 32 KB L1 cache, 512 KB L2 off-chip (66 MHz) and
a Pentium 4 CPU at 3.06 GHz, with a 8KB + 8KB L1 cache and 512 KB L2cache. On both
machines, similar results are obtained in relative terms. Indeed, the results were better on
newer machines and compilers.

3.7 Conclusions and future work

In this chapter we have presented three cache-conscious lists implementations that are com-
pliant with the C++ standard library. Cache-conscious lists were studied before but did not
cope with library requirements. Indeed, these goals enter into conflict, particularly preserv-
ing both constant costs and iterators requirements.

This chapter shows that it is possible to efficiently and effectively combine cache con-
sciousness with STL requirements. On the one hand, our reorganization algorithm guaran-
tees a minimum average occupancy of 2/3 and almost maximum occupancy when the list is
built adding elements at the endpoints. Besides, we have shown optimal bounds with respect
to the number of created and destroyed buckets for some general sequences of operations.

On the other hand, a wide range of experiments has shown that our implementations are
useful in many situations. The experiments compare our implementations against doubly
linked list implementations such as GCC and LEDA. These showfor instance that our lists
can offer 5-10 times faster traversals, 3-5 times faster internal sort and still be competi-
tive with an (unusual) big load of iterators. Besides, in contrast to doubly linked lists, the
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performance of our data structure does not degenerate when the list is shuffled.
Further, the experiments show that the 2-level implementations are specially efficient.

In particular, we would recommend using the linked bucket implementation, although its
benefits only evince when the modifying operations are really frequent, because it can make
more profit of bigger cache blocks.

Our approach to STLlist s could be extended to more complicated data structures.
For instance, several cache-conscious implementations ofdictionaries use B-trees. See e.g.,
implementations in the CPH STL [25]. As far as we are concerned, they do not implement
though iterator functionality. In enhancing iterators in B-trees, the 2-level implementation
of iterators seems that should also translate into a tree data structure to keep up with costs.
Thus, the bucket of pairs implementation of iterators mightturn out to be more attractive in
this context. Overall, the extension is not straightforward.
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Chapter 4

On the number of string lookups in
BSTs with digital access, and related
algorithms

Efficient string algorithms and data structures are obtained in essentially two ways. On the
one hand,ad hocstring algorithms and data structures can be defined. On the other hand,
comparison-based data structures and algorithms can be specialized so that less (or not at
all) redundant character comparisons are performed. See Section 2.3 for more details on
these approaches.

In this chapter, we deepen into the properties of the latter approach. Comparisons in
such specialized algorithms and data structures take advantage of the digital structure of
strings, and the order and the outcome of other comparisons.To efficiently reuse this infor-
mation, some extra data per element must be kept. In some cases, the resulting comparison
method does not access the actual strings, but only their extra data instead. Assuming the
usual pointer implementation of strings, this is relevant from a performance perspective,
because avoiding chasing a pointer saves potential cache misses.

We analyze the number of string lookups in so-enhanced BSTs,quicksort and quick-
select. In the following, we call them respectivelyaugmented BSTs (ABSTs), augmented
quicksort (AQSORT) andaugmented quickselect (AQSEL). In Section 4.1, we describe them
in more detail. In order to compute the number of string lookups of ABSTs,AQSORT and
AQSEL, it is key to relate them with TSTs, which aread hocstring trees. See Section 2.3.1
for further details onad hocstring trees. In Section 4.2, we introduce some useful notation.
Then, in Section 4.3, we describe precisely the relationship betweenABSTs and TSTs, and
present theoretical analysis on the number of string lookups. Following from this analysis,
we add some redundancy toABSTs, which avoids one specific kind of string lookups. Its
analysis is on Section 4.4. Then, in Section 4.5, we analyzeAQSORT andAQSEL relating
them toABSTs. Finally, we sum up some conclusions in Section 4.6.

49
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4.1 Previous work

Combining fast string comparisons with comparison-based data structures and algorithms
has been tackled in some previous works (see e.g., [79, 45, 28]). In this section, we review
how to enhance string comparisons in BSTs, quicksort and quickselect.

ABSTs. We denote byaugmented BST (ABST) a generic BST that is modified as de-
scribed in [79, 45] for fast string comparisons. The name choice illustrates the fact that the
tree nodes must be augmented with some extra piece of information. Specifically,ABSTs
are obtained from generic BSTs as follows. Consider a BST node storing a stringy and
pointers to its children (and possibly to its parent). Letℓp andℓs be respectively the length
of the maximum common prefix ofy with its predecessor and its successor. Each node in
an ABST additionally storesℓ, defined as the maximum ofℓp andℓs, and a booleanµ to
indicate which of the two is the maximum. Searching for a stringw works as follows: while
going down the tree, two lengths are kept:lp andls; they are the maximum common prefix
of w with the current predecessor and the current successor respectively (thus, initially they
are 0). The new comparison function works as shown in Figure 4.1. According toµ , ℓ is
compared againstlp or ls. Let l be the length to whichℓ is compared to. Ifl = ℓ andl is the
biggest oflp andls, the characters ofw must be compared against those ofy, starting at the
ℓ+ 1-th position, which has the first significant character ofy, until a difference is found.
Besides, if at least the first pair of characters are equal (i.e., y[ℓ+ 1] = w[ℓ+ 1]), ℓp or ℓs

must be updated accordingly. Ifl 6= ℓ or l is the smallest oflp andls, the next node to visit
is merely determined on the values ofℓ, µ , andl , there is no need to look up the stringy,
and there is no change inℓp or ℓs. Using this method, searching for a string of lengthm in a
BST of heighth takes timeO(m+h).

Concerning storage needs, the overall increment in storagebecomes less important as
longer is the string pointed to from the node. Besides, looking up the fieldsℓ andb in a
search only increases the number of local memory accesses, which are handled efficiently
by memory hierarchies.

AQSORT and AQSEL . We denote byaugmented quicksort (AQSORT) a generic quicksort
algorithm that is modified as described in [79] for fast string comparisons. Analogously,
we denote byaugmented quickselect (AQSEL) a generic quickselect algorithm that is so-
modified (note that this case is not explicitly tackled in [79]). Similarly as with BSTs, some
extra piece of information must be kept per each element.

The application of these techniques relies in the followingproperties of quicksort and
quickselect. First, if the pivot is chosen without comparing elements, comparisons are solely
made in the partitioning process. In every partition, each element is compared exactly once
against the pivot. Besides, the recursive calls of quicksort have the implicit structure of a
BST. Each pivot choice (and partitioning) constitutes a node and each recursion base case
corresponds to a leaf. Note that in the case of quickselect, the structure of the recursive calls
corresponds to a path in a BST.

Given the correspondence of quicksort and quickselect withBSTs, we can enhance
these algorithms with fast string comparisons in an analogously as BSTs. Specifically,
generic quicksort and quickselect are modified as follows. For each stringx, the length of
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resultComparison compare(nodePtr t, stringType& key, int & l p , int & l s) {
if ( t−>b) {

if ( l p > t−>l) return SMALLER;
if ( l p < t−>l or l p < l s) return GREATER;
return look string ( t , key, l p , l s );

}
else {

if ( l s > t−>l) return GREATER;
if ( l s < t−>l or l s < l p) return SMALLER;
return look string ( t , key, l p , l s );

}
}

// Case stringType is char*
resultComparison look string(nodePtr t , stringType& key, int & l p, int & l s) {

int l = t−>l;
while (key[ l ] == t−>key[l] and key[ l ] 6= NULL) ++l;
if (key[ l ] < t−>key[l]) {

l s = l ;
return SMALLER;

}
l p = l ;
if (key[ l ] > t−>key[l]) return GREATER;
return EQUAL;

}

Figure 4.1: Specialized compare function forABSTs.
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the maximum common prefix ofx with its predecessor and successor in the implicit BST
structure is kept. We denote them respectivelyγp(x) andγs(x). The following changes must
be done while partitioning. Letv be the string acting as pivot, and letw be any string in the
array to be partitioned. Then, the comparison function ofw againstv is analogous to that in
ABSTs:v acts as the string in the node andw acts as the string to be searched. Besides, the
swap function of two given stringsx1 andx2 must be specialized so that, in addition,γp(x1)
is swapped withγp(x2), andγs(x1) is swapped withγs(x2).

Note that the comparisons use the results of previous partitioning steps (comparisons
inside each partitioning step are independent). The first partition must compare all the
strings from the beginning, as in the non-specialized partitioning algorithm, and, in addition,
it must updateγp(x) andγs(x). However, from the second call on, the computed prefixes
γp(x) andγs(x) are used and accordingly updated to avoid redundant character comparisons.
Thus, this specialized partition is only beneficial if it is going to be repetitively used (as
in quicksort and quickselect), because of the information about the prefixes gathered in
previous iterations.

Finally, we present parallel versions ofAQSORT andAQSEL in Chapter 9.

4.2 Notation

In this section, we present the notation that will be used throughout the chapter. Leta be an
array of strings. Then,S(a) denotes the set of strings ina. Analogously, letu be a search
tree (e.g., a TST, anABST). Then,S(u) denotes the set of strings stored inu. Let w be a
string. Then,C(u,w) denotes the sequence of pairwise character comparisons made in u
when searching forw. We say that each pairwise character comparison inu is matchedto
the node whose string is looked up to make the comparison.I(u,w) denotes the sequence
of subsequences resulting from partitioningC(u,w) after each inequality comparison.

Besides, the following notation on TST elements is used, in addition to standard notation
on TSTs (see Section 2.3.1). A node with at least one not null comparison pointer is a
decision node. A node that is not reached chasing a descent pointer is adescent root. A
path that begins in a descent root, ends either in a decision node or in a leaf, and is made
exclusively of descent pointers, is called adescent path. It is proper if it contains two or
more nodes (joined by one or more descent pointers). Note that intermediate nodes can also
be decision nodes. Thus, there may be several descent paths beginning at the same node, but
with different lengths. For instance, in Figure 2.1(b) there are three descent paths beginning
from the right child of the root:tr , tre andtree# . Let x be a decision root or a leaf in a
TST;D(x) denotes the sequence of nodes in the descent path that ends inx.

The following notation regards to the searching path for a string w in a TST. Adecision
taken nodefor w is a decision node in the searching path ofwsuch that one of its comparison
pointers is chased. For instance, when searching fortree in the TST in Figure 2.1 (b), the
root is a decision taken node, whilst its right child is a decision node but not a decision
taken node. Asearch descent pathfor w is a descent path ending in a decision taken node
or a leaf. Alternatively stated, it is a maximal descent pathin the searching path forw. It
is proper if it contains at least two nodes. For instance, the searching path fortree in the
TST in Figure 2.1 (b) contains only one search descent path:tree# . The searching path
for trie contains two search descent paths:tre andie# . Note that the last character in the
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search descent paths are not included in the searched word; for instance,trie is build up
concatenatingtr andie .

4.3 On the number of string lookups inABSTs

In this section, we analyze the number of string lookups inABSTs. First, we present some
independent properties on TSTs andABSTs. Then, we relate both kinds of search trees.
Finally, we relate the number of string lookups inABSTs with known properties of TSTs.
This relationship with TSTs was already sketched in [79], inorder to compute the number
of digit comparisons.

Lemma 4.3.1. Let t be a TST and letw be a string. Each of the subsequences inI(t,w)
is matched to a search descent path int for w, and each search descent path int for w is
matched to a subsequence.

Proof. I(t,w) is obtained fromC(t,w) by partitioning after each inequality comparison. Int
inequality happens only if a comparison pointer is chased. Thus, the nodes that are matched
to a subsequence inI(t,w) must be joint by descent pointers. Moreover, the first must bea
descent root, and the last must be a decision taken node. Thisis exactly a search descent
path. On the other hand, each search descent path must be matched to a subsequence in
I(t,w), because otherwiseI(t,w) would not represent the sequenceC(t,w).

From the previous lemma, we have the following corollary:

Corollary 4.3.2. Let t be a TST. The number of search descent paths int when searching for
a stringw is |I(t,w)|. The cumulative number of search descent paths int when searching
for every string inS(t) is ∑w∈S(t) |I(t,w)|.

Now, we analyzeABSTs.

Lemma 4.3.3.Let b be anABST and letw be a string. Each of the subsequences inI(b,w)
is matched to a node inb. Moreover, if a node in the searching path inb for w is not matched
to any subsequence inI(b,w), then no character is compared in that node.

Proof. I(b,w) is obtained fromC(b,w) by partitioning after each inequality comparison. In
b inequality happens only if a pointer is chased. Thus, each ofthe subsequences inI(b,w)
must be matched to exactly one node. On the other hand, if a node is not matched to any
subsequence, no character is compared in the node, because otherwiseI(b,w) would not
represent the sequenceC(b,w).

From the previous lemma, we have the following corollary:

Corollary 4.3.4. Let b be anABST. The number of string lookups when searching for a
stringw is |I(b,w)|. The cumulative number of string lookups inb when searching for every
string inS(b) is ∑w∈S(b) |I(b,w)|.

Using the previous properties, we relate TSTs andABSTs.

Definition 4.3.5. A TST t and anABST b areequivalentiff for any stringw, I(t,w) equals
I(b,w).
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Note that ift andb are equivalent, thenS(t) andS(b) must be equal. Also, the number
of digit comparisons int and inb when searching for anyw must be equal.

Lemma 4.3.6. Let Sbe a set of strings. If anABST b and a TSTt are built inserting the
strings inS in the same order (and applying no rotations),t andb are equivalent.

Proof. The proof is by induction on the number of strings. Before anystring is inserted,
when searching for any stringy in b and int, results inI(b,y) andI(t,y) being empty (i.e.,
no character comparison is made). Thus,t andb are equivalent.

Before inserting the stringwi+1 in t and inb, i strings have already been inserted in
both trees, which are equivalent. Therefore,I(t,wi+1) equalsI(b,wi+1). Let r be the leaf
in t and lets be the leaf inb that is reached when searching forwi+1. Let x be the length
of the longest common prefix ofwi+1 with the strings already inserted. Insertingwi+1 in t
and inb produces the following modifications: Int a descent path of|wi+1|− x+ 1 nodes
is added as a child ofr containing each of the characters inw starting at the (x+ 1)-th
position (in sequence order), plus the special end character. In b, only one node is added as
a child ofs, containingwi+1. In any case, given a searched stringy, I(t,y) andI(b,y) change
only if nodesr ands are reached, respectively. In particular,I(t,y) andI(b,y) contain one
additional subsequence. Besides, the resulting new subsequence is the same int and inb,
because the same substring is reached fromr ands, respectively.

Note that anABST has a unique equivalent TST, but a TST may have several equivalent
ABSTs.

Using the previous lemmas, the following theorem relates the number of string lookups
in ABSTs with properties in TSTs.

Theorem 4.3.7.Let t be a TST and letb be an equivalentABST. Letw be any string. Then,
• The number of string lookups inb when searching for a stringw coincides with the
number of search descent paths int when searching forw.
• The number of string lookups inb when searching for all the strings inb coincides
with the cumulative number of search descent paths int when searching for every
string inS(t).

Proof. From Corollary 4.3.2,|I(t,w)| is the number of search descent paths int for w.
From Corollary 4.3.4,|I(b,w)| is the number of string lookups inb when searching forw.
Given thatt andb are equivalent,I(t,w) equalsI(b,w). Thus,|I(t,w)| equals|I(b,w)| and
∑w∈S(t) |I(t,w)| equals∑w∈S(b) |I(b,w)|.

In particular, the number of string lookups inABSTs is never greater than in plain BSTs.
Recall that searching a string in a plain BST requires as manystring lookups as nodes in
the searching path. In the case of TSTs, there are no string lookups at all (because nodes
contain a character instead of a string). By contrast, the number of visited nodes in TSTs,
which are also accessed through pointers, can be very large.Specifically, it depends on the
string length, the alphabet cardinality and the insertion order of the strings.

Now, the problem of determining the number of string lookupsin ABSTs is reduced
to determining the number of search descent paths in TSTs. Wedo so using some known
results on TSTs. First, we need some additional definitions on TSTs.
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Definition 4.3.8 ([17]). Let t be a TST and letw be a string. The(comparison) search
cost R(t,w) is the number of comparison pointers in the searching path ofw in t. The
(comparison) path length L(t) is the sum of the distances of all external nodes to the root of
the tree, where distance is measured as the number of comparison pointers.

An exact mathematical expression forR(t,w) andL(t) is given in [17, Theorem 2.1].
An asymptotic expression forR(t,w) andL(t) is given in [17, Theorem 2.2].

Besides,R(t,w) andL(t) are strongly related with the number of search descent paths.
Note thatR(t,w) is equivalent to counting the number of search descent pathsexcept for the
last one. The following corollary gives the exact relationship.

Corollary 4.3.9. Let t be a TST and letw be a string. The number of search descent paths
in t for w is equal toR(t,w)+1. The cumulative number of search descent paths int when
searching for every string inS(t) is L(t)+S(t).

Finally, from Theorem 4.3.7 and Corollary 4.3.9, we characterize in the following corol-
lary the number of string lookups inABSTs.

Corollary 4.3.10. Let t be a TST and letb be an equivalentABST. The number of string
lookups inb when searching for a stringw is R(t,w)+1. The number of string lookups in
b when searching for every string inS(b) is L(t)+S(t).

4.4 On the number of string lookups in CABSTs, an extension
of ABSTs

In the following, we presentcharacter augmented BSTs (CABSTs), a variant ofABSTs in
which some redundancy is added (see Section 2.3.2 for more examples on redundancy) in
order to avoid the string lookups due to binary searching fora character position. We relate
the number of string lookups in CABSTs with some properties of TSTs, and in turn, with
some properties of Patricia tries.

We define CABSTs as follows.

Definition 4.4.1. A CABST β is an extension of anABST b in which a character field
is added to each node. This field stores the first significant character of the string stored
in the node (i.e., that at the position after the maximum common prefix). We say thatβ
correspondsto b.

Comparisons are accordingly modified to take this characterinto account. The sequence
of character comparisons, though, remains the same, and so,it can be related to TSTs
analogously asABSTs are related to TSTs.

Definition 4.4.2. A character stored in a noder in a CABST isusefulwhen searching for a
stringw, iff it avoids from looking up the string inr.

In the following, the benefits of CABSTs when searching for a stringw are precisely
described taking into account the relationship betweenABSTs and TSTs. We use the fol-
lowing definition.



56 CHAPTER 4. ON THE NUMBER OF STRING LOOKUPS IN ABSTS

Definition 4.4.3. Let t be a TST and letb be an equivalent (C)ABST(thusI(t,w) = I(b,w)
for any stringw). Let r be a node inb and letsbe a node int. We say thatr andsaresearch
related if the same subsequence inI(t,w) is matched int and inb when searching for any
stringw.

Now, we can describe the benefits of CABSTs in terms of the previous property.

Lemma 4.4.4. Let t be a TST and letb be an equivalent CABST. Let r be a node inβ
search related to a nodes in t when searching forw, a character stored inr is useful when
searching forw iff D(s) is not a proper search descent path.

Proof. If a character stored inr is useful when searching forw, the string inr does not need
to be looked up. Thus, exactly one pairwise character comparison is made inr. Given that
s in t is search related tor, only one character is compared inD(s). This implies thatD(s)
is not a proper search descent path.

The opposite implication is proved as follows. IfD(s) is a not a proper search descent
path, only one character is compared inD(s). Given thats is search related tor, also
only one character must be compared inr. Besides, according to CABSTs definition, this
character is stored inr. Given that comparing the stored character suffices, the character in
r is useful.

That is, from Lemma 4.4.4 it follows that CABSTs need at most one string lookup to
determine the matching value for a character position. Specifically, the looked up string is
the one with the coinciding character value (correspondingto a proper search descent path).
We enunciate this relationship more precisely in the following theorem:

Theorem 4.4.5.Let t be a TST and letβ be an equivalent CABST. Letw be any string. The
number of proper search descent paths in the searching path of t for w coincides with the
number of strings looked up inβ when searching forw. The cumulative number of search
descent paths int when searching for every string inS(t) coincides with the total number of
strings looked up inβ when searching for every string inS(b).

Proof. From Theorem 4.3.7, the number of nodes inb whose string is looked up when
searching forw coincides with the number of search descent paths int. In β , that number
of nodes is decremented by the number of useful nodes. According to Lemma 4.4.4, a node
in β is useful if it is search related to a nodes in t, s.t. D(s) is not a proper search descent
path. Thus, a string in a node inβ is looked up inβ when searching forw only if it is
search related to a nodes in t, s.t. D(s) is a proper search descent path. Then, the theorem
follows.

However, as far as we know, the exact number of proper search descent paths in TSTs
has not been analyzed. By contrast, we can give some straightforward upper bounds. The
first one is obtained relating CABSTs to Patricia tries using the following fact and lemma.
The fact follows from the definition of a proper descent path.

Fact 4.4.6. The number of proper descent paths in a TSTt completely included in the
searching path oft for any stringw is greater than or equal to the number of proper search
descent paths forw.
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Lemma 4.4.7. The number of proper descent paths in a TSTt completely included in
the searching path oft for any stringw corresponds with the search cost in a Patricia trie
storingS(t). The cumulative number of descent paths int for searching every string inS(t)
corresponds with the external path length in a Patricia triestoringS(t).

Proof. Let p be a Patricia trie and letq be a trie such thatS(t) = S(p) = S(q). Given the
aforementioned equality between the sets of strings, the nodes int where a proper descent
path ends are related to the nodes inq in which two or more pointers go out from them and
in turn, these are exactly the nodes inp (p has no other nodes).

Therefore, the number of descent paths traversed int when searching forw corresponds
with the search cost inp and similarly, the cumulative number of descent paths corresponds
with the external path length.

Useful references on the analysis of Patricia tries are [23,14, 24]. Finally, from Theorem
4.4.5, Fact 4.4.6 and Lemma 4.4.7, we have the following corollary:

Corollary 4.4.8. The number of strings looked up in CABST β when searching for any
stringw is upper bounded by the search cost in a Patricia trie storingthe same set of strings.
The total number of strings looked up inβ when searching for every string inS(β ) is upper
bounded by the external path length of a Patricia trie storing the same set of strings.

In particular, the cost when searching in a Patricia trie is never greater than the length
of the searched string as it is the case with tries. On the other hand, the number of string
lookups inβ andb is upper bounded by the number of string lookups in plain BSTs. Specif-
ically, the number of string lookups in a BST of heighth is O(h). Putting all together, we
have the following corollary:

Corollary 4.4.9. The number of string lookups in a CABST of heighth when searching for
any stringw of lengthm is O(min(m,h)).

Finally, we note that string lookups in CABSTs could mostly be avoided for many
common datasets, by storing thek first relevant digits, wherek≥ 1 is a small constant. This
way, most (if not all) memory accesses are limited to accessing to the tree nodes.

4.5 On the number of string lookups inAQSORT and AQSEL

In this section, we analyze the number of string lookups inAQSORT andAQSEL, by relating
them toABSTs. Besides, we present and analyze CAQSORT and CAQSEL. These are
variants ofAQSORT andAQSEL, respectively, in which some redundancy is added. They
are obtained analogously as CABSTs are obtained fromABSTs.

In the following, we assume a pivot selection method that does not need to compare
elements. Besides,a denotes an array of strings that is used as input for the algorithms that
we analyze.

First, we formally define CAQSORT and CAQSEL.

Definition 4.5.1. CAQSORT and CAQSEL are extensions of respectivelyAQSORT and
AQSEL, in which a character field is added per each element ina. This field stores the
first significant character of the string.
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Now, thanks to the relationship of quicksort and quickselect with BSTs, we characterize
the number of string lookups. First, we consider (C)AQSORT.

Theorem 4.5.2. Let b be theABST corresponding to the executione of AQSORT on a,
and letβ be the CABST corresponding to the executionf of CAQSORT on a. The number
of string lookups and digit comparisons duringe and f coincide with the number of string
lookups and digit comparisons inb andβ , respectively, when searching for every string in
S(a).

Proof. There is an isomorphism between a quicksort execution and a plain BST built by
inserting the strings as they are used as pivots. Since augmenting the BST and quicksort
does not change the order in which comparisons are made, the theorem follows.

In particular, the number of string lookups in (C)AQSORT is never greater than in plain
quicksort. Recall that quicksort requires as many string lookups as comparisons (regarded
as atomic).

Besides, from Corollary 4.3.10 and Theorem 4.5.2, we have the following important
result:

Corollary 4.5.3. Let t be a TST equivalent to theABST corresponding to the executione
of AQSORT on a. The number of string lookups ine is L(t)+S(t).

Furthermore, the following lemma relates the number of string lookups inAQSORT and
in multikey quicksort. Multikey quicksort is a sorting algorithm isomorph to a TST built
by inserting the strings as they are used as pivots. See Section 2.3.1 for further details on
multikey quicksort.

Lemma 4.5.4.Let t be an equivalent TST to theABST corresponding to the executioneof
AQSORT on a. Let m be an execution of multikey quicksort isomorph tot. The number of
string lookups ine is never greater than the number of string lookups inm.

Proof. Given the equivalence ofm ande with t, exactly the same digit comparisons must
be made inmande. In multikey quicksort, the number of string lookups coincides with the
number of digit comparisons. By contrast, in (C)AQSORT the number of string lookups is
at most the number of digit comparisons. Thus, the lemma follows.

In return, multikey quicksort uses no (explicit) additional space (recall that (C)AQSORT

needs linear additional space with respect to the number of elements being sorted).
Now, we consider (C)AQSEL.

Theorem 4.5.5.Let p be anABST built by inserting the strings as they are used as pivots in
the executione of AQSEL on a, let π be a CABST built by inserting the strings as they are
used as pivots in the executionf of CAQSEL on a. The number of string lookups and digit
comparisons ine and f coincide with the number of string lookups and digit comparisons
in p andπ, respectively, when searching for every string inS(a).

Proof. There is an isomorphism between a quickselect execution andthe sequence of com-
parisons resulting from searching every string inS(a) in a BST built in the same order as
pivots are selected (note that the BST is actually a path). Sohappens with the augmented
versions, because the fact of augmenting the BST and quickselect does not change the order
in which comparisons are made. Thus, the theorem follows.
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In particular, the number of string lookups in (C)AQSEL is never greater than in plain
quickselect. Recall that quickselect requires as many string lookups as element compar-
isons.

Besides, from Corollary 4.3.10 and Theorem 4.5.5, we have the following corollary:

Corollary 4.5.6. The number of string lookups in an execution ofAQSEL is
∑w∈S(a)(R(t,w)+1) = n+ ∑w∈S(a) R(t,w).

It does not seem straightforward, though, to obtain a close formula for the number
of string lookups in (C)AQSEL. Also, it is not possible to relate it to the number of string
lookups in multikey quickselect. See Chapter 5 for a detailed description of multikey quick-
select. Analogously to multikey quicksort, the number of string lookups in multikey quick-
select coincides with the number of digit comparisons. However, the sequence of digit
comparisons in (C)AQSEL and in multikey quickselect cannot be related. Specifically, we
have seen in Theorem 4.5.5 that a (C)AQSEL execution is related to a (C)ABST built by
inserting the strings as they are used as pivots, and thus, inturn, a (C)AQSEL execution can
be related to a TST. By contrast, the obtained TST does not describe the sequence of digit
comparisons in an execution of multikey quickselect on the same array.

4.6 Conclusions and future work

In this chapter, we have analyzed comparison-based data structures and algorithms en-
hanced for fast string comparisons using a cache-consciousapproach. We have stressed
that the outcome of some of the comparisons can be determinedwithout looking up any
string. This is relevant with regard to performance becausesaving string lookups saves ran-
dom memory accesses, which are not handled efficiently by modern memory hierarchies.

First, we have characterized the number of string lookups inso-enhanced BSTs, which
we have calledABSTs. Then, we have added some redundancy (we have called there-
sulting trees, CABSTs) to avoid string lookups due to binary searching when determining
the next value for a character position. Doing so, the numberof string lookups per search
in the worst-case is also reduced. The analysis of (C)ABSTs is done relating them with
some kinds of tries. Specifically, we can obtain the precise number of string lookups when
searching in anABST using already known analytical results for TSTs. For thenumber
of string lookups when searching in a CABST, we have provided an upper bound relating
TSTs in turn, this time with Patricia tries.

Additionally, we have analyzed the number of string lookupsin so-enhanced compari-
son-based algorithms, namely quicksort and quickselect (which we have called respectively
(C)AQSORT and (C)AQSEL) relating them to (C)ABSTs. However, neither the number of
string lookups nor the number of digit comparisons in (C)AQSEL can be directly expressed
in terms of properties of TSTs or of multikey quickselect.

The theoretical work in this chapter could be complemented with implementations and
experimentation. In particular, the proposed enhancements for fast string comparisons
are amenable to be coded in the top of common comparison-based STL implementations
for dictionaries, sorting and selection. For instance, thepracticability of implementing
CABSTs on the top of a red-black tree implementation for STL dictionaries was shown in
the master thesis of F. Martı́nez [66], directed by the author of this PhD thesis. That thesis
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contributed a thorough implementation and several performance experiments. The results
there support the ones in [20] forABSTs, in which the performance is always improved
with respect to plain BSTs. In particular, CABSTs obtain further considerable speedups
compared toABSTs, in particular, for big data sets. Overall, the resultsin [66] show that as
expected, avoiding string lookups does improve the performance in practice.

The experimental work for CABSTs could also be extended to draw an experimental
comparison against burst tries [48]. Burst tries have been shown to be very fast (the fastest)
in practice for common data sets. Yet, as any kind of tries, they do not handle skewed
strings well (in particular long strings sharing long prefixes). CABSTs should be ideally be
implemented as well on the top of a cache-conscious data structure (e.g., B-trees), for the
comparison.

Finally, the ideas in this chapter could be combined with parallel algorithms and data
structures. We follow this approach in Chapter 9.



Chapter 5

Multikey quickselect

Selection is an important problem closely related to sorting. Given an unsorted array ofn
elements, a rankr between 1 andn and an order function, a selection algorithm returns the
r-th element in the given order. Quickselect, the counterpart of quicksort for selection, is
a widely used efficient algorithm for generic keys. For a thorough analysis of the expected
number of (atomic) comparisons and swaps see, e.g., [56, 64,65].

In this chapter, we consider the selection problem on strings using lexicographical order.
Note that quickselect is not very efficient for this particular case, because it considers keys as
atomic, which implies making redundant character comparisons. For the expected number
of character comparisons see e.g., [100]. Note also that enhancing quickselect for strings,
as shown in Chapter 4, needs extra linear space with respect to the array size. Radixselect,
the counterpart of radixsort for selection (see [63] for an analysis) also requires extra space,
or alternatively, two passes on the data per iteration.

We propose another algorithm:multikey quickselect(MKQSEL, in the following), the
counterpart of multikey quicksort [9] (MKQSORT, in the following) for selection. See
Section 2.3 for an overview on MKQSORT and other efficient string sorting algorithms.
Analogously to MKQSORT, MKQSEL benefits from the internal representation of strings
to avoid redundant comparisons. Besides, it partitions itsinput into three sets according to
a given pivot value, and then, it recursively proceeds usinga divide-and-conquer approach.
As a result, it makes almost as few character comparisons as radixselect, it is in-place and
it is as easy to implement as quickselect. Thus, like MKQSORT, it is expected to be rather
fast in practice.

This chapter is organized as follows. In Section 5.1, we describe MKQSEL in more de-
tail. Then, in Section 5.2, we analyze its average number of comparisons and swaps for two
flavors of the selection problem. Furthermore, we propose some algorithmic enhancements
that also apply to MKQSORT. We present them in Section 5.3, and we analyze them in
Section 5.4. Finally, in Section 5.5, we compare all the algorithms presented in this chapter
and provide some hints on implementation. Section 5.6 sums up some conclusions, and
provides some hints on future work.

61
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// Pre: 1≤ r ≤ n
int mkqsel(arrayType<stringType>& v, int n, int j , int r) {

if (n < N) {
Select and return ther-th smallest string ofv using any algorithm.

}
else {

Pick a partitioning valuep (the so-called pivot).
Ternary partitionv on the j-th character w.r.t.p to form v<, v=, andv>.
Let n<, n=, andn> be respectively the sizes ofv<, v=, andv>.
if (r ≤ n<) return mkqsel(v<, n<, j, r);
else if (r > n< +n=) return mkqsel(v>, n>, j, r −n<−n=);
else if ( p 6= EOS) return mkqsel(v=, n=, j +1, r −n<);
else return v[r];

}
}

Figure 5.1: Pseudocode description for ternary MKQSEL.

5.1 MK QSEL algorithm

We call ternary MKQSEL the natural derivation of (ternary) MKQSORT for the selection
problem. A pseudocode description can be found in Figure 5.1. There,v is a linear array (or
subarray) withn strings. In our description, we consider the common pointerrepresentation
where the string end is marked with a special symbol (we denote this symbol by EOS) like
C-like strings (i.e.,char* ). Assuming that all the strings inv are identical in the firstj −1
characters, the algorithm returns ther-th lexicographically smallest string ofv. Initially,
j = 1.

We consider two variants of the selection problem. In thepartitioned outputvariant,
the final array must become binary partitioned with respect to v[r], that is, the elements in
v[1..r −1] must be less than or equal tov[r], and the elements inv[r +1..n] must be greater
than or equal tov[r] (this coincides with the definition of STLnth element , see the C++
Standard [50] for further reference). In theonly selectionvariant, we do not impose any
condition in the final order of the elements in the array.

Furthermore, as with sorting, the pivot can be chosen in manyways. We can pickp as
the j-th character from the first (say) of the remaining strings. Alternatively, the string from
which to extractp could be chosen at random. The former choice is simpler, while the latter
is safer when the input is biased.

Also analogously to sorting, it might be worth in practice toturn to another selection
algorithm whenn < N for some constantN. Our analysis is valid for any algorithm and
choice ofN.

We now adapt thesplit-endpartitioning, presented in [8] and used in [9], to MKQSEL.
The first step of this method has the invariant shown in Figure5.2. Initially, a = b = 1 and
c = d = n. While a stringv[b] with v[b][ j] > p is not found, we incrementb. Then, while a
stringv[c] with v[c][ j] < p is not found, we decrementc. We then swapv[b] with v[c]. This is
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Figure 5.2: split-endpartitioning.

done untilb < c. Besides, whenever a stringx with x[ j] = p is found, it is swapped towards
the ends, either incrementinga (if x is on the left side) or decrementingd (otherwise).

At the beginning of the second step, the array consists ofvℓ
=, v<, v>, andvr

= in this
order. What is left now is different from the sorting case, and depends on the variant of
the selection problem that we are considering. In thepartitioned outputvariant,vℓ

= must be
moved afterv< only when selection follows either the branch withv< or the branch withv=.
Symmetrically,vr

= must be moved beforev> only when selection follows either the branch
with v> or the branch withv=.

In the only selectionvariant, we only ask for the value of the sought element, so less
movements are required:vℓ

= andvr
= must be joined only when selection follows the branch

with v=. Besides, it is enough that the smaller subarray of the two ismoved next to the
other. No other moves are needed.

5.2 Analysis of ternary MK QSEL

In this section, we compute the cost of MKQSEL. Here we assume thatn infinite-long
strings are drawn independently from a random uniform distribution on the universe of
stringsΓ∞, whereΓ is the character alphabet andC≥ 2 is its cardinality. Considering infinite
strings is a common technical convenience; e.g., this is used in the analysis of Ternary
Search Trees (TSTs) [17], whose construction is isomorphicto MKQSORT.

Specifically, we calculate the asymptotic expected number of comparisons and swaps
for the partitioned outputand theonly selectioncases, under the usual consideration that
each rank is equally likely to be selected. We assume that allswap operations have the
same cost, but the analysis could be smoothly adapted to batch-swap operations [55] (batch
swap operations save roughly a third of the moves for consecutive ranges by interleaving the
operations). Finally, we consider that the pivot is chosen as the first element of the remaining
array. Under our hypothesises, this pivot strategy leads toasymptotically equivalent costs
as choosing the element randomly from the remaining array.

5.2.1 Notation

Let Tk(n) denote the expected cost of a call to MKQSEL with n strings, wherek is the
number of possible values left for the current character after the previous calls. We thus
have 1≤ k≤C, andk = C initially.

Let tk(n) be the so-called toll function, i.e., the non-recursive cost of Tk(n). It includes
the constant cost of picking the pivot, plus the cost of partitioning.

For every 0≤ ℓ ≤ n, let P(n, ℓ, p) =
(n

ℓ

)
pℓ(1− p)n−ℓ be the probability that a binomial

random variable withn Bernoulli trials, each with independent probabilityp of success,
achieves exactlyℓ successes.

In the following, we usei to denote the cardinal position (starting at 0) of the value of
the pivot in a subalphabet of cardinalityk. For instance, if we knew from previous calls
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that the currentn strings could only have values from the range [‘e’,‘h’] in the current (j-th)
character, theni would range from 0 to 3.

For the proofs, the following notation is useful. AssumeT0(n) = 0. The expected
contribution of the calls tov< when the characteri is chosen as pivot is

S1{T}(i,k,n) =
n

∑
ℓ=0

P(n, ℓ, i/k) · ℓ

n
·Ti(ℓ) .

Also, S1{Y}(i,k,n) would denote the above expression replacing eachTi(ℓ) by Yi(ℓ), and
S1{|Z|}(i,k,n) would denote the same expression replacing eachTi(ℓ) by |Zi(ℓ)|.) Similarly,
for the calls tov> we have

S2{T}(i,k,n) =
n

∑
r=0

P(n, r,(k− i −1)/k) · r
n
·Tk−i−1(r) ,

and for the calls tov= (which do not depend oni) we have

S3{T}(k,n) =
n

∑
m=0

P(n,m,1/k) · m
n
·TC(m) .

Altogether, by linearity of expectations,

Tk(n) = tk(n) +
1
k

k−1

∑
i=0

(

S1{T}(i,k,n) + S2{T}(i,k,n) + S3{T}(k,n)
)

.

Let

S{T}(k,n) = S3{T}(k,n) +
2
k

k−1

∑
i=1

S1{T}(i,k,n) .

Then, by symmetry, we get

Tk(n) = tk(n) + S{T}(k,n)

for everyn≥ N, with Tk(n) equal to any value for 1≤ n < N.

5.2.2 A recurrence for the cost of ternary MK QSEL

Let us consider the cost due to a recursive call intov< in Algorithm 5.1. Under our hypothe-
ses, anyi between 0 andk− 1 is equally likely to be the pivot. For every 0≤ ℓ ≤ n, the
probability that exactlyℓ strings have aj-th character smaller thani is P(n, ℓ, i/k). More-
over, the probability that the sought string belongs tov< is ℓ/n. In that case, we must
perform a recursive call withn′ = ℓ (and implicitly k′ = i, note that Algorithm 5.1 does not
know nor usek).

The cost of the second recursive call in Algorithm 5.1 is absolutely symmetrical. Re-
garding the third call, the probability that exactlym strings have aj-th character equal to
i is P(n,m,1/k), and the probability to follow that branch ism/n. In that case, we must
perform a recursive call withn′ = m (andk′ = C).

Putting all this together, and by linearity of the expectations, we get

Tk(n) = tk(n)+
n

∑
m=0

P
(

n,m,
1
k

)mTC(m)

n
+

k−1

∑
i=0

n

∑
ℓ=0

P
(

n, ℓ,
i
k

)2ℓTi(ℓ)

kn
(5.1)

for everyn≥ N, with Tk(n) equal to some value for 1≤ n < N.
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5.2.3 Toll functions

Here we list and compute the expected value of the toll functionstk(n) used in (5.1) under
several cost measures. We start stating some useful properties of the resulting partitioning.

Lemma 5.2.1. Consider the pivot value at a fixed positioni. The expected size ofv< is
n< = in/k. The expected size ofv> is n> = (k− i − 1)n/k. The expected size ofvℓ

= is
nℓ

= = in/(k(k− 1)) if k > 1, with nℓ
= = n for k = 1. The expected size ofvr

= is nr
= =

(k− i −1)n/(k(k−1)) if k > 1, with nr
= = 0 for k = 1.

Proof. The probabilities for a value to be equal to, smaller than or greater than the pivot
are 1/k, i/k and(k− i − 1)/k respectively, so we get the first two results. Moreover, we
havenℓ

= = (n< +nℓ
=)/k andnr

= = (n> +nr
=)/k. Solving the equations, we get the last two

results.

Corollary 5.2.2. Fix the pivot position toi. The expected size ofvℓ
= plus v< is n≤ =

in/(k−1) if k > 1, with n≤ = n for k = 1. The expected size ofvℓ
= plusvr

= is n= = n/k.

Each element is compared exactly once in partitioning. The high-level description of the
partitioning method uses ternary character comparisons, i.e., the outcome of a comparison
is ‘less than’, ‘equal to’ or ‘greater than’. The next fact holds for any string distribution.

Fact 5.2.3. The number of ternary character comparisons in one partitioning isn+O(1).

However, in practice, ternary comparisons are usually implemented with two binary
comparisons. Therefore, for the sake of completeness, we count whenever a second binary
comparison would be needed after a first binary comparison. This happens in the left side
when a value is found to be less than or equal to the pivot, and analogously in the right side.

Lemma 5.2.4. The expected number ofsecondbinary character comparisons isck(n) =
2(k+1)n/(3k)+O(1) if k > 1, with c1(n) = n.

Proof. Consider a fixed pivoti. Secondbinary comparisons are performed in the left side
with probability(i +1)/k. By symmetry, and using Corollary 5.2.2,ck(n) = 1/k∑k−1

i=0 2(i +
1)/k · in/(k−1), and the lemma follows.

The partitioning algorithm is made of two steps. Letpk(n) be the expected number of
swaps of the first one, and letvk(n) be the expected number of swaps of the second one.

Lemma 5.2.5. pk(n) = (k+4)n/(6k)+O(1) if k > 1, with p1(n) = n+O(1).

Proof. Fix a pivot i. Each value greater thani that before partitioning had a rank less than
n≤ causes one swap. Using Corollary 5.2.2, the expected numberof swaps due to this
source is(k− i −1)/k · in/(k−1). On the other hand, every string invℓ

= andvr
= causes one

swap. Averaging over thei’s, the lemma follows.

Note thatvk(n) depends on whetherpartitioned outputor only selectionvariant is con-
sidered, whilepk(n) is independent of this fact.

Lemma 5.2.6.Assumingpartitioned outputvariant,vk(n) = 2(k+1)n/(3k2) if k > 1, with
v1(n) = 0.
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Proof. Whenk = 1 no swap is done. Otherwise, fix a pivoti. If the v< or thev= branch
is followed, which happens with probability(i + 1)/k, each string invℓ

= must be swapped
to the middle. By symmetry withvr

=, using Lemma 5.2.1 for the expected size ofvℓ
=, and

averaging over alli’s, the lemma follows.

In the following, for any boolean expressionb, let [b] be the Iverson bracket forb, i.e.,
[b] evaluates to 1 whenb is true and to 0 whenb is false.

Lemma 5.2.7. With only selectionvariant,vk(n) = n/(4k2)−n/(4k2(k− [k is even])).

Proof. Whenk = 1 no swap is done. Otherwise, swaps are performed only when the v=

branch is followed, which happens with probability 1/k. In that case, the smallest ofvℓ
=

andvr
= must be moved next to the other. Fix a pivoti. If k is even, we must sum (twice by

symmetry) allnℓ
= corresponding toi = 0..k/2−1. If k is odd, we must sum (again twice by

symmetry) allnℓ
= corresponding toi = 0..(k−3)/2, plus just once thenℓ

= corresponding to
the middlei = (k−1)/2. In both cases we must multiply by 1/k, the probability of every
pivot. Using the value fornℓ

= in Lemma 5.2.1 and arranging things, the lemma follows.

Finally, putting the results in this section together, we obtain the toll functions corre-
sponding to the expected number of swaps in one partitioning.

Corollary 5.2.8. The expected number of swaps forpartitioned outputvariant istk(n) =
(1/6+4/(3k)+2/(3k2))n+O(1) if k > 1, with t1(n) = n+O(1).

Corollary 5.2.9. The expected number of swaps foronly selectionvariant istk(n) = (1/6+
2/(3k)+1/(4k2)−1/(4k2(k− [k is even])))n+O(1), with t1(n) = n+O(1).

5.2.4 Solving the recurrence for ternary MK QSEL

In this section, we solve (5.1) for several toll functions. We first present a couple of technical
lemmas needed later.

Lemma 5.2.10.Supposetk(n) = O(n) for every 1≤ k ≤C. Then,Tk(n) = O(n) for every
1≤ k≤C.

Proof. Using the hypothesis, for every 1≤ k ≤ C there existnk ≥ N andBk large enough
such that|tk(n)| ≤ Bkn for everyn ≥ nk. Let N′ = max{2(C+ 1),n1,n2, . . . ,nC}, let B′ =
max{2k2Bk/(C− 1) : 1 ≤ k ≤ C}, let B′′ = max{|kTk(n)|/(Cn) : 1 ≤ k ≤ C,1 ≤ n < N′},
and letB = max{B′,B′′}. With all these definitions, we get that for all 1≤ k≤C, if n≥ N′,
then|tk(n)| ≤ B(C−1)n/(2k2); and if n < N′, then|Tk(n)| ≤ BCn/k. These properties will
be useful in some steps below.

Now let Yk(n) = |Tk(n)| −BCn/k for all 1 ≤ k ≤ C. Substituting into (5.1) and using
the definitions ofS{T}(k,n), S3{T}(k,n) andS1{T}(i,k,n), for n ≥ N′ we haveYk(n) ≤
Ik(n)+S{Y}(k,n), where

Ik(n) = B(C−1)n/(2k2) +
n

∑
m=0

P(n,m,1/k) · m
n
·BCm/C

+
2
k

k−1

∑
i=1

n

∑
ℓ=0

P(n, ℓ, i/k) · ℓ

n
·BCℓ/i − BCn/k .
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Therefore,

2k2Ik(n)/B = (C−1)n +
2k2

n

n

∑
m=0

P(n,m,1/k) ·m2

+
4Ck
n

k−1

∑
i=1

1
i

n

∑
ℓ=0

P(n, ℓ, i/k) · ℓ2 − 2Ckn.

For the next step, we use the well-known identity

n

∑
c=0

P(n,c, p)c2 = pn(pn+1− p) (5.2)

for any 0≤ p≤ 1 to get

n

∑
m=0

P(n,m,1/k) ·m2 =
n(n+k−1)

k2 ,

and also

k−1

∑
i=1

1
i

n

∑
ℓ=0

P(n, ℓ, i/k) · ℓ2 =
k−1

∑
i=1

n(in+k− i)
k2 =

(k−1)(n+1)n
2k

.

Putting all this together produces

2k2Ik(n)/B = (1−C)n+2(C+1)(k−1) ≤ (C−1)(2(C+1)−n) ≤ 0 ,

which impliesIk(n) ≤ 0 andYk(n) ≤ S{Y}(k,n) for everyn ≥ N′. Furthermore, we have
Yk(n) ≤ 0 for everyn < N′. Hence, a trivial proof by induction onn shows thatYk(n) ≤ 0
for everyn, from which we deduce|Tk(n)| ≤ BCn/k = O(n) for everyn and everyk.

Lemma 5.2.11. Supposetk(n) = o(n) for every 1≤ k ≤ C. Then,Tk(n) = o(n) for every
1≤ k≤C.

Proof. For a binomial random variableR(n, p) with n trials and probabilityp, and for every
ε > 0, a Chernoff bound yields

Pr{R(n, p) ≥ (p+ ε)n} ≤ e−ε2n/2 .

For every 1≤ k≤C and every 1≤ i < k, the probabilities in the expression for
S1{T}(i,k,n) are those forR(n, i/k). Let f = 1−1/(2C). Substituting above withε = f − p,
we get the bound Pr{R(n, p) ≥ f n} ≤ e−( f−p)2n/2 ≤ e−n/(8C2).

On the other hand, for everyi we can split the recurrence forS1{|T|}(i,k,n) into two
sets of recursive calls, like this:

S1{|T|}(i,k,n) = ∑
0≤ℓ≤ f n

P(n, ℓ, i/k) · ℓ

n
· |Ti(ℓ)|

+ ∑
f n<ℓ≤n

P(n, ℓ, i/k) · ℓ

n
· |Ti(ℓ)| .
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Taking into account thatℓ≤ n, and|Ti(ℓ)|= O(n) (by Lemma 5.2.10), the second sum above
can be bounded bye−n/(8C2)O(n) = o(n). The same bound can be proved for the recursive
calls to|TC(m)| with m≥ f n in the expression forS3{|T|}(k,n).

Now, defineM(n) = max{|Tk(n)| : 1≤ k ≤C}. Let an be any index between 1 andf n
whereM(an) is maximum. Then

M(n) ≤ max{ |tk(n)|+S{|T|}(k,n) : 1≤ k≤C }

≤ o(n)+M(an) max
1≤k≤C

{

∑
0≤m< f n

P(n,m,1/k) · m
n

+
2
k

k−1

∑
i=1

∑
0≤ℓ< f n

P(n, ℓ, i/k) · ℓ

n

}

,

because|TC(m)| ≤ M(m) ≤ M(an) and also|Ti(ℓ)| ≤ M(ℓ) ≤ M(an). Taking into account
that the sum of weights for eachk is bounded by 1, we getM(n) ≤ o(n)+M(an). Now, the
solution to the recurrenceM(n) = o(n)+M(an) is M(n) = o(n) (see e.g., [80, Theorem 5.3
and Lemma 5.4]). Since|Tk(n)| ≤ M(n), this finishes the proof.

Lemma 5.2.12.Supposetk(n) = fk ·n+o(n) for every 1≤ k≤C. Then,Tk(n) = Ak ·n+o(n)
for every 1≤ k≤C, whereAk is defined by

Ak = fk +
AC

k2 +
2
k3

k−1

∑
i=1

i2Ai . (5.3)

Proof. Let Zk(n) = Tk(n)−Ak ·n for all 1 ≤ k ≤ C. Substituting into (5.1) and using the
definitions ofS{T}(k,n), S3{T}(k,n) andS1{T}(i,k,n), for n≥N′ we haveZk(n) = Jk(n)+
S{Z}(k,n), where

Jk(n) = fk ·n+o(n) +
n

∑
m=0

P(n,m,1/k) · m
n
·AC ·m

+
2
k

k−1

∑
i=1

n

∑
ℓ=0

P(n, ℓ, i/k) · ℓ

n
·Ai · ℓ − Ak ·n .

Using (5.2), the first sum above is equal toAC/k2(n+k−1), and the second sum above is
equal to 2/k3 ∑k−1

i=1 i2Ai(n+k/i −1). Therefore, by the definition of theAk’s in (5.3),

Jk(n) = o(n)+
AC(k−1)

k2 +
2
k3

k−1

∑
i=1

iAi(k− i) = o(n) .

Thus, we haveZk(n) = o(n) + S{Z}(k,n), which is o(n) by Lemma 5.2.11. The lemma
follows.

Lemma 5.2.13.Let C ≥ 2 be any integer constant, and letfk be any function over[1..C].
Then, the solution to (5.3) is

Ak =
(k+1)Ek

k2 +
(C+1)EC

C(C−1)k
, (5.4)



5.2. ANALYSIS OF TERNARYMKQSEL 69

whereEk is defined by the recurrence

Ek =
k3 fk− (k−1)3 fk−1

(k+1)k
+Ek−1 (5.5)

for k≥ 2, with E1 = f1/2. In particular,

AC =
(C+1)EC

C(C−1)
. (5.6)

Proof. First, note that everyAk depends onAC. To remove this dependence, defineBk =
Ak−AC/k, which yields

Bk = fk +
AC

k2 +
2
k3

k−1

∑
i=1

i2
(

Bi +
AC

i

)

− AC

k

= fk +
2
k3

k−1

∑
i=1

i2Bi +

(

1−k+
2
k

k−1

∑
i=1

i

)

AC

k2

= fk +
2
k3

k−1

∑
i=1

i2Bi .

This is a recurrence that can be solved by more or less standard manipulations. To begin
with, define

Dk = k3Bk = k3 fk +2
k−1

∑
i=1

Di

i
.

Then, we haveD1 = f1, and for everyk≥ 2,

Dk−Dk−1 = k3 fk− (k−1)3 fk−1 +
2Dk−1

k−1
,

that is,

Dk = k3 fk− (k−1)3 fk−1 +
(k+1)Dk−1

k−1
.

As a last step, let

Ek =
Dk

(k+1)k
=

k3 fk− (k−1)3 fk−1

(k+1)k
+Ek−1

for k≥ 2, with E1 = f1/2. Now, we observe thatDk = (k+1)kEk, Bk = (k+1)Ek/k2, and
Ak = (k+1)Ek/k2 +AC/k. Hence, we can deduce thatAC = (C+1)EC/C2 +AC/C, which
yieldsAC = (C+1)EC/(C(C−1)).

Let Hk = ∑1≤i≤k 1/k denote as usual thek-th harmonic number.

Lemma 5.2.14.Let C ≥ 2, and let fk = α + β/k+ γ/k2 for every 2≤ k ≤C, whereα , β
andγ are any constants. Then, the solution to (5.3) is

AC = 3α +
f1 +38α −10β +2γ

3(C−1)
+

6(β −3α)(C+1)HC + f1−α −β − γ
3C(C−1)

,
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A1 = f1 +AC, and

Ak = 3α +
3AC + f1 +29α −10β +2γ

3k
+

6(β −3α)(k+1)Hk + f1−α −β − γ
3k2

for 2≤ k < C. (This last expression also holds fork = C.)

Proof. We use Lemma 5.2.13 withfk = α + β/k + γ/k2 for every k ≥ 2. Substituting
into (5.5), we getE2 = ( f1 +4α +2β + γ)/3, and

Ek =
α(3k2−3k+1)+ β (2k−1)+ γ

(k+1)k
+Ek−1

= 3α +
2β −6α

k
+

7α −3β + γ
(k+1)k

+Ek−1

for k≥ 3. Iterating, the solution of this recurrence is

Ek = 3α(k−2)+ (2β −6α)

(

Hk−
3
2

)

+(7α −3β + γ)

(
1
3
− 1

k+1

)

+E2 .

Note that this last equality holds fork≥ 2. Now, it is enough to plug this expression and the
corresponding one forEC into (5.4) and (5.6) and make some simplifications to finish the
proof.

We also need the following specific lemma to compute the expected number of swaps
of only selectionvariant. Its proof is similar to that of Lemma 5.2.14.

Lemma 5.2.15.LetC≥ 2, f1 = 0, fk = 1/(k2(k−1)) for all even 2≤ k≤C, and fk = 1/k3

for all odd 2≤ k≤C. Then, the solution of (5.3) forAC is

AC =
4(C+1)(HC−H⌊C/2⌋)−2

3C(C−1)
+

(2C−1)[C is even]
3C(C−1)2 − (2C+1)[C is odd]

3C2(C−1)
.

Proof. Again, we use Lemma 5.2.13, this time withf1 = 0, fk = 1/(k2(k−1)) for evenk,
and fk = 1/k3 for oddk > 1. Substituting into (5.5), we getE1 = 0, E2 = 1/3, and

Ek =
k/(k−1)−1

(k+1)k
+

1− (k−2)/(k−3)

k(k−1)
+Ek−2

for evenk > 2. From this, and after a lengthy manipulation, we can get

Ek =
4(Hk−Hk/2)−2

3
+

2k−1
3(k+1)(k−1)

for evenk > 2. (Alternatively, this can be proved by induction.) Now, for oddk > 1, it is
enough to use

Ek =
1− (k−1)/(k−2)

(k+1)k
+Ek−1

and simplify the resulting expression to get

Ek =
4(Hk−H⌊k/2⌋)−2

3
− 2k+1

3(k+1)k
.

From here, it is easy to obtain the result claimed forAC.
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Finally, the following theorem characterizes the cost of ternary MKQSEL putting to-
gether the previous results.

Theorem 5.2.16.The cost of ternary MKQSEL is described by the following statements:

• The expected number of ternary comparisons is:
(3+ 13

(C−1) −
6(C+1)HC
C(C−1) )n+o(n)

• The expected number ofsecondbinary comparisons is:
(2+ 59

9(C−1) −
24(C+1)HC+1

9C(C−1) )n+o(n)
• The expected number of swaps considering thepartitioned outputvariant is:
(1

2 − 14
9(C−1) + 30(C+1)HC−7

18C(C−1) )n+o(n)
• The expected number of swaps considering theonly selectionvariant is:

(1
2 + 7

18(C−1) +
4(C+1)H⌊C/2⌋+3

12C(C−1) − (2C−1)[C is even]
12C(C−1)2 + (2C+1)[C is odd]

12C2(C−1)
)n+o(n)

Proof. tk(n) is given in Fact 5.2.3, Lemma 5.2.4 and Corollaries 5.2.8 and5.2.9. In all cases,
tk(n) is as required in Lemma 5.2.12. The resultingfk’s are of the form in Lemmas 5.2.14
or 5.2.15. Combining everything, the theorem follows.

5.3 MK QSEL algorithm revisited

In the previous analyses,k is the cardinality of the remaining alphabet for the currentchar-
acter. But Algorithm 5.1 does not actually usek in the algorithm. In this section, we show
how multikey algorithms can benefit from the information of the value ofk.

Let the global constantsF andL be respectively the first and last values of the alphabet.
Thus,C = L −F + 1. To keep track ofk, we add two parameters,f and l , which are
respectively the first and last possible alphabetic values for the j-th character. This way, we
havek = l − f +1. Initially, f = F andl = L.

The recursive calls are modified as follows. If thev< branch is followed, thenf ′ = f
andl ′ = p−1. If thev> branch is followed, thenf ′ = p+1 andl ′ = l . If the v= branch is
followed, thenf ′ = F andl ′ = L.

5.3.1 Specializations for smallk

Whenk = 1, all the strings are equal with respect to the current character. Thus, we can
avoid partitioning and directly proceed by thev= branch. This roughly savesn redundant
ternary comparisons, and reduces theAC term in Lemma 5.2.12 by C+1

3C(C−1) . So, as intuition
suggests, this specialization is of special interest whenC is small. Note that this improve-
ment also applies to MKQSORT.

When k = 2, one of the subarrays produced by the ternary partition will be empty.
Therefore, using a binary exchange partition [67] would reduce the cost. But instead of
computing the savings of this enhancement, we propose another algorithm for selecting
strings which, in some way, directly incorporates those specific improvements. Certainly,
ternary partitioning can be replaced by binary partitioning whenk is known.
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// Pre: 1≤ r ≤ n
int mkqselbinary(arrayType<stringType>& v, int n, int j, int r , int f , int l ) {

if (n < N) {
Select and return ther-th smallest string ofv using any algorithm.

}
else if (l − f ≥ 0 and there exists a partitioning value p> f ) {

Binary partitionv on the j-th character w.r.t.p to form v< andv≥.
Let n< andn≥ be respectively the sizes ofv< andv≥.
if (r ≤ n<) return mkqselbinary(v<, n<, j, r, f , p−1)
else return mkqselbinary(v≥, n≥, j , r −n<, p, l );

}
else if ( p 6= EOS) return mkqselbinary(v, n, j +1, r , F, L);
else return v[r];

}

Figure 5.3: Pseudocode description for binary MKQSEL.

5.3.2 Binary MK QSEL and MK QSORT

Algorithm progress in MKQSEL and MKQSORT is guaranteed trivially by using ternary
partitioning (i.e., there is at least one element equal to the pivot value). In return, ternary
partitioning needs to swap some strings twice (those inv=) and the comparisons are more
expensive than with binary partitioning.

As stated above, ternary partitioning can be replaced by binary partitioning whenk is
known. We call the resulting algorithmsbinary MKQSEL (see Algorithm 5.3) andbinary
MKQSORT. Algorithm progress is guaranteed by choosing a pivotp> f , and incrementing
j whenk = 1.

A possible pivot selection algorithm is: scan the array fromleft to right, until a value
greater thanf is found. If it is not found, proceed as whenk = 1. Otherwise, partition the
unexamined part of the array, as the strings that have been discarded as pivots are already
in a correct place. Note that binary MKQSEL, as it is, produces a binary partitioned output.

5.4 Analysis of binary MK QSEL

In this section, we analyze binary MKQSEL using very similar steps to those in Section 5.2.
Therefore, we only point out the main differences.

Let Xk(n) denote the expected cost of a call to binary MKQSEL with n elements, where
k is the current number of possible characters. Letxk(n) be the toll function forXk(n). To
start with,X1(n) = XC(n). For k ≥ 2, anyi between 1 andk−1 is equally likely to be the
pivot. A call into v< will have k′ = i, and a call intov≥ will have k′ = k− i. Taking into
account symmetry, this time we get the recurrence

Xk(n) = xk(n)+
n

∑
m=0

P
(

n,m,
1
k

)2mXC(m)

(k−1)n
+

k−1

∑
i=2

n

∑
ℓ=0

P
(

n, ℓ,
i
k

) 2ℓXi(ℓ)

(k−1)n
(5.7)

for 2≤ k≤C and everyn≥ N, with Xk(n) equal to some value for 1≤ n < N.
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5.4.1 Toll functions

Here, we compute the expected value of the toll functionsxk(n) used in (5.7). Note that
they hold fork > 1. As for ternary partitioning, the following fact holds forany string
distribution and pivot picking method.

Fact 5.4.1. The number of (binary) character comparisons in one partitioning isn+O(1).

Lemma 5.4.2. The expected number of swaps isxk(n) = (k+1)n/(6k)+O(1).

Proof. Consider a fixed pivoti > 0. Each element that before partitioning had a rank less
thann< and it is greater or equal thani causes one swap. The probability of this event is
(k− i)/k. Besides, the probability that an element is smaller thani is i/k, son< = in/k. As
a result, the expected number of swaps is(k− i)in/k2. Averaging over alli’s, the lemma
follows.

5.4.2 Solving the recurrence for binary MK QSEL

Here we solve (5.7) for several toll functions. The proofs ofthe lemmas for the cost of
binary MKQSEL are very similar, in fact, a bit easier than the corresponding proofs for the
cost of ternary MKQSEL (see Section 5.2). Therefore, we only give (or sketch) the few
proofs that have some interest.

Lemma 5.4.3. Supposexk(n) = o(n) for every 1≤ k ≤ C. Then,Xk(n) = o(n) for every
1≤ k≤C.

Lemma 5.4.4.Supposexk(n) = fk ·n+o(n) for every 1≤ k≤C. Then,Xk(n) = Ak ·n+o(n)
for every 1≤ k≤C, whereAk is defined by

Ak = fk +
2AC

k2(k−1)
+

2
k2(k−1)

k−1

∑
i=2

i2Ai (5.8)

for k≥ 2, with A1 = AC.

Lemma 5.4.5. Let C ≥ 2 be any integer constant, and letfk be any function over[2..C].
Then, the solution to (5.8) isAC = EC/(C−1), whereEk is defined by the recurrence

Ek = k fk−
(k−1)(k−2) fk−1

k
+Ek−1 (5.9)

for k≥ 3, with E2 = 2 f2.

Proof. We follow exactly the same steps as in Lemma 5.2.13, this timewith Bk = Ak−AC/k,
which yieldsBk = fk+ 2

k2(k−1) ∑k−1
i=2 i2Bi; Dk = k2(k−1)Bk, which yieldsDk = k2(k−1) fk−

(k−1)2(k−2) fk−1 +kDk−1/(k−2); andEk = Dk/(k(k−1)), which yields (5.9).

Lemma 5.4.6.LetC≥ 2, and letfk = α +β/k+ γ/k2 for every 2≤ k≤C, whereα , β and
γ are any constants. Then, the solution of (5.8) is

AC = 3α +
2(β −α)(HC−1)

C−1
+

γ
C

,



74 CHAPTER 5. MULTIKEY QUICKSELECT

and

Ak = 3α +
2(β −α)Hk−α −2β

k
+

γ(k−1)

k2 +
AC

k

for 2≤ k < C. (This last expression also holds fork = C.)

Proof. We use Lemma 5.4.5 withfk = α + β/k + γ/k2 for every k ≥ 2. Substituting
into (5.9), we getE2 = 2α + β + γ/2, and

Ek = 3α +
2β −2α

k
+

γ
k(k−1)

+Ek−1

for k≥ 3. Iterating, the solution of this recurrence is

Ek = 3α(k−2)+ (2β −2α)

(

Hk−
3
2

)

+ γ
(

1
2
− 1

k

)

+E2 .

From this, it is easy to obtain the values forAk.

Theorem 5.4.7. On the average, binary MKQSEL performsn/2+ o(n) swaps and(3−
2(HC−1)

C−1 )n+o(n) comparisons.

5.5 Comparison of MK QSEL algorithms and implementation
issues

The analysis presented in this chapter, for uniformly random inputs, allow us to quantita-
tively compare ternary and binary MKQSEL between them, and also against other algo-
rithms. Figure 5.4 draws this comparison in graphical form.We also include the results
for the number of character comparisons in binary quickselect (in particular, we use the
expression in [100, Theorem 2 and Figure 1]).

First, we consider the number of character comparisons. As Figure 5.4 (left) shows,
both the average number of ternary comparisons (regarded asatomic) in ternary MKQSEL

and of binary comparisons in binary MKQSEL are smaller than 3n, and tend to it when the
alphabet cardinality grows. Indeed, 3n is also the average number ofelementcomparisons
in quickselect (see e.g., [64] for an analysis). Also, not surprisingly, the average number of
character comparisons in quickselect is a decreasing function with respect to the alphabet
cardinality. In quickselect, the number of character comparison is directly related to the
length of common prefixes. Indeed, as the alphabet cardinality grows, the length of com-
mon prefixes becomes smaller and smaller, resulting for large alphabets in the number of
character comparisons tending to the number of element comparisons, that is, 3n.

With respect to swaps, as Figure 5.4 (right) shows, binary MKQSEL is clearly advan-
tageous. This is specially the case for small alphabet cardinalities and when a partitioned
output is required. The average number of swaps, for all variants, tends ton/2 when the
alphabet cardinality grows. Analogously to comparisons, this coincides with the average
number of swaps for quickselect (see e.g., [65] for an analysis).

The computations presented in this chapter assume a uniformly random input. But
arguably, other sources should be considered, in order to make a better comparison between
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Figure 5.4: Summary of the analysis results for MKQSEL (the values are scaled ton).

selection algorithms for strings. However, note that a random source is among the less
advantageous models for our algorithms, which are designedto adapt well to the existence
of long common prefixes in many common real datasets.

Furthermore, some of our algorithms need the alphabet cardinality to computek, i.e.,
the cardinality of the remaining alphabet for the current character. When the alphabet car-
dinality is not known, an upper bound can always be deduced from the value data type. As
actual pivots are obtained from the input, the algorithm progress is guaranteed. The number
of comparisons and swaps in this case would be only slightly higher (unless the alphabet
cardinality is very small) than the one computed in this chapter.

Also, alternative algorithms can be described reconsidering the pivot choice. In our
algorithms, it is picked at random from the input. By contrast, we could ignore the actual
input and pick a randomly chosen character from the current range. Under our source model,
this method would have the same cost. However, it would not berobust for general inputs.
In fact, if the source was known to be random, better (but ad-hoc) selection algorithms for
strings should be used.

Finally, we provide C++ implementations of the algorithms presented in this chapter
following from the MKQSORT implementation in [9].

5.6 Conclusions and future work

We have presented multikey quickselect, the analog to multikey quicksort for the selec-
tion problem. Similarly to multikey quicksort, multikey quickselect combines radix access
with quickselect-like partitioning. As a result, it performs efficient string comparisons, it is
in-place, and it is easy to implement. We have described several variants of the main algo-
rithm, including ternary and binary partitioning. Also, wehave provided a detailed analysis
of those variants for the expected number of comparisons andswaps for uniformly random
inputs. In general, binary algorithms perform fewer binarycomparisons and fewer swaps
than the original (ternary) variant. We have also shown how to specialize the basic algo-
rithms to avoid useless operations. Overall, our results suggest that ternary partition should
be replaced by binary partition when the character cardinality is known and it is small.
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Multikey quicksort could also take advantage of the ideas presented in this chapter.
Besides, the analysis for the number of swaps is also missingfor the original description
of (ternary) multikey quicksort in [9], and the specializedternary variant for many equal
elements in [55].

Our implementation of multikey algorithms could be the starting point of an experi-
mental analysis. In particular, it would be worth to compareall the variants of multikey
quicksort and multikey quickselect, as well as other algorithms. For instance, in the case of
selection, radixselect and (C)AQSEL (presented in Chapter 4) would be worth considering.
However, as far as we know, no implementations of radixselect are available. Making a
thorough experimental comparison on string selection would be a contribution in itself. We
expect multikey quickselect to be rather competitive in practice, as multikey quicksort is
for sorting. In the case of sorting, all the variants of multikey quicksort, radixsort (see e.g.,
[54]), Burstsort [87] and (C)AQSORT would be worth considering. Moreover, multikey
quicksort and the binary partitioning variant of multikey quickselect could be used as an
specialization for STLsort andnth element , respectively.

Furthermore, redundancy could be added to multikey quickselect and multikey quick-
sort to boost their cache efficiency. Indeed, adding redundancy to radixsort has been showed
to be useful in practice in [54]. Also, we have analyzed its advantages when combined with
enhanced comparison-based algorithms and data structuresfor strings (see Chapter 4). In
addition, cache efficiency could be improved by consideringa superalphabet (i.e., consid-
ering several symbols at once).

Finally, it would be worth devising parallel versions of multikey quicksort and quick-
select, and compare them experimentally against the parallel counterparts of (C)AQSORT

and (C)AQSEL (see Chapter 9). In [77], multikey quicksort is used as a building block
of a parallel sorting algorithm, but multikey quicksort itself is not parallelized. Anyway,
parallelizing the divide-and-conquer work in multikey quicksort is rather straightforward.
The challenge is to parallelize the partition. Besides, thelatter is the only way to parallelize
multikey quickselect. In this thesis, we review, but also present, several efficient parallel
partitioning algorithms. All of them concern binary partition, in fact, we are not aware of
parallel ternary ones. The study of parallel ternary partitioning algorithms would be inter-
esting from a practical and theoretical perspective. But without parallel ternary partitioning
algorithms, our binary partitioning variants of multikey quicksort and multikey quickselect
seem the most plausible for eventual parallelization.



Chapter 6

Parallelization of bulk operations for
STL dictionaries

In this chapter, we consider the parallelization of red-black tree based STL dictionaries,
focusing on current widely available multi-core architectures.

Red-black trees are a kind of balanced binary search trees commonly used to implement
STL dictionaries. In particular, they are used in the STL implementation of the GCC com-
piler. Fine-grained basic operations, i. e., insertion, query and deletion of a single element,
are not worth parallelizing because parallelization overhead would dominate their logarith-
mic running time. But often, many elements are inserted at a time, or a new dictionary is
constructed and initialized by a large sets of elements. Of course, the latter is a special case
of the former, namely inserting into an empty dictionary. Nevertheless, we treat both cases
explicitly, for best performance.

Specifically, we propose new parallel bulk construction andinsertion algorithms for
red-black trees. The implementation is done extending the GCC implementation, using
OpenMP and is part of the MCSTL [86], a parallel implementation of the STL. See Sec-
tion 2.4.3 for an overview on the MCSTL and other STL implementations. Our implemen-
tation is generic, comprises the four dictionary types available in the STL, and it is engi-
neered to provide best performance for a variety of possibleinput characteristics. Besides,
the performance measurements show their practicability onmulti-core computers.

This chapter is organized as follows. We describe the proposed algorithms in Sec-
tion 6.1, relating to previous work. Section 6.2 considers the special requirements for STL
compliance, and gives rationale for the taken decisions. Westate the results of our exper-
iments in Section 6.3 and provide an analysis. Finally, Section 6.4 sums up some conclu-
sions.

6.1 Algorithms

Red-black trees[46] are balanced binary search trees whose nodes can eitherbe colored red
or black, the root always being black. The following invariant is maintained at all times:
Each path from the root to a leaf must contain the same number of black nodes. This limits
the tree height to 2⌈logn⌉. By performing so-calledrotations, the invariant can efficiently

77
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be held up for all operations.
Several pieces of work describe parallel algorithms for red-black trees. On the one

hand, parallel red-black tree algorithms have been proposed for the PRAM model (see
e.g., [75, 70]). They are highly theoretical, use fine-grained pipelining etc., and are thus
not suitable for multi-core or alike processors. Nonetheless, some of the high-level ideas
can be transferred to practical algorithms. On the other hand, the STAPL [4] library pro-
vides a parallel implementation of red-black trees. However, its implementation is based
on a quite rigid partitioning of the tree (mostly meant for distributed-memory systems) that
can lead to all the elements being inserted by one processor,in the worst-case.

In contrast, we present a practical implementation for multi-core computers. We imple-
ment parallel bulk operations for red-black trees on the topof a sequential data structure
core, which stays unaffected. Our partitioning of the data is temporary for one operation
and flexible, e. g., multiple threads can work on a relativelysmall part of the tree. In partic-
ular, the cost of splitting the tree is negligible compared to the cost of creating/inserting the
elements into the tree, for the common case.

Bulk construction can be seen as a special case of insertion.Indeed, we treat it the other
way around here. Bulk construction (of a subtree) is the basecase for bulk insertion. This
way, we also get good performance for the case where many elements are inserted between
two already contained elements (or conceptually,−∞ and+∞ for bulk construction).

The rest of this section is organized as follows. First, in Section 6.1.1 we present the
common setup for both bulk insertion and construction operations. Then, in Sections 6.1.2
and 6.1.3, we present the parallel bulk construction and insertion algorithms, respectively.
Later, we analyze them in Section 6.1.4. Finally, we show in Section 6.1.5 how to enhance
the parallel bulk insertion algorithm taking advantage of load-balancing techniques.

In the following, our description focus in theset container, as it is one of the more
general and more complicated ones, at the same time. In Section 6.2, we give hints for the
rest of containers. We use the following notation:p denotes the number of used threads,n
denotes the size of the existing tree, andk denotes the number of elements to insert or to
construct the tree from, respectively.

6.1.1 Common setup

We present the common setup for both bulk insertion and construction operations, i. e.,
preprocessing the data to enable parallelization, and allocating node objects.

Preprocessing for parallelization

The first step is to make sure the input sequenceS is sorted, which also is a precondition
for the PRAM algorithms in [75]. If two wrongly ordered elements are found, checking the
order is aborted, and the input sequence is sorted stably. Sorting stably is needed for unique
dictionaries (i.e.,set andmap) to keep up with the operations semantics in the C++ Stan-
dard [50]. Sorting is done using the parallel sorting algorithms in the MCSTL. In particular,
because the actual input sequence must not be modified, we need linear temporary storage
here, namely an array.

Then, the resulting sorted sequenceS′ is divided intop subsequences of (almost) equal
size. If S′ is a random access sequence (in particular, it is so if it has been obtained from
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sorting S), diving the sequence is straightforward. Otherwise, we use the SINGLEPASS

algorithm presented in Chapter 7 to partition sequences whose size is unknown and random
access is not provided. In fact, the required processing forthe partitioning is done whilst
the sequence is checked for being sorted.

Allocation and initialization

Each threadt allocates and constructs the nodes for its subsequenceSt , which are still un-
linked. The tree nodes are stored in an array of pointers, shared among the threads. This
allows the algorithm to easily locate the nodes for linking,later on. If we wanted to avoid
the array of pointers, we would need a purely recursive algorithm where allocation and
initialization of the pointers are intertwined.

We also deal with equal elements in this step. In parallel, the surplus elements are
removed from the sequence. A gap might emerge at the end of each St . Since we use
stable sorting, we can guarantee that the first equal elementbecomes the one inserted, as
demanded by the STL specification.

6.1.2 Parallel tree construction

Once the common setup has been performed, the tree is constructed as a whole by setting the
pointers and the color of each node, in parallel. For each node, its pointers can be calculated
independently, using index arithmetic. This takes into account the gaps stemming from
removed equal elements, as well as the incompleteness of thetree. Each node is only written
to by one thread, there is no need for synchronization. Thus,this is perfectly parallelized.

The algorithm constructs a tree that is complete except for the last level, which is filled
partially from left to right. The last level is colored red, all other nodes are colored black.1

Another option would be to also color everyℓth level red. The smallerℓ, the more favored
are deletions in the subsequent usage of the dictionary. Thelargerℓ, the more favored are
insertions.

6.1.3 Parallel bulk insertion

The problem of inserting elements into an existing tree is much more involved than con-
struction. The major question is how to achieve a good load balance between the threads.
There are essentially two ways to divide the work into input subsequencesSt and corre-
sponding subtreesTt .

1. We divide the tree according to the input sequence, i. e., we take elements from the
sequence and split the tree into corresponding subtrees.

2. We divide the input sequence according to the tree, i. e., we splitSt by the current root
element, recursively.

Both approaches fail if very many elements are inserted at the end of the path to the same
leaf. The first approach gives guarantees only on|St |, but not on|Tt |. The second approach
does not guarantee anything about|St |, and bounds|Tt | only very weakly: One of the sub-
trees might have twice the height as the other, so only|T1| < |T2|2 holds. We use the first

1We could omit this if the tree is complete, but this is a rare special case. For a tree containing only one
element, the root node is colored black anyway.



80 CHAPTER 6. PARALLEL BULK OPERATIONS FOR STL DICTIONARIES

option in the initial step, and the second approach to compensate for greatly different|Tt |
dynamically.

The split and concatenate operations on red-black trees [96, 103] are the major tools in
our parallelization of the bulk insertion operation. Specifically, we consider the following
operations.

Split into Multiple Subtrees. A red-black tree is split intop red-black trees, such that the
elements will be distributed according top−1 pivots.

Concatenate. Two range-disjoint red-black trees and a node “in-between”are concatenated
to form a single red-black tree. Rebalancing might be necessary.

The whole algorithm consists of four phases. For coordinating the work,insertion tasks
andconcatenation tasksare generated, and processed at a later stage.

Phase 0.Common setup, as described above.

Phase 1.Split the tree intop subtrees, the leftmost elements of the subsequences (except
the first one) acting as splitters. This is performed in a top-down fashion, traversing
at mostp−1 paths, and generatingp−1 concatenation tasks. With each concatena-
tion task, we associate a node which is greater than all elements in the left subtree,
but smaller than all elements in the right subtree. The algorithm chooses either the
greatest element from the left subtree, or the least elementfrom the subsequence to
insert. This node will be used as tentative new root when concatenating the subtrees
again, but might end up in another place, due to rebalancing rotations. The resulting
subtrees and the corresponding subsequences formp independent insertion tasks, one
for each thread.

Phase 2.Process the insertion tasks. Each thread inserts the elements of its subsequence
into its subtree, using an advanced sequential bulk insertion algorithm together with
load-balancing techniques (see Section 6.1.5).

Phase 3.Process the concatenation tasks to rebuild and rebalance the tree. This phase
is not actually temporally separated from Phase 2, but only conceptually. As soon
as one thread has finished processing an insertion task, it tries to process its parent
concatenation task, recursively. However, this can only happen if the sibling subtask
is also already done. Otherwise, the thread quits from this task and continues with
another. It takes that one from its local queue or steals fromanother thread, if the
own queue is empty. The root concatenation task does not haveany parent, so the
algorithm terminates after having processed it.

6.1.4 Analysis

We analyze now the parallel time complexity of our algorithms. Assume for simplicity
that the input sequence has already been preprocessed. Besides, as in the C++ Standard, we
consider each element as atomic (i.e., the construction of one element has constant cost). To
get rid of lower-order terms, we assume the number of elements in the tree being relatively
large with respect to the number of threads. Specifically, weassume thatn > p2.
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Our construction algorithm takesO(k/p) parallel time because each thread is responsi-
ble for constructingO(k/p) elements and the construction of each element is independent.

Calculating the worst-case cost for the bulk insertion algorithm is more involved. Split-
ting the tree sequentially intop parts takesO(plogn) time. Note that, in the worst-case, one
of the partitions contains a tree of size (almost)n, and the others contain (almost) empty
trees. Splitting the tree in parallel using a divide and conquer approach takesO(logplogn)
parallel time. However, preliminary experiments showed that, our parallel algorithm was
not faster than the sequential one (in our experiments,p = 8, which is relatively small), so
we resorted to the sequential version.

Inserting a subsequence of sizek/psequentially into a tree of constant size takesO(k/p)
time. Inserting a sequence of sizek/p sequentially into a tree of sizen is upper bounded by
the cost of inserting the elements one by one, i. e.,O( k

p logn). Therefore, doingk insertions

in p disjoint trees takesO( k
p logn) parallel time.

Finally, thep trees must be concatenated. Note that the concatenation operation itself
is done sequentially but concatenations of disjoint trees will happen in parallel. A concate-
nation takesO(log n1

n2
) sequential time, wheren1 is the size of the larger tree andn2 is the

size of the smaller subtree. Besides, the trees to be concatenated can differ in size by at
mostn elements. Therefore, one concatenation takes at mostO(logn) time. Given that
there areO(logp) levels of concatenations in total, the cost of concatenating all the trees is
O(logplogn).

As a result, the total cost of the operation is dominated by the insertion itself and there-
fore, it takesO(k/plogn) parallel time.

6.1.5 Adding dynamic load-balancing

The sequence of the elements to insert is perfectly divided among the threads. However, the
corresponding subtrees might have very different sizes, which of course affects (wall-clock)
running time negatively. Even worse, it is impossible to predict how elaborate the insertion
will be, since this depends on the structure of the tree and the sequence. To counter this prob-
lem, we adddynamic load-balancingto Phase 2, using therandomized work-stealing[12]
paradigm.

Each thread breaks down its principal insertion task into smaller ones. It goes down
the subtree and divides the subsequence recursively, with respect to the current root. For
each division, it creates the appropriate concatenation task, in order to reestablish the tree
in Phase 3. The insertion task for the right subtree is pushedto the thread’s work-stealing
queue, while the recursion continues on the left subtree. However, the queue is only used
if St is still longer than a thresholds. Otherwise, the algorithm works on the problem in
isolation (i.e., sequentially), to avoid the overhead of maintaining the queue. When there is
nothing left to split, the bulk construction method is called for the remaining elements, and
the new tree is concatenated to the leaf. If the subsequence has only a few elements left, the
single-element insertion algorithm is called. As a side-effect, this gives us a more efficient
sequential bulk-insertion algorithm, forsconceptually set to∞.

To implement work-stealing, we use the lock-free double-ended queue provided by the
MCSTL. It allows efficient synchronization of the work usinghardware-supported atomic
operations. On the downside, its size must be limited at construction time. Fortunately, the
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size of all queues is bounded by the height of the tree, namely2⌈logn⌉. As a whole, the
approach is similar to the parallelized quicksort in the MCSTL [86, p. 6].

6.2 Interface and implementation aspects

We provide an implementation for the four dictionary types in the STL:set , map, multiset
andmultimap . All of them are parameterized by aKey type, which must always be pro-
vided, andComparator and Allocator types, which are optional. In the following, we
discuss implementation issues regarding the choice of dictionary type and its parameters.

6.2.1 (multi)set or (multi)map

The elements inset andmultiset only consist of the dictionary key, whilst the elements
in map andmultimap consist of both the dictionary key and some additional data (the latter
dictionary types are additionally parameterized by aData type). By joining the dictionary
key and its associated data into an appropriate helper data structure, the set data types can
easily be generalized to the map data types. This approach isalso taken in the libstdc++.
However, some optimizations could be applied if we split thedictionary key from the addi-
tional data.

6.2.2 set/map or multiset/multimap

Our algorithms are built on the assumption of unique dictionaries, which is actually the most
complicated case. This is extended for non unique dictionaries by just introducing a new
comparator objectless equal and using it when appropriate. The new comparator behaves
as the class comparator for unique dictionaries while for non unique dictionaries works as
follows. If less is the class comparator we defineless equal as: less equal(a,b) =
not(less(b,a)) . That is, it also returns true for equal elements.

6.2.3 Memory management

For both bulk operations, allocating the node objects constitutes a considerable share of the
work to be done. We cannot allocate several of them with one function call, since we need
to be able to deallocate them one by one in case the user deletes elements from the data
structure. The memory management concept of C++ does not allow such an asymmetric
usage. Tests have shown that allocating memory concurrently scales quite well, but imposes
some work overhead compared to the strictly sequential implementation. There also exist
memory managers designed for this specific problem, e. g., Hoard [10]. We successfully
used it on the Sun machine. However, for our 64-bit Intel platform, Hoard could not even
match the performance of the built-in allocator, so we did not use it there.

6.2.4 Trade-offs for different input data and comparator types

The cost for comparing and copying an element depends greatly on the type of the elements
and its comparator. We also have to relate this to the cost of copying the node as a whole,
which contains three pointers and the node color flag, in addition to the actual payload.
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(a) Phase 0/1. The input sequence is divided equally, the tree is split
accordingly.

(b) Phase 2. The two elements that will serve as the tentativeroots in the future concatenation tasks are found to
be 31 and 75. They are excluded from the subtree and not inserted to it, respectively. 58 is not inserted either,
since it is a duplicate.

(c) Phase 3. Eventually, the concatenation tasks are processed. First, the right two subtrees are concatenated,
using 75 as the new root. Then, the resulting tree is concatenated with the left one using 31 as the new root. In
this case, a rotation is necessary for rebalancing purposes, so 75 ends up at the top position.

Figure 6.1: Inserting into a tree, using three threads. “Red” nodes are shown transparent.
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In particular, we have taken this trade-off into account in sorting the elements when
processing. In general terms, for large elements, it is better to sort pointers only, to avoid
costly copying. For small elements, it is more cache-efficient to sort the elements directly.
We contrasted this fact with some preliminary experiments.A fine-grained tuning is out of
the scope of this study.

6.2.5 Task data structures

For distributing the subtasks among the threads, we need some extra data structures to
describe them. Aninsertion taskconsists of the tree to be inserted into (represented by
its root), the range of elements to insert, and a pointer to the parent concatenation task.

A concatenation taskdescription contains a reference to the roott of the new tree, and
also its black height (number of black nodes on each path downto a leaf). Furthermore,
there are pointers to the children and the parent concatenation task oft. Very importantly,
a concatenation task must not be tackled before both of its child tasks are processed. To
handle it, a boolean variable initially false is set atomically (so a race condition is avoided)
to true when the first child task is solved. The thread processing the second subtask then
knows that it can continue up to the top.

6.3 Experimental analysis

We tested our program on two multi-processor machines with the following processors:
1. Sun T1 (1 socket, 8 cores, 1.0 GHz, 32 threads, 3 MB shared L2cache),
2. Intel Xeon E5345 (2 sockets, 2× 4 cores, 2.33 GHz, 2× 2× 4 MB L2 cache, shared

among two cores each).
For the Intel machine, we used the Intel C++ compiler 10.0.25, on the Sun machine, we
took GCC 4.2.0, always compiling with optimization (-O3 ) and OpenMP support. In both
cases, we used the libstdc++ implementation coming with GCC4.2.0. On the Xeon, com-
piling using the Intel compiler lead to more consistent results, due to the better OpenMP
implementation, which is causing less overhead.

We have run each test at least 30 times and taken the average values for the plots, accom-
panied by the standard deviation range (very small in all cases). The following parameters
concerning the input were considered:

Tree size/insertion sequence length ratio.Let n be the size of the existing dictionary/tree.
Let r = n/k. Thus,r = 0 is equivalent to bulk construction.

Sortedness of the insertion sequence.The input sequence can be presorted or not. If the
input is not presorted, our algorithms are much faster than the libstdc++ implementa-
tion, which inserts the elements one after the other. We focus on presorted insertion
sequences here because parallel sorting is a separate issue.

Key data type. We show experiments on 32-bit signed integers.

Randomness of the input sequence.The input sequence by default consists of values in
the range{RAND MIN . . .RAND MAX}, but can optionally be limited to a smaller range,
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Figure 6.2: Performance results for constructing a set of integers.
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{RAND MIN/100. . .RAND MAX/100}. This poses a challenge to the load-balancing
mechanisms.

Both load-balancing mechanisms were switched on by default, but deactivated for some
experiments, to show their influence on the running time.

For the insertion tests, we first build a tree of the appropriate size using the sequential
algorithm, and then insert the elements using our parallel bulk insertion algorithm. This
guarantees fair initial conditions for comparing the sequential and the parallel implementa-
tion. Actually, the shape of the existing tree does affect performance, though the sequential
insertion is more affected than our algorithms.

In the following, we first consider the results for the sequential case, and then, we
consider the parallel case.

6.3.1 Sequential results

Our sequential algorithm is never substantially slower andin some cases substantially faster.
In particular, our specialized algorithms are very competitive when having random inputs
limited to a certain range, being more than twice as fast (seeFigures 6.4(a) and 6.4(b)) as the
standard implementation. This is because of saving many comparisons in the upper levels
of the tree, taking advantage of the input characteristics.

6.3.2 Parallel results

Figures 6.2(a) and 6.2(b) show the results for dictionary construction. These show that our
algorithms scale quite well. In particular, on the 8-core Sun T1, even the absolute speedup
slightly exceeds the number of cores, culminating in about 11. This shows the usefulness
of per-core multithreading in this case.

For insertion, our algorithm is most effective when the existing tree is smaller than the
data to insert (see Figures 6.3(a) and 6.3(b)). This is also due to the fast (sequential) insertion
procedure, compared to the original algorithm. Splitting the input sequence is most effective
in terms of number of comparisons because the subsequences left when reaching a leaf still
consist of several elements.

In all cases, remarkable speedups are achieved: speedup of at least 3 is achieved for four
threads and speedup of at least 5 is achieved for eight threads. The break-even is already
reached for as little as 1000 elements, the maximum speedup is usually hit for 100000 or
more elements.

The tree splitting step, used to make an initial balancing inthe case of insertion, is
shown to be really effective. For instance, compare Figures6.3(b) and 6.3(c), which only
differ in whether Phase 1 of the algorithm is run. We can see that both the speedup and the
scalability are far better when the initial splitting is activated.

On top of that, the parallelization scales nicely, specifically when using dynamic load-
balancing. Switching load-balancing off hurts performance for large inputs, while for small
inputs it does not create considerable overhead. Dynamic load-balancing makes the algo-
rithm more robust, comparing Figures 6.4(a) and 6.4(b).

As a by-product, we show the effects of mapping two threads tocores in different ways
(see Figure 6.2(c)). For small inputs, the most profitable configuration is sharing the cache,



6.3. EXPERIMENTAL ANALYSIS 87

 0

 2

 4

 6

 8

 10

100 1000 10000 100000 106 107

S
pe

ed
up

Number of inserted elements (k)

8 th
7 th
6 th
5 th
4 th
3 th
2 th
1 th
seq

(a) r = 0.1

 0

 2

 4

 6

 8

 10

100 1000 10000 100000 106

S
pe

ed
up

Number of inserted elements (k)

8 th
7 th
6 th
5 th
4 th
3 th
2 th
1 th
seq

(b) r = 10

 0

 2

 4

 6

 8

 10

100 1000 10000 100000 106

S
pe

ed
up

Number of inserted elements (k)

8 th
7 th
6 th
5 th
4 th
3 th
2 th
1 th
seq

(c) r = 10, without using initial splitting of the tree

Figure 6.3: Performance results for inserting integers into a set on the Xeon.
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i. e., both threads running on the same die. As the input data gets larger, memory bandwidth
becomes more important, so running the threads on differentsockets wins. Running both
threads on the same socket, but on different dice is in fact worst, because it combines both
drawbacks. For the other tests, we have refrained to explicitly bind threads to specific cores,
however, because the algorithms should be allowed to run on anon-exclusive machine in
general.

6.4 Conclusion and future work

In this chapter, we have shown that construction of and bulk insertion into a red-black tree
can be effectively parallelized on multi-core machines, ontop of a sequential implementa-
tion which remains unaffected. Our construction bulk operation shares some ideas with the
theoretical algorithm in [75], giving a practical implementation. The code has been released
in the MCSTL [86], version 0.8.0-beta.

Our bulk insertion operation divides the work using two approaches: First without con-
sidering the tree structure, then dynamically, depending on the subtree structure. This way,
we can ensure good scalability even if only a limited part of the tree is affected. Also, we
provide dynamic load-balancing on the subtrees to rule out external factors.

We discussed some of the main practical obstacles for the actual implementation, in-
cluding memory allocation, which can take a large part of therunning time, if one is uncar-
eful.

Our experiments take into account several kinds of input data distribution as well as
different variants of our algorithms. The results of our experiments show that good speedups
can be obtained, in particular for small input sizes, and if the existing tree is larger than the
input sequence. Also, the sequential version of our insertion algorithm is usually much
faster than the libstdc++ version because we benefit from structure in the input.

To speed up programs that do not use bulk operations explicitly, we could use lazy
updating. Each sequence of insertions, queries, and deletions could be split into consecutive
subsequences of maximal length, consisting of only one of the operations. This approach
could transparently be covered by the library methods. Then, for example, a loop inserting
a single element in each iteration, would also benefit from the parallelized bulk insertion.

Another enhancement to the functionality is bulkdeletionof elements. Since it is easy to
remove a consecutive range from a tree, it would be rather interesting to tackle the problem
posed by aremove if call, specializing it for the dictionary types.
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Chapter 7

Single-pass list partitioning

In many parallel algorithms, the input must be first divided into (independent) parts of
similar size so that parallel computation is effective. Most parallel algorithm descriptions
disregard how the input is actually divided (or assume that the input can be divided by in-
dex computations). If we want to use such algorithms in practice, we have to deal with
sequences whose elements can only be accessed one-by-one and whose length is unknown,
e.g., a single linked list. Also, this definition corresponds with STL forward access se-
quences. See Section 2.4.1 for an overview on STL iterators and sequences. Indeed, most
STL algorithms are defined on forward access sequences.

In this chapter, we consider the problem of the division of such sequences into parts of
similar length to allow effective parallel computation. Wecall this problemlist partitioning.
Solving it efficiently is of utmost importance because the speedup of parallel programs is
limited by the sequential portion (according to Amdahl’s law).

Given that the length of the sequence is unknown, one could think of first traversing the
sequence to determine its length, and then traversing it a second time to actually divide the
sequence. We call this algorithm TRAVERSETWICE. However, traversing the sequence can
be expensive, so we do not want to pay for it twice. The elements can be spread in memory
in a cache-unfriendly way, and/or calculating the next element may be costly. To avoid this,
one could also think of using a dynamic array, storing the pointers to the elements there,
effectively converting the sequence to a randomly accessible one. We call this algorithm
POINTERARRAY. However, this is very costly in terms of additional space. We subsume
both algorithms as thetrivial solutions.

In contrast, we present a list partitioning algorithm usingonly sublinear additional
space, and accessing each element exactly once. Besides, weprovide a C++ implementa-
tion and draw an experimental comparison: we evaluate the algorithms by themselves as
well as their impact in parallel performance. The experiments show that our list partitioning
algorithm is effective and fast in practice.

This chapter is organized as follows. In Section 7.1, we formally define the list parti-
tioning problem. Then, in Section 7.2 we present our single-pass list partitioning algorithm.
Next, in Section 7.3 we present the experimental results. Finally, we sum up some conclu-
sions in Section 7.4.
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7.1 Problem definition

A linearly traversable sequence of unknown lengthn is to be divided intop parts of almost
equal length. Let the ratior be the quotient of the length of the longest part and the length
of the shortest part. It is a good quality measure for the partitioning, since it correlates to
the efficiency of processing the parts in parallel, given that processing time is proportional
to a part’s length. Thus, to guarantee good efficiency,r should be upper bounded by a
constantR at any time, only depending on a tuning parameter, namely theoversampling
factorσ ∈ N\{0}.

Without loss of generality, we assume that the input sequence has length at leastσ p,
i. e.,n≥ σ p. Otherwise, ifp≤ n, we can lowerσ down so thatσ p≤ n. If p> n, we reduce
p to n to avoid that any part is empty (and therefore,r = ∞), which would not be sensible
for our purposes.

This can be considered as an online problem since the input isgiven one element at
a time, without information about the whole problem. Thus, we can define a compet-
itive ratio between the optimal offline algorithm and our online algorithm. For the op-
timal offline algorithm, the difference in part lengths is atmost 1, which gives a ratio
rOPT = ⌈n/p⌉/⌊n/p⌋ n→∞→ 1.

7.2 The SINGLE PASS algorithm

Let L be a forward linearly traversable input sequence. Our single-pass algorithm, denoted
SINGLEPASS, keeps a sequence of boundariesS[0. . . p], where[S[i − 1],S[i]) defines the
ith subsequence ofL. Inserting a subsequence intoS means storing its boundaries in the
appropriate places. A boundary is identified by its rank inL.

The basic SINGLEPASS algorithm works as follows:

1. Letk := 1, S:= {}.

2. Iteratively append toSat most 2σ p 1-element consecutive subsequences fromL.
S:= {0,1,2, . . . ,2σ p}

3. WhileL has more elements do:

Invariant: |S| = 2σ p, S[i +1]−S[i] = k
(a) Merge each two consecutive subsequences into one subsequence.

S[0,1,2, . . . ,σ p] := S[0,2,4, . . . ,2σ p]
This results inσ p subsequences of length 2k.

(b) Letk := 2k.
(c) Iteratively append toSat mostσ p consecutive subsequences of lengthk from

L.
S:= {0,k, . . .σ pk,(σ p+1)k,(σ p+2)k, . . . , l}, σ pk< l ≤ 2σ pk

4. The σ p ≤ |S| ≤ 2σ p subsequences are divided intop parts of similar lengths as
follows. The|S| mod p rightmost parts are formed by merging⌈|S|/p⌉ consecutive
subsequences each, from the right end. The remainingp− (|S| mod p) leftmost parts
are formed by merging⌊|S|/p⌋ consecutive subsequences each, from the left end.
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Figure 7.1: Basic SINGLEPASS list partitioning algorithm scheme.
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The algorithm (visualized in Figure 7.1) takes special careof the rightmost subsequenceE.
If L runs empty prematurely in Step 2 or 3c, the last subsequence is shorter thank, which
might be shorter than the others, i. e.,|E| ≤ k. Let T be the part containingE, there is no
part that consists of more subsequences thanT. So, if exactly one part is longer than all
the others (i. e.,|S| mod p = 1), this is specificallyT. In this case,T differs from the other
parts in|E| elements. As a whole, the algorithm guarantees that in the worst-case, two parts
differ at most in one complete subsequence (i. e., in at mostk elements).

The basic SINGLEPASS algorithm needsΘ(σ p) additional space to storeS. The time
complexity isΘ(n+ σ plogn). This is proved as follows: We need to traverse the whole
sequence, takingΘ(n) time. In addition, Step 3 visitsΘ(σ p) elements ofS in Θ(logn)
iterations.

The worst-case ratio ofr is bounded byσ+1
σ . The worst-case occurs when just one

complete subsequence was appended after reducing the list.Without loss of generality, to
analyze the average ratio, we consider only complete subsequences, thereforeσ p≤ |S| <
2σ p. The average ratio ofr (denoted byEr) is upper bounded by

Er <
1

σ p

2σ p−1

∑
ℓ=σ p

⌈ℓ/p⌉
⌊ℓ/p⌋

=
1

σ p

(

σ +
2σ p−1

∑
ℓ=σ p,p∤ℓ

⌈ℓ/p⌉
⌊ℓ/p⌋

)

=
1

σ p

(

σ +(p−1)
σ−1

∑
ℓ=0

σ + ℓ+1
σ + ℓ

)

=
1

σ p

(

σ p+(p−1)
σ−1

∑
ℓ=0

1
σ + ℓ

)

= 1+
1

σ p

(

(p−1)
σ−1

∑
ℓ=0

1
σ + ℓ

)

= 1+
1

σ p
((p−1)(Ψ(2o)−Ψ(σ)))

≈ 1+
1

σ p
((p−1)(ln(2o)− ln(σ)))

= 1+
1

σ p
((p−1) ln(2)) .

E. g., forσ = 10 andp = 32, using the previous expression for the worst-case and average
ratio, respectively, we get that the longest subsequence isat most 10% longer than the
shortest one, and expectedly 7% longer.

A generalization of this algorithm performs Step 3a and 3b only everymth loop iteration.
In the remaining iterations of the main loop,S is doubled in size so that space for additional
subsequences is needed. This is equivalent to increasing the oversampling factor toσnγ

with γ = 1−1/m.
The generalized SINGLEPASS algorithm needs as many iterations of Step 3 as the basic

algorithm, i. e.,Θ(logn) iterations. The additional space increases, but sublinearly, growing
with O(σ pnγ). The time complexity of this algorithm isΘ(n+ σ p(nγ + logn)).
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Figure 7.2: Running times of the list partitioning algorithms for p = 4.

In the worst-case, the longest sequence and the shortest sequence have length(nγ +1)k

and(nγ )k, respectively. It holdsσ pnγk≈ n, sok≈ n1/m

σ p . Subsuming this, the lengths of the

subsequences do at most differ byn1/m

σ p elements, i. e., the difference decreases relatively to
n, asn grows. Therefore, the bound forr also converges to 1.

Generally speaking, the choice ofm trades of time and space versus solution quality.
The largerm, the more memory and time is used, butr becomes better. This is the same
effect as would be caused by a dynamically growingσ . Choosingm= 2 appears to be a
good compromise.

7.3 Experimental analysis

We have implemented our SINGLEPASS algorithm in the general form, so it subsumes the
two variants. Besides, we have implemented the two naı̈ve algorithms, namely TRAVER-
SETWICE and POINTERARRAY algorithms. The implementation has been done in C++ and
as part of the MCSTL [86], a parallel implementation of the STL. See Section 2.4.3 for
an overview on the MCSTL and other STL implementations. Dynamic arrays have been
implemented using STLvector .

We have performed two kinds of experiments. First, we present the evaluation of the
list partitioning algorithms isolatedly. Then, we presentthe impact of using list partitioning
algorithms in the parallelization of two STL algorithms.

7.3.1 Comparison of list partitioning algorithms

We have compared all the algorithms both measuring the running time as well as the quality
of the results. Concerning quality, we have computed both the worst-case ratior and its
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Figure 7.3: Quality of the list partitioning algorithms forp = 4. We show the worst-case
overhead ratioh = r − 1, as well as its expectancy. The results are in %. Note that the
missing points are actually 0.

expectation. For a better plot reading, we have rescaled these results using theoverhead
ratio h, whereh is defined from the ratior ash = r −1.

It must be noted that the actual quality of the results is deterministic with respect to the
problem size. That is, the quality of our solution does not depend on the specific input data
but only on its size.

Setup. We have tested our program on an AMD Opteron 270 (2.0 GHz, 1 MB L2 cache).
We have used GCC 4.2.0 as well as its libstdc++ implementation, compiling with optimiza-
tion (-O3 ).

Parameters for testing. We have repeated our experiments at least 10 times and report
the average running time (variance was observed to be small). The focus is on results for
p = 4. Recall that asp grows,r becomes smaller.

For SINGLEPASS, we consider the following parameter combinations:
1. σ = 1, m= 1
2. σ = 10,m= 1
3. σ = 1, m= 2

Therefore, it usesΘ(p), Θ(10p), andΘ(p
√

n) additional space, respectively.

Results. Figure 7.2 summarizes the performance results, and Figure 7.3 the quality re-
sults. They show that the performance of the SINGLEPASS algorithm is very good. In
particular, it takes only half the time compared to the TRAVERSETWICE algorithm, and
even less compared to the POINTERARRAY algorithm. That is, we can divide a sequence
into parts using virtually the same time as for only traversing it once. Further, the varying
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running times for POINTERARRAY must be due to the amortization of the vector doubling
cost (i. e., depending on how much of the allocated memory hasbeen actually used by the
vector).

The quality of the solution for our algorithm improves with the amount of additional
space allowed for the auxiliary sequenceS (i. e., increasedσ or m). The simplest variant
(σ = 1, m = 1) has a worst-case ratio of 2 and an average ratio of 1.5. In addition, the
overheadr −1 is divided byσ (in our case,σ = 10). When settingm to 2, our algorithm
behaves very well, converging to zero overhead. The averageoverhead ratio decreases
exponentially with the input sizen. Note that the (optimal) worst-case ratio achieved by the
naı̈ve algorithms also decreases exponentially (and even at a faster ratio than SINGLEPASS).

7.3.2 Parallelization using list partitioning

After having evaluated the isolated performance for the list partitioning algorithms, we
investigate their impact in their intended domain, i.e., data-parallel algorithms. Two inter-
esting examples are STLaccumulate and STLlist::sort operation.

STL accumulate is a STL algorithm that computes the sum (or some other reduction
based on an associative binary operation) of a sequence of elements, starting with some
initial value. Here, we consider a forward access input sequence.

STL list::sort stably sorts a list instance. The implementation in the libstdc++ con-
sists on a doubly linked list. See Section 3.2 for more details on this implementation. In
the following, we first present parallel implementations using list partitioning for both al-
gorithms. Then, we evaluate the impact in performance of different list partitioning algo-
rithms.

Parallel implementations. Parallelizing STLaccumulate is straightforward. Let the de-
sired number of threads bep. The list is partitioned intop parts, using one of the described
algorithms. In parallel, each thread accumulates its part.After that, thep results are com-
bined sequentially.

For STL list::sort , we partition the list as above and split it into the respective
sublists. These are sorted by one thread each, in parallel. Recursive tree-shaped merging
combines the results in log2 p steps, each merge per se being done sequentially.

Parameters for testing. We have repeated our experiments at least 10 times and report
the average running time.

For SINGLEPASS, we have used the parametersσ = 1 andm= 2. Deduced from the
results in Section 7.3.1, this choice produces a high quality partitioning at a low overhead
in running time and additional space. The data type for STLlist::sort is a 16-byte
element containing an 8-byte integer key. The values are randomly generated. As use
case for accumulate, we approximately multiply double-precision floating-point numbers
by summing up their logarithms.

Setup. We have run these experiments on a dual-socket AMD Opteron 2350 (2×4 cores,
2.0 GHz, 2×2 MB L3 cache).
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Figure 7.4: Performance results for STLlist::sort .
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Results. Figures 7.4(a) and 7.4(b) show the speedup for parallel STLlist::sort using
the TRAVERSETWICE and SINGLEPASS list partitioning algorithms, respectively. The
POINTERARRAY variant is not compared here since it has a linear space overhead.

In both shown cases, the achieved speedups in absolute termsare not particularly good.
This is probably mostly due to the bad collective memory bandwidth caused by the random
accesses to traverse the more and more scattered sublists. Nonetheless, for a large number
of elements, the SINGLEPASS list partitioning algorithm is significantly better than TRA-
VERSETWICE because the sequential fraction is speed up by a factor of 2, and the parts are
of very similar size.

Figures 7.5(a) and 7.5(b) show the speedup for parallel STLaccumulate using the
TRAVERSETWICE and SINGLEPASS list partitioning algorithms, respectively.

In this case, the achieved speedups in absolute terms are better because summing the
logarithm of floating-point numbers is computationally intensive. Again, the performance
using SINGLEPASS is much better than with TRAVERSETWICE, in particular for a large
number of elements.

Overall, for large inputs, SINGLEPASS obtains much better speedups than TRAVER-
SETWICE both for STLlist::sort and STLaccumulate .

7.4 Conclusions and future work

We have presented a simple, though non-trivial, algorithm to solve the list partitioning prob-
lem using only one traversal and sublinear additional space. Our algorithm divides a lin-
early traversable sequence of unknown lengthn in time Θ(n+ σ p(n1−1/m + logn)) using
O(σ pn1−1/m) additional space.σ andm are tuning parameters of the algorithm. We have
implemented all the algorithms presented in this chapter. The code was first released in the
MCSTL [86], version 0.8.0-beta. Later, this code has been included in thelibstdc++ paral-
lel mode(see Section 2.4.3 for further details on these libraries),and thus, it is automatically
installed as a standard component of major Linux distributions and other Unix-like operat-
ing systems.

Our experiments have shown that our algorithm is very efficient in practice. It takes
almost the same time as if the list was just traversed, without any processing. Besides,
very high quality solutions can be obtained. The largerm, the better the quality, trading off
memory. Ifm= 1, the worst-case overhead ratio 1 is divided by the oversampling factorσ .
If m> 1, the worst-case overhead ratio decreases exponentially with n.

Therefore, for large input instances and in most practical situations, processing perfectly
equal parts and almost equal parts should take about the sametime, because the time to
process each of the parts fluctuates in the same order of magnitude. In addition to this, our
approach computes the partitioning twice as fast as the naı̈ve approach.

As a result, using our list partitioning algorithm as a substep of parallel algorithms, the
overall performance is significantly improved compared to anaı̈ve implementation.
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Figure 7.5: Performance results for STLaccumulate .



Chapter 8

Parallel partition revisited

The partitioning of an array is a basic building block of manykey algorithms, as quicksort
and quickselect. Partitioning an array with respect to a pivot x consists of rearranging its
elements such that, for some splitting positionv, all elements at the left ofv are smaller
thanx, and all other elements are greater or equal thanx. It is well known that an array of
n elements can be partitioned sequentially and in-place using exactlyn comparisons andm
swaps, wherem is the number of elements greater thanx whose original position is smaller
thanv.

In this chapter, we consider the problem of partitioning an array in parallel. Several
algorithms have been proposed to partitioning in parallel [47, 29, 98, 59, 86]. We focus on
suitable algorithms for current widely available multi-core architectures. Specifically, we
consider a simple algorithm by Francis and Pannan [29], a fetch-and-add based algorithm
by Tsigas and Zhang [98] and a variation of the former in the MCSTL [86], a parallel
STL implementation (see Section 2.4.3 for an overview on theMCSTL and other STL
implementations). All these algorithms, though very different in nature, can be divided into
three main phases:

1. A sequential setup of each processor’s work
2. A parallel main phase in which most of the partitioning is done
3. A cleanup phase, which is usually sequential.

Besides, in order to avoid too much synchronization, they perform more thann comparisons
andmswaps.

In this chapter, we show how the former parallel partitioning algorithms can be modified
so that exactlyn comparisons are made, which is optimal. The original algorithms disregard
part of the work done in the main parallel phase when cleaningup. By contrast, we propose
an alternative parallel cleanup phase that uses the whole comparison information of the
parallel phase. A small static order-statistics tree is used to efficiently locate the elements
to be swapped and to swap them in parallel. We provide a detailed analysis.

Furthermore, we show that the resulting parallel partitioning algorithms are also scalable
and competitive. To do so, we have implemented and drawn an experimental comparison
between all the previous algorithms, both with their original cleanup and with our cleanup.
Besides, the implementation is provided according to the specification of STLpartition .
Previously, only the MCSTL implementation was available.
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This chapter is organized as follows. In Section 8.1, we present the considered algo-
rithms. Then, in Section 8.2, we present our cleanup algorithm. Then, we present our
implementation of the previous algorithms in Section 8.3. It follows the experimental com-
parison in Section 8.4. Finally, we sum up some conclusions in Section 8.5.

8.1 Previous work and a variant

In this section, we give an overview of several partitioningalgorithms suitable for multi-
core implementation. In the following, the input consists of an array ofn elements and a
pivot. Besides,p processors are available and we assume thatp≪ n. Also, we disregard
some details as rounding issues for the sake of simplicity.

STRIDED algorithm

The STRIDED algorithm by Francis and Pannan [29] works as follows:

1. Setup: The input is (conceptually) divided intop pieces of sizen/p. The pieces are not
made of consecutive elements, but one of everyp elements instead. That is, thei-th
piece is made up of elementsi, i + p, i +2p, . . . .

2. Main phase: Each processori, in parallel, gets a piece, applies sequential partitioning
on it, and returns its splitting positionvi .

3. Cleanup: Let vmin = min{vi : 1≤ i ≤ p} andvmax= max{vi : 1≤ i ≤ p}. It holds that
all the elements at the left ofvmin and at the right ofvmax are already well placed with
respect to the pivot. In order to complete the partition, sequential partition is applied
to the range(vmin,vmax).

The main phase takesΘ(n/p) parallel time. For random inputs, the cleanup phase is
expected to take constant time. However, it was not stated in[29] that in the worst-case
the algorithm takesΘ(n) time and thus, there is no speedup. E.g., if the pieces are made
exclusively of either smaller or greater elements than the pivot and these are alternated,
then,vmin ≤ p andvmax≥ n− p, and|(vmin,vmax)| = Θ(n).

BLOCKED algorithm

Accessing elements with stridep as in the STRIDED algorithm, can cause a high cache miss
ratio. We propose the BLOCKED algorithm to overcome this problem. This algorithm uses
blocks ofb elements instead of individual elements. Each block in the piece is separated by
stridep blocks. Note that ifb = 1, BLOCKED is equal to STRIDED.

F&A algorithms

Heidelbergeret al. [47] proposed a parallel partitioning algorithm in the PRAMmodel in
which elements from both ends of the array are taken using fetch-and-add instructions.
Fetch-and-add instructions (atomically increment a variable, and return its original value)
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were introduced in [44] and are useful, for instance, to implement synchronization and
mutual exclusion.

In a first approach, exactly one element is taken at a time and so, at the end of the
parallel phase, the array is already partitioned. In this case,n fetch-and-add operations are
used. In a second approach, the algorithm is generalized to blocks: a block ofb elements is
acquired at each fetch-and-add instruction. So, the numberof fetch-and-add instructions is
n/b. However, in this case, some sequential cleanup remains to be applied after the parallel
phase.

Later, Tsigas and Zhang [98] presented a variant of the second approach for multipro-
cessors. More recently, a further variant has been proposedas part of the MCSTL [86]. In
the latter, the cleanup phase is partially done in parallel.

Let us now briefly describe these F&A algorithms:

1. Setup: Each processor takes two blocks, one from each endpoint of the array. Namely,
one left block and one right block.

2. Main phase: While there are blocks, each processor applies the so-called neutralize
method to its two blocks. The neutralize method consists in applying the sequential
partitioning algorithm to the array made by (conceptually)concatenating the right
block to the left. However, the left and right pointers to thecurrent elements can-
not cross the borders of a block. When a left (right) block is completely processed
(i.e., neutralized), a fresh left (right) block is acquiredand processed.

3. Cleanup: At this point, at mostp blocks remain unneutralized. Each author presents a
different cleanup algorithm:

— In [98], while unneutralized blocks remain, one block is taken from each end-
point and neutralization is applied to them. Then, the unneutralized blocks are placed
between the neutralized blocks. At mostp blocks need to be swapped and this is
done sequentially. Finally, sequential partition is applied to the range of blocks with
unprocessed elements.

— In [86], all unneutralized blocks are placed between the neutralized blocks. Then,
the parallel partitioning algorithm is applied recursively to this range. The number of
processors is divided by two in each call until there is only one processor or block.
Finally, the remaining range is partitioned sequentially.

The main parallel phase takesΘ(n/p) parallel time. The cleanup phase takesΘ(bp)
sequential time in [98]. Rather, in [86], it takesΘ(blog p) parallel time.

8.2 The new parallel cleanup phase

In this section, we present our cleanup algorithm. It avoidsextra comparisons, and swaps
the elements fully in parallel. We have applied it on the top of STRIDED, BLOCKED and
F&A. First, we introduce the terminology. Then, we present the data structure on which the
algorithm relies. It follows the cleanup algorithm itself.Finally, we analyze the resulting
STRIDED, BLOCKED and F&A algorithms.
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Terminology

In the following, we shall use the following terms to describe our algorithm. Asubarrayis
the basic unit of our algorithm and data structure. Thesplitting position vof an array is the
position that would occupy the pivot after partitioning. Afrontier separates a subarray in
two consecutive parts that have different properties. Amisplaced elementis an element that
must be moved by our algorithm. We denote bym the total number of misplaced elements
and byM the total number of subarrays that may have misplaced elements.

The Case of BLOCKED . In this case, subarrays correspond with exactly one of thep
pieces. Moreover,v can be easily known after the parallel phase. The frontier ofa subarray
corresponds with the position that would occupy the pivot after partitioning this subarray.
Thus, a frontier defines a left and a right part. A misplaced element corresponds either to a
smaller element than the pivot that is on the right ofv (misplaced on the right) or to a greater
element than the pivot that is on the left ofv (misplaced on the left). The total number of
subarrays that may have misplaced elements (M) is at mostp.

The Case of F&A. In this case, a subarray corresponds to one block. The frontier sep-
arates a processed part from an unprocessed part. The processed part of left blocks is the
left part and the processed part of right blocks is the right part. Thoughv is unknown after
the parallel phase, it holds thatv is in some rangeV = [vbeg,vend]. A misplaced element
corresponds either with a processed element that is inV or with an unprocessed element
that is not inV.

We consider now the array of elements made by left blocks and the array of elements
made by right blocks. We denote byβ the global border that separates the left and right
blocks (i.e., the point where no more blocks could be obtained).

In left blocks, a misplaced element on the left is an unprocessed element in a smaller
position thanvbegand a misplaced element on the right is a smaller element thanthe pivot in
a greater or equal position thanvbeg. Let µl be the total number of misplaced elements in left
blocks, and rank those misplaced elements starting to countfrom the leftmost towards the
right. In right blocks, a misplaced element on the left is a greater element than the pivot in a
smaller or equal position thanvend, and a misplaced element on the right is an unprocessed
element in a greater position thanvend. Let µr be the total number of misplaced elements
in right blocks, and rank those misplaced elements startingto count from the rightmost
towards the left. Thus,m= µl + µr . Besides,M is at most 2p: there are at mostp blocks
that may contain unprocessed elements and there are at mostp blocks that may contain
misplaced processed elements.

8.2.1 The data structure

We use a complete binary tree withM leaves (or the next power of two ifM is not a power of
two) to know which pairs of elements must be swapped. This tree is shared by all processors
and is stored in an array (like a heap, which provides easy andefficient access to the nodes).

Each leaf stores information of thei-th subarray. Specifically, how many elements are
misplaced to the left and to the right of its frontier (mi

l andmi
r) and how many elements

are in the left and in the right to its frontier (ni
l andni

r ). The internal nodes accumulate the
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information of their children but do not add any new information. In particular, the root
stores the information of the array made of all the subarraysin the leaves.

So, our tree data structure can be considered as a special kind of order-statistics tree in
which the internal nodes have no information by themselves.An order-statistics tree(see
e.g., [19, Section 14]) performs rank operations efficiently using the information of the size
of the subtrees.

Figure 8.1 shows two instances of our tree data structure.

8.2.2 The algorithm

Tree initialization phase. In this phase, the tree is initialized. Specifically, two bottom-up
traversals of the tree are needed. Only the first initialization of the leaves depends on the
partition algorithm used in the main parallel phase.

1. First initialization of the leaves. In the case of BLOCKED, the leaves valuesni
l andni

r
for each subarrayi can be trivially computed during the parallel phase. In the case of
F&A, the left (right) blocks that contain unprocessed elements can be easily known
after the parallel phase. The left (right) blocks that contain misplaced elements but
have already been processed can only be located between the left (right) unprocessed
blocks. In order to locate the latter efficiently, we sort theunneutralized blocks with
respect to the block position in the array. Then, we iterate on left (right) blocks
(sequentially) to the left (right) of the borderβ until p neutralized blocks have been
found, or the leftmost (rightmost) unneutralized block hasbeen reached.

2. First initialization of the non-leaves. Using a parallel reduce operation, each internal
node computes itsn j

l andn j
r values from its children. As a result, the root stores the

number of left and right elements in the whole array. Thus, the splitting positionv
can be directly deduced.

3. Second initialization of the leaves.The leaves get the valuesmi
l andmi

r usingni
l , ni

r and
v. At this point, it may turn out that some subarrays have no misplaced elements.
This fact does not disturb the correctness of our algorithm.

4. Second initialization of the non-leaves.The number of misplaced elements for the in-
ternal nodes are computed using a second parallel reduce operation onmj

l and mj
r

fields.

Parallel swapping phase. In this phase, our tree data structure is queried so that the
misplaced elements can be swapped in parallel and no comparisons are needed. This phase
is independent of the specific partitioning algorithm.

The total number of misplaced elements is used to distributethe work equally among
the processors. A range[r i ,si) of ranks of misplaced elements to swap is assigned to each
processor. The elements are swapped in ascending rank. Specifically, the j-th misplaced left
element is swapped with thej-th misplaced right element. To locate the first pair of elements
to swap, respective rank queries are made to the tree. That is, a query is made for ther i left
misplaced element and another for ther i right misplaced element. Misplaced elements are
swapped as long as the ranksi is not reached. If the ranksi has not yet been reached but
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Figure 8.1: Example of our data structure.
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the current subarray has no more misplaced elements, the next subarray is fetched. Letci

be the position in the tree corresponding to the current subarray. Then, the next subarray of
left misplaced elements is inci +1 and the next subarray of right misplaced elements is in
ci −1.

Completion phase. This phase depends on the specific partitioning algorithm. In the case
of BLOCKED, the whole array has already been partitioned and we are done. In the case
of F&A, some unprocessed elements may remain. When this happens,V is not empty and
includes exclusively all the unprocessed elements. In order to obtain a valid partition, we
apply our parallel partitioning algorithm logp times and recursively inV. Specifically, the
block size is divided by 2 in each recursive call, and as a result, also the size of the problem
in each recursive call is at most half the previous (because at leastp blocks have been fully
processed). Finally, sequential partition is applied to the remaining elements.

8.2.3 Cost analysis

In this section we analyze the cost of our algorithms.
The following theorem shows that our cleanup phase achievesan optimal number of

comparisons:

Theorem 8.2.1.BLOCKED and F&A perform exactlyncomparisons when using our cleanup
algorithm.

Proof. The tree initialization and the parallel swapping phases perform no comparisons for
both BLOCKED and F&A.

In the case of BLOCKED, the completion phase is empty. Therefore, no comparisons are
performed during cleanup for BLOCKED and thus, comparisons are only performed during
the main parallel phase, which are exactlyn.

In the case of F&A, after the first main parallel phasen−|V| elements have been com-
pared and|V| have remained unprocessed. In the next recursive step,V is the input. Besides,
elements can only be compared during a certain parallel phase and at most once. All the
elements must be eventually compared because our algorithmproduces a valid partition.
Thus, our cleanup algorithm makes exactly|V| comparisons, andn comparisons are needed
as a whole.

The following results bound the parallel time of BLOCKED and F&A:

Lemma 8.2.2. The tree initialization phase takesΘ(log p) parallel time for BLOCKED and
F&A.

Proof. The algorithm-independent part takesΘ(log p) parallel time because all the work is
done in parallel, and is dominated by the two parallel reduces, which can be performed in
logarithmic parallel time (see e.g., [57]).

In the case of BLOCKED, the algorithm-dependent part takes constant parallel time be-
cause each leaf can be initialized trivially and in parallel.

In the case of F&A, the algorithm-dependent part takesΘ(log p) parallel time, be-
cause 2p elements are sorted and this takesΘ(log p) parallel time usingp processors (see
e.g., [52]).
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BLOCKED F&A
original tree original tree

C
O

M
P

S main n n−|V|
cleanup vmax−vmin 0 ≤ 2bp |V|

total n+vmax−vmin n ≤ n+2bp n

S
W

A
P

S main ≤ n/2 ≤ n−|V|
2

cleanup m/2 m/2 ≤ 2bp ≤ m/2+ |V|
total ≤ n+m

2 ≤ n+m
2 ≤ n−|V|

2 +2bp ≤ n+m
2 + |V|

P
T

IM
E main Θ(n/p) Θ(n/p)

cleanup Θ(vmax−vmin) Θ(m/p+ logp) Θ(blog p) Θ(log2 p+b)

total O(n) Θ(n/p+ log p) Θ(n/p+blog p) Θ(n/p+ log2 p)

Table 8.1: Summary of costs for BLOCKED and F&A algorithms.

Thus, in both cases, the total cost isΘ(log p) parallel time.

Lemma 8.2.3. The parallel swapping phase performs exactlym/2 swaps and requires
Θ(m/p) parallel time. In particular, in the case of F&A, the swapping phase takesO(b)
parallel time, whereb denotes the block size.

Proof. There arem misplaced elements after the main parallel phase. The parallel swap-
ping phase swaps pairs of misplaced elements so that their final position is not misplaced.
Therefore,m/2 swap operations are needed. Besides, the pairs are evenly divided among
the p processors. Thus, swapping all of them takesΘ(m/p) parallel time. In the case of
F&A, m≤ 2bp, thus parallel swapping takesO(b) parallel time.

Theorem 8.2.4.The cleanup phase takesΘ(m/p+ log p) parallel time for BLOCKED and
the whole partition takesΘ(n/p+ log p) parallel time.

Proof. From Lemmas 8.2.2 and 8.2.3 follows that the cleanup phase takesΘ(m/p+ log p)
parallel time for BLOCKED. Given thatm= O(n), the whole BLOCKED algorithm takes
Θ(n/p+ log p) parallel time on the average and in the worst-case.

Theorem 8.2.5.Considerp≤ b. The cleanup phase takesΘ(log2 p+ b) parallel time for
F&A and the whole partition takesΘ(n/p+ log2 p+b) parallel time.

Proof. F&A takesT(n, p) = Θ(n/p) +C(b, p), whereC(b, p) is the cost of our cleanup
algorithm. C(b, p) = b+ log p+ T ′(b/2, log p) parallel time, andT ′ is defined by the fol-
lowing recurrence:

T ′(β , i) =

{

O(3β + logp)+T′(β/2, i −1) if i > 1,

O(2β ) otherwise.

There are 2β p blocks at the beginning of each recursive step and logp− 1 recursive
steps are needed. Thus,C(b, p) = O(log2 p+b) parallel time.

We would like to highlight that Theorem 8.2.5 improves previous theoretical bounds for
F&A (provided logp≤ b, which is of practical relevance).

Finally, Table 8.1 summarizes worst-case results for BLOCKED and F&A algorithms.
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8.3 Implementation

Our parallel algorithms are implemented using OpenMP. Besides, they follow the specifi-
cation of STLpartition , so that eventually the could be used instead of the sequential
implementation.

Since implementations of STRIDED were not available, we have resorted to implement
it ourselves. We have also implemented our BLOCKED variant, which improves STRIDED

cache performance. In particular, we have implemented enhanced iterators on the top of
them so that (sequential) STLpartition can transparently be applied to thevirtual se-
quences in which the input sequence is divided. We sayvirtual because (logically) contigu-
ous elements in these resulting sequences are not contiguous in the input sequence.

For F&A, we have taken its implementation from MCSTL 0.7.3-beta, but we have also
implemented our own version ourselves. In particular, our F&A implementation calls STL
partition when falling back to the sequential case. Our implementation of F&A and the
one in MCSTL differ in the following: a) ours statically assigns the initial work; therefore,
it avoids mutual exclusion here; b) ours does not usevolatile variables, and critical regions
are slightly simpler; and c) ours avoids redundant comparisons using some book-keeping.
The implementation in thelibstdc++ parallel mode, the successor of the MCSTL, improves
locking mechanisms and some other low-level details, but the algorithm itself remains the
same.

Furthermore, we have implemented our cleanup algorithm on the top of the previous
four algorithms.

8.4 Experimental analysis

We have analyzed STRIDED, BLOCKED, and F&A with and without our cleanup algorithm.
The tests have been run on a machine with 4 GB of main memory andtwo sockets, each

one with an Intel Xeon quad-core processor at 1.66 GHz with a L2 cache of 4 MB, shared
among two cores. Thus, there are 8 cores in total. We have usedthe GCC 4.2.0 compiler
with the -O3 optimization flag.

All tests have been repeated 100 times; figures show averages(variance was small).

Basic evaluation. We have first analyzed the speedup of partitioning in parallel a large
number of random integers. The speedup is always measured with respect to the sequential
STL partition algorithm. The block sizeb has been set to 104 (this decision will be
justified later in this section).

Figure 8.2(c) shows the results. In this figure,Strided refers to our implementation of
STRIDED, BlockedStrided refers to our implementation of BLOCKED, F&A MCSTL refers
to the MCSTL implementation of F&A,F&A refers to our own implementation of F&A.
We add the suffix tree to the previous labels to refer to the algorithm with our modified
parallel cleanup phase.

These results show that F&A is better than BLOCKED, which is better than STRIDED.
Whereas the speedup of STRIDED is nonexistent for more than two threads, BLOCKED

performs reasonably well, and our F&A implementation achieves some better results than
the MCSTL F&A. However, it makes almost no difference whether our cleanup step is used
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Figure 8.2: Performance results for parallel partition forintegers,n = 108.
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or not. Only in the case of F&A, the achieved speedup is slightly better, making it almost
perfect for up to 4 threads.

The awful performance of STRIDED is due to its high cache miss ratio; its behavior
clearly contrasts with BLOCKED (which uses blocks of elements rather than individual el-
ements). On the other hand, the shown experimental results do not correspond with worst-
case instances (see Section 8.1). Indeed, we have also constructed and evaluatedad hoc
worst-case instances for STRIDED and BLOCKED. As expected, the running time is signifi-
cantly worse than for sequential partition.

Finally, in order to understand the loss of performance whenusing more than 5 threads,
we have devised two new experiments. The first one reproducesthe previous experiment
but uses a slower comparison function. Its results are shownin Figure 8.2(a). In this case,
all algorithms show similar behavior and excellent speedups with up to 8 threads. Again,
there is not much of a difference whether our cleanup phase isused or not. Our second
experiment has consisted in measuring the speedup of a trivial parallel program to compute
the sum of two arrays. The resulting speedups (not shown) arealso not optimal for the
biggest number of threads. So, we can conclude that memory bandwidth is limiting the
efficiency of the partitioning algorithms, which are demanding with regard to I/O.

Influence of block size. Several algorithms rely on a block size parameterb. In order to
determine its optimal value, we have run various tests, varying the number of threads and
the value ofb. The results in Figure 8.2(b) (where the number of threads isfixed to 8) show
that, except for very small block sizes, the performance is not much affected. Besides, given
that, for smaller input sizes, big block sizes are not convenient, we have fixedb to 104.

Operations Count. In order to analyze the behavior of the cleanup phase in more de-
tail, we have counted swap and comparison operations. Figures 8.3(b) and 8.3(c) show
respectively the number of extra comparisons and swaps withrespect to the sequential im-
plementation. They are depicted divided by the block size.

Figure 8.3(b) gives an experimental proof of Theorem 8.2.1.Besides, combining our
cleanup algorithm with the original MCSTL algorithm does not achieve the optimality in the
number of comparisons, because this implementation makes extra comparisons whenever a
new block is fetched in the main parallel phase. Specifically, our experiments show that two
comparisons are repeated per block in the average.

Figure 8.3(c) shows that our cleanup algorithm does not needmore swaps than the
original cleanup algorithms. Essentially, the same numberof extra swaps are needed. In the
case of F&A, we could not give such an equality analytically.

As a by product, these results show that the number of misplaced elements resulting
from the parallel phase (given random uniformly generated inputs) is really small, no matter
the partitioning algorithm. In particular, STRIDED is the algorithm that performs less extra
operations. However, its performance is the worst because of its bad cache usage.

Application: Quickselect. Quicksort and quickselect are typical applications of parti-
tioning. As quicksort offers two (not exclusive) ways to be parallelized —parallelizing the
partitioning and parallelizing the independent work by divide and conquer—, we found
more interesting to analyze quickselect. Quickselect is a common implementation for STL
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nth element . We have implemented STLnth element using the parallel partitioning al-
gorithms in this chapter. Only if the array is small, sequential partitioning is called.

The results are shown in Figure 8.3(a). These are coherent with those of partition but
they differ because the relative behavior between the algorithms changes slightly with the
input size. First, our F&A implementation advantage increases. Second, our cleanup al-
gorithm increases the runtime of the F&A based quickselect.Indeed, in our experiments
we have observed that for a big number of threads and as input gets smaller, using our
cleanup algorithm with F&A is counterproductive. Figure 8.3(a) also shows that the simple
BLOCKED algorithm performs quite well.

8.5 Conclusions and future work

In this chapter, we have presented, implemented and evaluated several parallel partitioning
algorithms suitable for multi-core architectures.

From an algorithmic point of view, we have described a novel cleanup parallel algo-
rithm that does not disregard comparisons made during the parallel phase. This cleanup
has been successfully applied to three partitioning algorithms: STRIDED, BLOCKED (a
cache-conscious implementation of the former) and F&A. In the case of STRIDED and
BLOCKED, a benefit of our cleanup is reducing its parallel time in the worst-case fromΘ(n)
to Θ(n/p+ log p). In the case of F&A, we have shown how to modify it to reduce itspar-
allel time fromΘ(n/p+ blog p) to Θ(n/p+ log2 p). Unlike their original versions, these
algorithms perform the minimal number of comparisons when using our cleanup phase.

From an engineering perspective, we have contributed carefully designed implemen-
tations of the aforementioned algorithms that are compliant with the specification of STL
partition .

Finally, and from an experimental point of view, we have conducted an evaluation to
compare those algorithms and implementations. According to our experiments, the parti-
tioning algorithm of choice is F&A, because it scales nicely. However, our results show
that, in practice, the benefits of our cleanup algorithm are limited. This happens because
the number of misplaced elements after the parallel phase isvery small.

Our experiments also show that I/O between the memory and theprocessor limits the
performance achieved by parallel implementations as the number of threads increases. It
remains to be further investigated how these results change, if more cores and/or memory
bandwith is available.
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Chapter 9

Combining digital access and parallel
partition for quicksort and
quickselect

Comparison-based data structures and algorithms, like quicksort and quickselect, can be
specialized for strings to perform efficient digital comparisons. These techniques rely on
the order and outcome of previous comparisons, as well as on the digital structure of strings.
See Chapter 4 for further details.

In this chapter, we apply these existing techniques for strings on the top of parallel
algorithms. To the best of our knowledge, this is a novel application. Specifically, we
describe the case of parallel partitioning-based algorithms, namely, parallel quicksort and
quickselect.

Parallelizing quicksort can be done in two (not exclusive) ways: parallelizing the par-
tition and parallelizing the divide and conquer work. By contrast, parallelizing quickselect
can only be done by parallelizing the partition. We reuse here the parallel partitioning algo-
rithms in Chapter 8, whose properties regarding comparisons are crucial for the application
of the aforementioned string techniques. The resulting algorithms are provided as special-
izations of the STLsort andnth element algorithms for strings. Indeed, most common
implementations of these STL algorithms are based on quicksort and quickselect, respec-
tively. Besides, we draw an experimental comparison considering several string datasets.
The results show the effectiveness of our approach in practice.

This chapter is organized as follows. In Section 9.1, we present our solution in de-
tail, including some additional precautions while choosing the pivot and handling repeated
elements. In Section 9.2 we present the experimental results for parallel quicksort and
quickselect. Finally, we sum up some conclusions in Section9.3.

9.1 Our solution

Combining efficient digital access to strings with partitioning-based algorithms is based in
the following specific properties (see Section 4.1 for further details). First, each element is
compared exactly once against the pivot during a partition.This fact is precisely guaranteed
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by the parallel partitioning algorithms presented in Chapter 8. Second, the implicit structure
defined by the order of the recursive calls corresponds to a BST. Since the parallel execution
of recursive calls in the case of quicksort keeps up with the relative order in sequential
quicksort, we can enhance string comparisons on the aforementioned parallel partitioning
algorithms to build efficient parallel quicksort and quickselect implementations.

In the following, we describe some of the most relevant implementation issues.

9.1.1 Basic implementation

We describe our implementation based on the parallel partitioning algorithms in Chapter 8.
They are provided according to the specification of STLpartition . In particular, their
input consists of a random access input sequence, e.g., an array. See Section 2.4.1 for an
overview on STL iterators and sequences.

Enhancing (parallel or sequential) partitioning with efficient digital access to strings
requires storing some extra data per element. This data regards the outcomes from previous
comparisons, and it consists of the length of two prefixes. Besides, comparison and swap
algorithms must be specialized, so that this data is used andupdated. See Section 4.1 for
further details on these algorithms. Nonetheless, the specification of STLpartition and
their based algorithms, namely STLsort and nth element , only considers providing a
customized comparator. Given that the STL specification does not consider providing a
customized swap functor, we need to provide a full replacement to specialize the parallel
partitioning algorithms for strings. Similarly, every call to sequential STLpartition must
be replaced for a call to a specialized sequential partitioning algorithm for strings. See
Section 8.3 for a detailed explanation about when falling back to sequential partitioning is
required.

Furthermore, in order to provide a solution as least intrusive as possible (minimal
changes in existing code), we store the prefixes apart from the data itself. LetA denote
the array in which the prefixes are stored. Note thatA must be created once at the begin-
ning of parallel quicksort and quickselect, and it can be initialized in parallel. Then,A is
accessed and updated by the specialized swap and comparisonalgorithms, which in our
case have random access iterators as input parameters. Notethat the relative position of an
element in the sequence can be computed in constant time, given its random access iterator.
In addition, we encapsulate the specialized comparison andswap algorithms, together with
the pivot and the rest of attributes, in a class that is passedas an input parameter to the parti-
tioning algorithms. Thus, our approach provides a flexible framework to deal with different
implementations of the comparison and swap algorithms. In particular, one could define a
trivial implementation of them that considers keys as atomic.

9.1.2 Additional precautions

Many implementations of sequential and parallel quicksortand quickselect exist. Crucial
aspects in their performance are the pivot choice, and also how repeated elements are han-
dled by the sequential partitioning algorithm. See e.g., [8, 19] for an overview of possible
approaches. In the following, we consider the main precautions that must be taken when
dealing with specialized partitioning algorithms for strings.
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The main issue arises when choosing the pivot for partitioning: if elements need to
be compared in the process (e.g., using median of 3), these comparisons must keep the
stored prefixes consistent. One possibility is to provide anadditional comparison algorithm
that does use the prefix information but does not update it. Oralternatively, given that in
some cases we are not that interested in the exact result, we can merely rely on the prefix
information to make a decision (to the detriment of the quality of the partitioning). We
call the later techniqueapproximate comparison. Similarly, we must not compare the pivot
against itself, to avoid corrupting the prefix information.A typical approach to avoid this
self-comparison is to place the pivot at an endpoint of the input.

With respect to handling repeated elements, popular approaches, such as always swap-
ping repeated elements and 3-way partition (see e.g., [8]),guarantee that each element is
compared exactly once in each partitioning, and the implicit structure defined by the order
of recursive calls corresponds to a BST.

9.2 Experimental analysis

In the following, we evaluate in practice our solution to enhance parallel partitioning-based
algorithms with fast string comparisons. Specifically, we present performance results for
parallel quicksort and quickselect.

The tests have been run on a machine with 4 GB of main memory andtwo sockets, each
one with an Intel Xeon quad-core processor at 1.66 GHz with a L2 cache of 4 MB shared
among two cores. Thus, there are 8 cores in total. We have usedthe GCC 4.2.0 compiler
with -O3 optimization.

All tests have been repeated 20 times; figures show averages.
This section is organized as follows. First, we present our implementation. Then, we

describe the tested datasets. It follows an overview of sequential results. Finally, we discuss
parallel results.

9.2.1 Tested implementation

We have specialized the parallel and sequential partitioning algorithms in a generic way
with respect to the specific string type. In particular, our implementations can tackle C-like
strings, namelychar* , and standard C++ string s. In this sense, applying our approach
on the top of C++ string s has less relative overhead in terms of additional space needed.
However, we present our results only forchar* because most existing experimental studies
and implementations are keyed forchar* . Among these are the implementations in [20]
about enhancing search trees with fast string comparisons,and burstsort (see e.g., [88]), a
cache-efficient (burst)trie-based sorting algorithm.

The implementation is based on that for the parallel partitioning algorithms in Chap-
ter 8. There, OpenMP is used for parallelization and we stickto it. In particular, we have
implemented a simple static distribution to parallelize the independent work in quicksort.
Anyway, any further enhancement that does not imply comparisons, such as load-balancing
techniques (see e.g., [86, 97]), are perfectly compatible.It is not our aim here analyzing
how quicksort can be parallelized best.

Besides, we have implemented sequential 3-way partitioning.
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Figure 9.1: Performance results for sequential quickselect with enhanced string compar-
isons.

9.2.2 Datasets

We consider string datasets that depend on several parameters (such as string length and
alphabet size) and on the distribution of the string instances. We have run experiments with
synthetic and real datasets. In all cases, once the data is generated, it is shuffled so that most
accidental memory locality got in the generation is broken.

With respect to synthetic datasets, we have considered the following parameter combi-
nations:

- string length (denoted byl ): 10, 100, 1000
- alphabet: binary, A-Z (ASCII)
- distribution: uniformly random (denoted byrand ), common prefix of uniformly ran-

dom length (denoted byprefix ), long prefix of fixed size (denoted bylprefix ).
In the case ofprefix and lprefix the strings are made of two parts: a prefix of
lengthu containing only one distinct character, and a suffix of length l −u randomly
generated. In the case ofprefix , u is chosen randomly, in the case oflprefix , u is
the same for all strings.

With respect to real datasets, we have considered the ones in[88] for burstsort. Among
them, we focus on an url dataset (denoted byurl ) because the average string length is the
highest. Recall from Section 2.3 that enhancing digital access on the top of comparison-
based algorithms is specially useful for long strings and prefixes.

Finally, we have considered input sizes of 1 and 10 million elements. In the latter case,
the longest string length considered is 100 because, otherwise, the dataset does not fit in
main memory (in the considered experimental setting).
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Figure 9.2: Performance results for sequential quicksort with enhanced digital comparisons.

9.2.3 Sequential performance

Figures 9.1 and 9.2 show, respectively, some performance results on sequential quickselect
and quicksort for strings with enhanced digital comparisons. The results are shown as
speedups with respect to the generic sequential quicksort and quickselect implementations
in which keys are considered atomic. We consider several combinations of string length
and number of elements. Specifically, we show results for words in the A-Z alphabet gen-
erated followingrand , prefix and lprefix distributions. Moreover, we show the results
compared to theurl dataset (the assigned string length is arbitrary, just for plotting the
results together). Finally, the pivot is selected usingapproximate comparisons (not signi-
ficative differences where shown in performance with respect to choosing the pivot using
exact comparisons).

In the case of quickselect (Figure 9.1), enhancing efficientdigital comparisons harms
if the common prefixes are scarce (i.e., random strings). Instead, in the case of quicksort
(Figure 9.2), applying this technique is always beneficial.As we have seen in Section 4.1,
the first partitioning always does more work than regular partitioning, and it is as we go
deeper into recursion, that the gathered information on comparisons becomes really useful.
In the case of quickselect, only part of the work done in one partitioning is used later, and
so, the overhead of the first recursive calls is more notorious.

Logically, the longer the common prefixes, the better the performance with enhanced
digital comparisons. Also, the results for binary alphabets are generally better, because it is
much more likely to generate common prefixes when making random choices.

9.2.4 Parallel performance

In the following, we describe performance results for parallel quickselect (Figures 9.3(a) to
9.4(c)) and parallel quicksort (Figures 9.5(a) and 9.5(b)). The results are shown both for the
generic versions and for enhancing digital comparisons. Besides, we analyze the effect in
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Figure 9.3: Performance results for generic parallel quickselect.



9.2. EXPERIMENTAL ANALYSIS 121

 0

 0.5

 1

 1.5

 2

 2.5

 3

 1  2  3  4  5  6  7  8

sp
ee

du
p

threads

 qselect n(1000000) l(100)

rand
prefix

Lprefix
url

(a) n = 106, l = 100

 0

 1

 2

 3

 4

 5

 1  2  3  4  5  6  7  8

sp
ee

du
p

threads

 qselect n(1000000) l(1000)

rand
prefix

Lprefix
url

(b) n = 106, l = 1000

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 1  2  3  4  5  6  7  8

sp
ee

du
p

threads

 qselect n(10000000) l(100)

rand
prefix

Lprefix
url

(c) n = 107, l = 100

Figure 9.4: Performance results for parallel quickselect with enhanced digital comparisons.
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parallel performance of several combinations of string length and number of elements. We
focus in parallel quickselect results because the only source of parallelism is partitioning.

In all cases, the results are shown as speedups with respect to the respective sequential
counterpart. The words are generated in the A-Z alphabet following rand , prefix and
lprefix distributions. Moreover, we show the results compared to the url dataset (the
assigned string length is arbitrary, just for plotting the results together). Finally, the results
are shown for the F&A partitioning algorithm. We also run experiments for the BLOCKED

partitioning algorithm. We do not tackle them here because they are very similar in relative
terms, but slightly worse speedups are obtained.

For a fixed set of string parameters, the greatest speedups are obtained when enhanc-
ing digital comparisons (compare Figures 9.3(a), 9.3(b), 9.3(c), 9.5(a) considering keys as
atomic against Figures 9.4(a), 9.4(b), 9.4(c) and 9.5(b) considering digital keys, respec-
tively). Therefore, enhancing fast digital comparisons for parallel partitioning-based algo-
rithms not only does not hurt scalability, but generally improves it.

Comparing our parallel quicksort and quickselect implementations, quickselect achieves
higher parallelism. However, recall that our parallel quicksort distributes the divide and con-
quer work statically, which is definitely not an optimal strategy. Nonetheless, the absolute
speedups for quickselect are worse than those obtained in Chapter 8 for integers. First of
all, the number of tested elements is smaller (because otherwise the data does not fit in
main memory) and thus, parallelism is not so effective. Indeed, we can see comparing
performance results for quickselect (Figures 9.3(a) against 9.3(c), or 9.4(a) against 9.4(c)),
that for a fixed string length, the speedups are better as larger is the number of elements.
This is also the case for quicksort. On the other hand, partitioning strings is more mem-
ory intensive than partitioning integers, because pointers to arbitrarily far locations must
be followed. Indeed, the best speedups, both for the genericversions and for enhancing
fast digital comparisons, are obtained for the longest common prefixes, because the cost of
arithmetic operations (comparing characters and comparing prefix lengths, respectively) is
more balanced with the cost of memory accesses. This is particularly true for quickselect
(see Figures 9.3(b) and 9.4(b)).

9.3 Conclusions and future work

In this chapter, we have shown how existing techniques to enhance string comparisons on
the top of comparison-based algorithms can be applied in combination with parallel algo-
rithms. Specifically, we have described how to enhance parallel partitioning-based algo-
rithms, namely, quicksort and quickselect. This novel application of string techniques is
independent of parallelism itself, as long as the properties on the relative order of compar-
isons are kept. In particular, in the case of parallel quicksort and quickselect, the main issue
is that each element must be compared at most once in each partition. This can be achieved
relying on our parallel partitioning algorithms presentedin Chapter 8.

From an engineering perspective, we have described how the C++ design and implemen-
tation of these parallel partitioning algorithms can be refined to provide a non intrusive spe-
cialization for strings. In particular, we have consideredboth standardstring and (C-like)
char* . Besides, we have discussed additional precautions that must be taken, for instance,
when choosing the pivot.



9.3. CONCLUSIONS AND FUTURE WORK 123

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 1  2  3  4  5  6  7  8

sp
ee

du
p

threads

 qsort n(10000000) l(100)

rand
prefix

Lprefix
url

(a) Generic

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 1  2  3  4  5  6  7  8

sp
ee

du
p

threads

 qsort n(10000000) l(100)

rand
prefix

Lprefix
url

(b) With enhanced digital comparisons

Figure 9.5: Performance results for parallel quicksort (n = 107, l = 100).
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Finally, we have presented some experimental results that indicate the practicability of
this approach. Indeed, the scalability of parallel quicksort and quickselect for strings is
generally better when combined with efficient digital comparisons. However, the absolute
speedup results are far to be optimal.

As a next step, our parallel partitioning algorithms enhanced for strings could be used
together with highly-tunned and tested implementations ofparallel quicksort and quick-
select. We expect that doing so would not damage the scalability of the original algorithms.
In particular, it could be interesting to integrate our parallel partitioning algorithms into
some existing parallel implementations of the STL. However, to the best of our knowledge,
no such string specialization exists for a sequential implementation, and so, that should be
done in the first place.

Furthermore, the experimental work in this chapter could beextended by adding redun-
dancy in parallel partitioning algorithms so as to improve cache efficiency (see Section 4.5).
Indeed, our implementations already support this feature.

As further future work, the techniques for fast string comparisons could be combined
with other parallel comparison-based algorithms and data structures. That is interesting
from a practical perspective, because many parallelizations of comparison-based algorithms
exist, while those are scarce forad hocalgorithms.

For instance, our work in Chapter 6 for parallel bulk operations in red-black trees could
be specialized for fast string comparisons. The parallel algorithms should be modified as
follows. The construction algorithm should compute the common prefix of each string key
with its ancestors in the searching path and store the result(recall that the nodes are stored
in an array and so, the ancestors can be located in constant time by index computations).
The common prefixes for an element can be computed most efficiently by also using this
information from the ancestors. However, in a parallel context, that can only be done safely
if both nodes are computed by the same thread. Besides, the rest of modifying operations,
including split and union, should be specialized to use and update the associated information
regarding common prefixes.



Chapter 10

Conclusions

This thesis has studied several problems that arise from combining theory and practice in
algorithmics, in particular when considering requirements in software libraries. The well-
known Standard Template Library (STL) of the C++ programming language has been the
common thread of this research. The main targets have been sequences, dictionaries, and the
sorting and selection problems. Making improvements in such fundamental problems and
in such a well-established library as the STL was a challenge. This goal has been achieved
through a synergy of computational techniques and researchapproaches. Specifically, I
have combined techniques from analysis and design of algorithms and data structures, high
performance computing, experimental algorithmics, and algorithm engineering.1 Besides,
in all cases, I provide an implementation (Appendix A gives the exact links). With respect to
the approaches, I have taken advantage of the particularities of string keys and the capabili-
ties of modern computers; namely, memory hierarchies and parallel cores. In the following,
whilst summing up the contributions in this thesis, I highlight some of their deriving future
research lines and difficulties.

Most of the contributions in this thesis concern generic data structures and algorithms
that take advantage of hardware capabilities. First, threecache-conscious implementations
of STL list s have been presented. In contrast to conventional cache-conscious approaches,
these lists fully support iterator functionalities while providing worst-case guarantees about
their cache efficiency. According to experimental results,my implementations are much
faster than a doubly linked list implementation, in particular for traversals. Obtaining big
performance improvements for such a basic component aslist was particularly rewarding.
I want to stress that the actual implementation was rather involving, even requiring attention
to low-level details. In particular, if iterator operations are not properly inlined by the
compiler, that forecloses any gain.

Second, a parallel implementation of bulk operations in STLdictionaries practical for
multi-core computers has been presented. This has been doneextending the GCC red-black
tree implementation. The proposed parallel algorithms take advantage of constant-cost in-
dex computations to access the elements, as in algorithms described for the PRAM model,
and split and union operations in red-black trees; as well asof load-balancing techniques.

1Throughout this document I have used an impersonal style; namely the use of the “we” pronoun should be
understood as “the reader and me” or “my collaborators and me”. By contrast, in this chapter I rather use “I” to
emphasize my personal perspective on the work done in this thesis.

125



126 CHAPTER 10. CONCLUSIONS

The experiments have showed that great speedups can be obtained. Nonetheless, the benefits
are limited by suboptimal allocator performance (memory allocators have been considered
as black boxes in this thesis). From my point of view, the explosion of practical parallel data
structures requires effective and flexible parallel allocators to be available and, in particular,
integrated into standard libraries.

Third, an elegant, yet powerful, algorithm to partition linearly traversable sequences of
unknown size into even-sized independent pieces has been presented. This problem arises,
for instance, in preprocessing the input for parallelization of STL algorithms (most of them
require only forward access on the elements). In particular, its study was motivated by
its application in parallelizing the aforementioned bulk operations for dictionaries. The
proposed algorithm is online (i.e., it only needs one pass onthe data) and uses sublinear
additional space. Besides, experimental evidence of its practicability for parallelization has
been provided. In addition, this algorithm has been included in thelibstdc++ parallel mode,
which is a parallel implementation in the GCC compiler of many STL algorithms.

Furthermore, new variants of algorithms by exploiting the reuse of computations have
been devised. Specifically, the first practical parallel partitioning algorithms for multi-core
computers that perform an optimal number of comparisons, i.e., one per element have been
presented. That is, all the previous existing practical implementations needed to com-
pare some elements twice. The resulting implementations can be used to parallelize STL
partition . In turn, parallel quicksort and quickselect based on this parallel partitioning
algorithms can be used to parallelize STLsort andnth element , respectively. However,
when considering keys as atomic, no significant performancegains were obtained with re-
spect to other implementations. By contrast, when considering string keys and their digital
structure, these new algorithms can be neatly combined withexisting techniques to avoid
redundant character comparisons for strings. Indeed, it was specially gratifying to ascertain
the feasibility of this novel combination, namely parallelalgorithms and techniques to en-
hance digital comparisons for strings on the top of comparison-based algorithms. Besides,
these implementations are amenable. In particular, some great speedups have been shown
for parallel quicksort and quickselect. Overall, I consider that this is a powerful approach
because there is a large body of parallel comparison-based algorithms, in contrast to the
case of parallelad hocalgorithms for strings.

In addition, so-enhanced comparison-based algorithms anddata structures for strings
have been considered from a cache-conscious perspective. The motivating observation was
that the outcome of some comparisons can be determined by merely using information from
other comparisons. Thus, under the common assumption of a string implementation through
pointers, costly memory accesses are saved. The number of string lookups inABSTs (that
is, in so-enhanced BSTs for strings) has been analyzed relating string lookups to known
properties in tries. Besides, the benefits of adding redundancy to avoid one common case
of string lookups have been analytically shown. Finally, the analysis has been extended for
so-enhanced quicksort and quickselect for strings. Once the correspondence between prop-
erties of TSTs andABSTs was set, obtaining the results was rather straightforward because
existing results for TSTs could be reused. A priori, though,the analysis seemed rather in-
volving. In addition, other authors have shown the practicability of so-enhanced red-black
trees for strings (in particular, adding redundancy) to specialize STL dictionaries. Note that,
in contrast, tries or alike cannot keep up with the requirements of STL dictionaries.
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Finally, multikey quickselect, the analogous of multikey quicksort for selection, has
been presented, analyzed and implemented. In particular, it can be used to specialize STL
nth element . The proposed algorithm is rather straightforward. In fact, it was rather sur-
prising to find out that it had not been formally described before. Nonetheless, there were
some decisions to be made which only arose when carefully defining and analyzing the al-
gorithm. In particular, a variant has been proposed that uses binary partitioning instead of
ternary partitioning. For all variants, a detailed analysis for the number of comparisons and
swaps has been provided. Besides, enhanced algorithms havebeen described and analyzed
that avoid a source of useless comparisons and swaps by usinginformation from the alpha-
bet. In addition, analogous variants can be obtained for multikey quicksort, for which also
implementations have been provided.

From my point of view, a specially interesting target that arises from this thesis is taking
advantage of the particularities of common data types, likestrings, to obtain more efficient
STL components. To the best of our knowledge, no widely knownSTL (or alike) imple-
mentation has specialized components for thestring datatype. In fact, most of efficient
implementations of string algorithms and data structures in the literature are only provided
for C-like char* strings or/and cannot cope with STL requirements. By contrast, generic
string implementations have been supplied in this thesis. In particular, some of them take
advantage of multi-core computers and memory hierarchies.Also, efficient string selection
algorithms have been proposed, to which not much attention had been paid before. Still,
some further work needs to be done to make the proposed implementations completely
generic and STL compliant (e.g., considering character traits). Besides, in the new C++

forthcoming Standard, new character types for improved Unicode support are going to be
introduced. Thus, it will be relevant, from a practical perspective, reconsidering existingad
hoc algorithms and data structures under the assumption of a bigalphabet cardinality. In
turn, this can lead to interesting theoretical problems.

This thesis has also arisen some of the issues that hamper algorithmic research in the
context of data structures libraries. First, some of the requirements in data structures li-
braries are very tied to an specific implementation. In some cases, proposing alternatives
keeping up with all requirements is not feasible. For instance, the definition of STL dictio-
naries is very tied to red-black tree properties. In this sense, I definitely favor more flexible
libraries, in which a smaller set of tight requirements is stated component-wise, and be-
sides, where mechanisms to choose among several alternatives are provided (as it happens
in LEDA or with STL container adaptors). In other cases, the limitations come from the
language (or the associated tools) themself. For instance,memory allocators do not allow
an asymmetric usage that would help in parallelization and cache efficiency. Additionally,
OpenMP, which has been used to implement the parallel algorithms in this thesis, does not
allow throwing exceptions over parallel region boundaries. Another issue is the lack of sta-
tistical data on the usage of the STL. We can easily argue thanthe STL is widely extended.
In particular, several other research projects take the STLas a focus (CPH-STL, STXXL,
MCSTL...). Still, I could not find any data on the actual usageof the components, i.e., how
frequently each method is used, which methods are used in combination, etc. This piece of
information would help in the design of more efficient data structures and algorithms and
would strengthen some of the possible decisions.

Overall, this thesis has aimed at narrowing the gap between theory and practice in algo-
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rithmics, providing new efficient algorithms and data structures in the context of the STL.
My approaches have been diverse and evolving, also guided byfast and radical changes in
available technology. Namely, at the starting point of thisthesis, parallel computation was
not much of an issue in every-day programming. Nowadays, with multi-core computers all
around, there is no doubt about the need of parallel computation to obtain more efficient
programs, and the importance of tools and libraries that ease this task.



Appendix A

Implementations

All the algorithms and data structures in this thesis have been implemented in C++ and in
the context of the STL. Links to every implementation can be found through my webpage
at theDepartament de Llenguatges i Sistemes Informàticsof theUniversitat Polit̀ecnica de
Catalunya(www.lsi.upc.edu/ ˜ lfrias ). The source code used for experimentation is also
included. Typically, the later consists of a test program inC++, plus several Perl scripts
to run the experiments and plot the obtained results. In order to guarantee the availability
and persistence of the code after the end of this thesis, all the implementations that are not
hosted anywhere else will also be hosted in SourceForge. SourceForge.net is the world’s
largest open source software development web site and easesexternal collaboration. The
following table gives the exact links for each implementation.

Contribution Link to implementation
Cache-conscious http://sourceforge.net/projects/cachelists

STL list
Parallelization of bulk
operations for STL http://algo2.iti.kit.edu/singler/mcstl

dictionaries (0.8.0-beta version)
Single-pass list http://gcc.gnu.org (4.3 version on)
partitioning
Generic parallel partition http://sourceforge.net/projects/parpartition

CAQSORT and CAQSEL

(sequential and parallel)
http://sourceforge.net/projects/stringbsts

Multikey quicksort and
multikey quickselect

http://sourceforge.net/projects/mkqsel
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