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Abstract

A novelapproach for timing-drivenlogic decomposition
is presented.It is basedon the combinationof two strate-
gies: logic bi-decompositionof Booleanfunctionsandtree-
heightreductionof Booleanexpressions.This technology-
independentapproach allows to find tree-like expressions
with smallerdepthsthantheonesobtainedby state-of-the-
art techniques.Experimentalresultsshowanaveragedelay
reductionof more than 20% with regard to speed up in
SIS.

1 Intr oduction

Delay optimizationhasusually beenconsideredas the
stepprecedingtechnologymapping[13, 15]. Beforethat,
Booleannetworksaremanipulatedby multi-level logic syn-
thesistechniquesthataimatreducingtheareaof thecircuit.
Typically, theextractionof commonsub-expressionsis the
basicstepto reducethecomplexity of a Booleannetwork.

Whendelayis theparameterunderoptimization,sharing
logic is not alwaysa goodapproachfor logic decomposi-
tion. Thedegreeof sharingmaypreventaBooleannetwork
from reducingthe numberof levels. To illustratethis fact
let usanalyzetheDAGsG1 andG2 in Figure1. Let usas-
sumethat thenodesrepresentarbitraryoperationsandthat
theexpressionscannotbesimplified. T1 andT2 represent
the treeversionsof G1 andG2, respectively. The number
of pathsof a DAG

�
, ��� ��� , correspondsto thenumberof

leavesof its treeversion.TheDAG nodesin thefigurehave
beenannotatedwith thenumberof paths,thatcanbesimply
calculatedby addingthe numberof pathsof the children.
A lower boundon the depthof a DAG

�
is �	��
������ ����� ,

assumingthatit canbetransformedby rulesthatcannotre-
ducethenumberof nodes[5].

EventhoughG1andG2havethesamenumberof nodes,
thelowerboundontheirdepthis differentdueto theirshar-
ing degree. The treeT2’ shows a possiblerestructuringof
T2 thatreducesthedepthto threelevels.
�
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Figure 1. DAGs and tree versions of the DAGs.

This paper proposesa novel technology-independent
methodfor timing-drivenlogic decomposition.Themethod
combinestwo strategies:

� Tree-basedbi-decompositionof Booleanfunctions

� Tree-heightreductionof Booleanexpressions

The approachaims at finding the minimum-depthtree
for a Booleanfunction. It builds the tree from root to
leaves by using bi-decompositiontechniquesand reduces
the depthby meansof rewriting rulesthat apply the asso-
ciative, commutative anddistributive laws of the Boolean
algebra. Unlike the existing approachesfor timing opti-
mization,areareductionis performedasafinal stepwithout
sacrificingdelay.

Section2 illustratesthe impactof tree-heightreduction
with anexample.Section3 proposesalgorithmsfor anef-
ficientexplorationof thetransformationsfor tree-heightre-
duction. Section4 presentsthe main algorithm for logic
decomposition.Finally, experimentalresultsarereportedin
Section5.
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Figure 2. Equiv alent factored forms.

2 Tree-heightreduction: an example

Tree-heightreduction[7] wasoriginally proposedin the
scopeof optimizingcompilersfor thegenerationof codein
multiprocessorsystems.Thesametechniquesareapplica-
ble to theoptimizationof combinationalcircuits.

Figure2 illustratesanexample. The treein Figure2(a)
representsa factoredform obtainedfrom the Booleanex-
pression������������������ "!#�$���� &%(' . If we assumezeroar-
rival time for all inputsandunit area( �*),+ ) andunit delay
( �-).+ ) for eachnode,the treeis characterizedby thepair
( ��)0/�12��)3/ ).

The tree in Figure2(b) is the one obtainedby SIS af-
ter executingthe speed up command[13]. This tree is
characterizedby thepair ( �4)65718�9);: ). A moreefficient
implementationcanbe foundby applyingsimpletransfor-
mations(associative and distributive laws) to the original
tree.It is shown in Figure2(c)with ( �*)=<(18�*)3: ). Finally,
by furtherapplyingtransformations,thetreein Figure2(d)
can be obtained,with ( �>)?5718�@)BA ). It would not be
difficult to prove that the solutionsshown in Figures2(a)
and2(d) areoptimal in areaanddelay, respectively. The
treeobtainedby speed up is sub-optimal,sincethereare
otherequivalenttreeswith thesameareaandshorterdelay
(Fig. 2(d))or thesamedelayandsmallerarea(Fig. 2(c)).

3 ACD tr ee-rewrite system

Booleanexpressionswill berepresentedbycomplement-
freefactoredforms.Eachfactoredform is representedby a
binary treein which the leavesareliteralsandthe internal
nodesaredisjunctions( � ) or conjunctions( C ).

Givenabinarytree D , wewill referto D astherootnode
or thetreeitself. Thefollowing nomenclaturewill beused
for binarytrees:

CLUSTER ( E )F
Pre-cond:E�G op HIKJ . Returnsasetof subtreesL

If EMG op I EMG left G opthen NPO := CLUSTER( EMG left);
else NPO := EMG left;
If EMG op I EMG right G opthen NPQ := CLUSTER( EMG right);
else N Q := EMG right;
return NPOSR*NPQ ;

————————————————————————–
M IN DELAY CLUSTERS ( E )F

Returnsa treewith min-delayclustersLFMT
is a list orderedby treeheight L

if EMG op IKJ then return E ;N := CLUSTER(T);
T

:= U ;
for each VXWYN do

INSERT (
T

, M IN DELAY CLUSTERS( V ));
endfor;
while Z T Z\[K] do^

:= EXTRACT M IN HEIGHT(
T

);_
:= EXTRACT M IN HEIGHT(

T
);

INSERT(
T

, `aEMG op
^b_dc

);
endwhile;
return EXTRACT(

T
);

Figure 3. Algorithm for minim um-dela y clus-
ters.

Dfe left, Dfe right: Left andright children
CHILDREN �	D � ) ghDfe left 18Dfe righti
Dfe op: Typeof node: � , C or j (literal)k D k : Numberof nodesof thetree
HEIGHT �lD � : Heightof thetree

We canalsorepresenttreesastriples:

D3m>�lDfe op Dne left Dne right
�

Treeswill betransformedby usingtheassociative,com-
mutative anddistributive laws (ACD rules)of Booleanal-
gebra.

3.1 Minimal-delay clusters(AC-rules)

This sectionpresentsalgorithmsfor optimal tree-height
reductionby applyingonly theassociativeandcommutative
laws (AC-rules).

Givena tree D , thetopmostclusteris thesetof sub-trees
closerto the root that have an operationdifferentfrom D .
Formally, the topmostclusterof a tree is obtainedby the
algorithmCLUSTER in Figure3.

Given a cluster, a minimum-delaytreecanbe built by
combiningtheelementsof theclusterin anappropriateway,
trying the tallest sub-treesto be closerto the root. Baer
andBoven [1] proposedan algorithmto build sucha tree.
It is an iterative algorithm that maintainsall elementsof
theclusterin a priority queueorderedby theheightof the
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Figure 4. Application of
M IN DELAY CLUSTERS.
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Figure 5. Distrib utive law.

elements.At eachiteration,the two shortestelementsare
extractedanda new treeis built andinsertedin thequeue.
Thealgorithmterminateswhenonly oneelementis left in
thequeue,whichis thereturnedtree.Thissimplealgorithm
wasprovedto beoptimalin [2]. It is alsothealgorithmused
in SISfor minimum-delaydecompositionof AND andOR
gates[13], althoughnoproofof optimalitywasgiven.

The algorithm M IN DELAY CLUSTERS to obtain a
minimum-delaytreeby only usingtheassociativeandcom-
mutative laws is shown in Figure 3. The algorithm was
proposedin [2] and was proved to minimize delay. It is
a recursive algorithm that invokes the algorithm by Baer
andBovento build minimumdelayclusters(the“while”
loop).

Figure4 depictsanexampleon the solutionderivedby
thealgorithm. Theshadowedareascorrespondto theclus-
tersvisitedwhentraversingthetree.Notethatthealgorithm
producesanothertreewith thesamesize,sincetheassocia-
tive and commutative laws do not changethe size of the
tree.

3.2 Distributive law (D-rule)

Thedistributive law canonly beappliedto two nodesof
thetree,oqp ando � , for whichthefollowingconditionholds:

o �dr CHILDREN �lo p �ts o p e op u)vo � e op
s o � e op u)0j�e

The transformationis shown in Figure5. By itself, the
distributive law cannotprovide any performanceimprove-
ment, sincethe height of the resultingtree is not shorter
than the height of the original tree. It can even produce
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Figure 6. Application of ACD rules to optimiz e
performance .

someperformancedegradationif

HEIGHT �	D�p �Xw�xYy"z � HEIGHT �	D � � 1 HEIGHT �	D|{ �}�
However, the distributive law changesthe structureof the
clustersand enablesthe applicationof AC-rules that can
potentiallyresultin shorterheights.Thecombinationof D-
andAC-rulesis illustratedin theexampleof Figure6. After
the applicationof a D-rule, a minimum-delaytree is ob-
tainedby running the M IN DELAY CLUSTERS algorithm
(AC-rules).

3.3 ACD Speed

Thesolutionin Figure6(e)canonly beobtainedby ap-
plying theD-rule to certainnodesof thetree. Onecanim-
mediatelyseethat this solution cannotbe obtainedif the
D-rule is appliedto therootnodeof Figure6(a).Therefore,
theorderin whichrulesareappliedis relevantfor searching
optimalsolutions.

Figure7 presentsanalgorithmfor speeding-upa treeby
usingACD-rules. It assumesthat ~ is an initial treewith
minimumnumberof nodes,e.g.obtainedby areaminimiza-
tion transformationson a Booleannetwork. The required
time, in termsof numberof logic levels,is alsoanotherpa-
rameter. The algorithm implementsa dynamicprogram-
ming approachwith memoizationthatalternatively applies
theD-ruleto oneof thenodesandM IN DELAY CLUSTERS

to the tree. The setexplored collectsall the solutions
generatedin thealgorithm.

In orderto control theexplosionof solutions,a frontier
with limited width is selectedat eachlayer of the search.
The width of the frontier, � , is a factor that canbe tuned
accordingto theexhaustivenessof thesearch.Theselection
of “best” solutionsis doneby giving priority first to delay
(heightof thetree)andsecondto area(sizeof thetree).
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ACD SPEED (F, ReqTime)FP�
is a tree.Returnsa tree LF

ReqTime is therequiredtime(in logic levels) L
Best:= M IN DELAY CLUSTERS (F);
frontier :=

F
BestL ; explored:=

F
BestL ;

while depth(Best)[ ReqTime � “improving” do
new := U ;
for each

��� W frontierdo
for each node�-W � �
suchthatD-rule is applicabledo���

:= APPLY DISTRIBUTIVE (
���

, � );� � �
:= M IN DELAY CLUSTERS (

� �
);

if
� � � HW exploredthen
explored:= explored R F���� � L ;
new := new R F�� � � L ;
Best:= BestDelay Area(Best,

� � �
);

frontier := SelectBestk Circuits(new, � );
return Best;

Figure 7. Algorithm for speed-up with ACD
rules.

The algorithmstopswhena solutionwith the required
time is found or whenno improvementhasbeenobtained
during few iterations. The “improvement”criterion is an-
othertunningparameterof thealgorithm.

3.4 DAG representationand arri val times

Eventhoughthetheorypresentedin thispaperusestrees
asthebasicobjectfor Booleanmanipulation,it canbeeas-
ily extendedto DAGs. By having a commonmanagerto
representall trees,a singleinstanceof eachsubtreein the
managercanbe guaranteed.Theway to do that is similar
to theapproachusedin BDD managers,in which a unique
tablestoresall nodesin themanager.

By using this approach, the memoization of the
ACD SPEED algorithm can be simply implementedby
comparingpointersin the tableof exploredsolutions.For
the sake of brevity, the detailsof the implementationwill
not bedescribedin this paper, giventhat they do not differ
significantlyfrom theimplementationof a BDD manager.

Additionally, thealgorithmsfor speeding-upDAGscan
be easily extendedto inputs with different arrival times.
Eacharrival time can be consideredas an attacheddepth
to the input that cannotbe modifiedby the transformation
rules.

4 Logic decomposition

The decompositionof a Boolean function ~ is per-
formedrecursively from root to leavesby findinganopera-
tionop andtwo functions,� and� , suchthat ~@)=� op � .

ACD DECOMPOSE (ON, DC, ReqTime)F
ON andDC arecovers.Returnsa tree L

T � := BI-DECOMP (ON, DC, ReqTime,method� );
...
T � := BI-DECOMP (ON, DC, ReqTime,method� );
T := ChooseBestTree(T � , G�G�G , T � );���

:= collapse(T.left);
F
cover of theleft subtreeL���

:= collapse(T.right);
F
cover of theright subtreeL

if depth(T.right) [ depth(T.left) then swap(
� �

,
� �

);

F
Decomposethefastestchild of thetree(left) L� �

:= ACD DECOMPOSE (
���

, DC, ReqTime-1);

F
UpdateDC for theslowestchild of thetreeL���

:= collapse(
� �

);
F
cover of theleft subtreeL

if T.op= AND then���
:=
���P�����

; DC = DC � ��� ;
else

F
T.op= ORL���

:=
���P� ���

; DC = DC � ��� ;
F
Decomposetheslowestchild of thetreeL� �

:= ACD DECOMPOSE (
���

, DC, ReqTime -1);
return (T.op,

� �
,
� �

);
—————————————————————————
BI-DECOMP (ON, DC, ReqTime,method)F

ON andDC arecovers.Returnsa tree LF
“method”determinesthedecompositionstrategy L���

:= Decompose2input gates(ON, DC, method);���
:= ACD Speed(

���
, ReqTime);

return
���

;

Figure 8. Algorithm for logic decomposition.

This type of decompositionis calledbi-decomposition[3,
16, 10].

The main algorithm is shown in Figure 8. Since the
approachattemptsto explore different solutions, differ-
ent bi-decompositionmethodsmay fit in the sameframe-
work. Theactualimplementationusestwo methodsfor bi-
decomposition(function Decompose 2input gates)
thatwill beexplainedbelow.

The recursive paradigmbehindthe ACD DECOMPOSE

algorithm is as follows: (1) find bi-decompositionsof
an incompletelyspecifiedfunction, (2) optimize eachbi-
decompositionfor delay(ACD SPEED), (3) choosethebest
bi-decompositionandcollapsethechildren,(4) recursively
decomposethechildren.Notethattherecursivecall is done
in sucha way that the simplestchild is decomposedfirst,
whereasthe secondchild is decomposedby enhancingits
DC-setaccordingto thefunctionimplementedby theother
child.
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Figure 9. Bi-decomposition by approximation.

4.1 Bi-decompositionmethods

Two bi-decompositionmethodsareusedin theactualim-
plementationof thedecompositionalgorithm.

The first one is a factorizationbasedon the searchof
kernelsandalgebraicdivision [4]. This factorizationis im-
plementedby thefunctionfactor good in SIS[12].

Thesecondapproachis computationallymoreexpensive
and basedon BDD decompositions.Several approaches
havebeenproposedin thisdirection.Theonewehavecho-
senhasbeeninspiredonthecalculationof functionapprox-
imations[11]. Fig. 9 illustratesa simpleexampleon how a
conjunctivedecompositionfor a functioncanbecalculated
by approximations.GiventheBDD ~ , we want to find ~Pp
and ~ � suchthat ~�).~�p�CS~ � . For that,we need ~Pp and
~ � be over-approximationsof ~ . The approachconsists
of remappingsomenodesof ~ in sucha way thattheBDD
sizeis reducedbut thenumberof mintermsof thenew BDD
is not increasedtoomuch(a denseover-approximation).In
the figure, the approximationis calculatedby remapping
thenode � into theconstant+ . ~ is reducedby two nodes
( ~ p ) andthenumberof mintermsis increasedby two. Once
~�p is known, ~ � canbecalculatedby BDD minimization:
~���~ � ��~,� ~�p . The approximationsfor disjunctive
decompositionaresimilar (under-approximationsmustbe
usedinstead).

The actualBDD-basedapproachusedin this paperis
similar to theonein [11], but consideringmany morenodes
as candidatesfor replacement(samelevel, children and
grand-children).

It is important to notice that the approximationap-
proach subsumesthe conjunctive and disjunctive bi-
decompositionsproposedby otherauthors[9, 16], in which
the BDD transformationscan be reducedto re-mapping
somenodesinto constantsor othernodesof thesameBDD.
Only the particularheuristicsusedin eachapproachmay
leadto differentdecompositionresultsin practice.

alg rug bidec[10] acd acdr

collapse
algebraic*4 rugged*4 bidecomp acddecompose

speedup-d3 - resub
map-n1-AFG (library mcnc.genlib)

Table 1. Scripts used for the experimental re-
sults.

alg acd
circuit delay area levels delay area levels
9sym 18.3 378 12 11.8 178 9
apex6 23.7 1289 11 12.5 1960 8
count 16.7 403 7 11.1 537 7
frg1 16.7 213 11 10.0 101 7
lal 13.6 202 6 8.8 273 5
sct 13.1 140 6 8.5 195 5
vda 21.8 1456 9 15.9 2102 8

Table 2. Some salient examples.

5 Experimental results

The strategy presentedin this paperhas beenimple-
mentedin SIS using DAG representationsby meansof
a circuit manager, as explained in Section3.4. The re-
sultshave beencomparedwith SIS andthemethodfor bi-
decompositionpresentedin [10]. The experimentshave
beenrun on 57 combinationalcircuits from the IWLS’93
benchmarkset[6] usingthescriptssketchedin Table1. The
suffix *4 indicatesthat the script hasbeenrun four times
(experimentallywefoundthisnumberto beadequateto ob-
taingood-qualityresults).

All the benchmarksweremulti-level netlists. Initially,
thecircuitswerecollapsedandconvertedinto 2-level forms.
After that,thealgebraicscriptalgwastheonederiving the
bestresultsfor SIS.Thescriptsacd andacdr aretheones
implementingthe strategy of this paper. The script acd
derivesa treedecomposition(no sharing),whereasacdr
attemptsto shareasmuchlogic aspossibleafterdecompo-
sition,by meansof algebraicre-substitution.

Table2 reportsthemostremarkableresultsof theexper-
iments.For somecases(9symandfrg1) areais drastically
reduceddueto thepowerof Booleanbi-decomposition.The
column “levels” reportsthe numberof levels of the cir-
cuit beforetechnologymapping. The numberof levels is
countedasthedepthof thecircuit representedwith 2-input
gates(invertersareignored).A summaryof theresultsfor
the57benchmarksis presentedin Table3. Theresultshave
beenobtainedby addingall the individual resultsof each
benchmark.
Acd obtainsa 23% delay reductionat the expenseof

49%areaincrease.If sharingis allowed(acdr) thedelay
reductionis 15%, but the areaincreaseis only 18%. The
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normalizedresultswrt alg
script alg alg rug bidec acd acdr
delay 688 1.00 1.23 1.03 0.77 0.85
area 12676 1.00 1.05 1.51 1.49 1.18
levels 363 1.00 1.22 1.07 0.88 0.88
cpu(sec) 305 1.00 1.93 0.33 2.10 2.12

Table 3. Summar y of results for 57 benc h-
marks.

delayincreaseof acdrwith regardtoacd reductionis due
to two factors: (1) the capacitive load of the sharednodes
and,(2) sub-optimalityof thetree-mappingalgorithmwhen
working on DAGs. We believe thatresultswith delaysim-
ilar to acd andareasimilar to acdr couldbeobtainedby
usingDAGcovering[8] or gateduplication[14] techniques.

The experimentalresultsalsomanifestthe problemsof
speeding-upnetworks that have beenhighly optimizedfor
area.The resultsobtainedby therugged script areinfe-
rior, on average,thanthoseobtainedby thealgebraic
script. As an example,we took apex6 from the bench-
marksuiteandcomparedthenetworksbeforeexecutingthe
speed up command.Herearetheresults:

algebraic rugged
nodes levels nodes levels

beforespeedup 721 14 713 22
afterspeedup 738 11 770 13

The algebraicscript initially derives a slightly larger
netlist (721nodes,eachnodeis a 2-inputgate)with regard
to the ruggedscript (713 nodes).However, thenumberof
logic levelsis muchhigherfor theruggedscript,dueto the
moreaggressive sharing. This fact hasa tangibleimpact
when trying to speed-upthe netlist. The result obtained
by theruggedscriptendsup by having a largernumberof
nodesandlevels. This exampleillustratesthephenomenon
mentionedin theintroductionof thispaper(Fig. 1).

6 Conclusions

This paperhasshown that speeding-upa Booleannet-
work afterhaving beenreducedfor areais not necessarily
the bestapproachfor synthesizingfast circuits. A novel
approachfor timing-driven decompositionhas beenpre-
sented.It combinesbi-decompositionwith tree-heightre-
duction. Somespecificheuristicsto prunethe exploration
of thedesignspacehave beenproposed.However, thema-
jor contribution of this work is the proposalof a strategy
that aimsat reducingthe depthof a circuit by generating
a balancedtree-like decomposition.Areareductionis per-
formedby sharingisomorphicsubtreesof the decomposi-
tion. Thisoptimizationframeworkcanbeenrichedwith any
bi-decompositiontechniqueproposedby otherauthors.
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