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Abstract. The first order logic Ring(0,+, ∗, <) for finite residue class
rings with order is presented, and extensions of this logic with generalized
quantifiers are given. It is shown that this logic and its extensions cap-
ture DLOGTIME-uniform circuit complexity classes ranging from AC0

to TC0. Separability results are obtained for the hierarchy of these logics
when order is not present, and for Ring(0,+, ∗, <) from the unordered
version. These separations are obtained using tools from class field the-
ory, adapting notions as the spectra of polynomials over finite fields to
sets of sentences in this logic of finite rings, and studying asymptotic
measures of these sets such as their relative densities. This framework of
finite rings with order provides new algebraic tools and a novel perspec-
tive for descriptive complexity.

1 Introduction

We study the first order logic for finite residue class rings, denoted Ring(0,+, ∗),
and extensions of this logic with built-in order < (denoted by Ring(0,+, ∗, <)),
and generalized quantifiers (modular quantifiers ∃r,q, and majority M , denoted
respectively byRing(0,+, ∗, <)+MOD(q) andRing(0,+, ∗, <)+M). The struc-
tures for these logics are the finite residue classes Zm (m positive integer) with
modular addition and multiplication. We show that the expressive power of this
logic, in the presence of built-in order, coincides with the first order logic for the
standard finite models with arithmetic operations as considered in [6,8]. There-
fore, from the descriptive complexity perspective, the computational complexity
classes that can be described with these algebraic models are the DLOGTIME-
uniform circuit complexity classes, consisting of circuits of constant depth and
polynomial size for which a description can be efficiently computed from the size
of their inputs [8].

The perspective of finite residue class rings as instances of problems in these
circuit complexity classes allow us to use the extensive algebraic machinery
proper of finite rings and fields of integer polynomials, algebraic number the-
ory and, in general, tools from class field theory to study expressibility problems
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in these logics. More specifically, we use the notion of the prime spectrum of a
sentence, defined as the collection of primes p such that the sentence holds in
Zp. Using classical results of Ax and Lagarias [1,2,10] on the nature of these
sets of primes for sentences in Ring(0,+, ∗), we separate Ring(0,+, ∗) from
Ring(0,+, ∗) +MOD(q) (for every natural q > 1). Moreover, we use a much
studied asymptotic measure associated with infinite sets of primes, the so-called
natural density, together with a result of Friedlander and Iwaniec [7] on the na-
tural density of the set of prime values of polynomials, to separate Ring(0,+, ∗)
from Ring(0,+, ∗, <). The previous results suggest that the notion of density
of prime spectra may be useful to separate subclasses of Ring(0,+, ∗, <) +M .
To further that aim, we study the behavior of the density of the spectra of sen-
tences in Ring(0,+, ∗, <) + MOD(q) and prove that there exist sentences in
this extended ring logic whose prime spectrum has no natural density.

2 Preliminaries

We are interested in the uniform version of the circuit complexity classes ranging
from AC0 to TC0. Recall that AC0 is the class of languages accepted by polyno-
mial size, constant depth circuits with NOT gates and unbounded fan-in AND
and OR gates. Extending AC0 circuits with unboundedMODq gates, for a fixed
integer q > 1, one obtains the class ACC(q). For each integer q > 1, a MODq

gate reads its boolean input and returns a 1 if the sum of the input bits is divisi-
ble by q (i.e. the sum is equal to 0 mod q); otherwise it returns 0. Joining together

all the ACC(q) classes we get the class ACC, that is, ACC =
⋃

q>1

ACC(q). On

the other hand, extending AC0 circuits with unboundedMAJ gates one obtains
the class TC0. A MAJ (or majority) gate returns a 1 if the sum of n bits given
as input is greater or equal to n/2; otherwise it returns a 0. The languages de-
cided with the use of MODq gates can be decided by using MAJ gates instead.
This fact, together with all given definitions of these circuit classes, give us for
all q > 1 (cf. [4],[8])

AC0 ⊆ ACC(q) ⊆ ACC ⊆ TC0

A circuit family is uniform if a description of each circuit can be computed ef-
ficiently from the size of the input; otherwise it is non-uniform. The uniformity
condition is crucial to relate time and space complexity with size and depth, the
measures for circuit complexity, since it can be shown that in the non uniform
setting there are sets with trivial circuit complexity that are not recursive (see
[5]). However, many important lower bounds are only known for the non uni-
form classes (see the survey [4]), and the challenge is to translate these to the
uniform setting or find new methods that work for showing lower bounds within
uniform circuits.

Our approach to circuit complexity is through finite model theory, and as a
consequence we are working with circuit classes that are DLOGTIME-uniform,
for as it has been shown in [3], the languages in DLOGTIME-uniform circuit



Finite Rings and Circuit Complexity 51

classes AC0 to TC0 are definable in first order logic with built-in arithmetic
predicates and some generalized quantifiers. This works as follows. Consider
first the basic logic FO(≤,⊕,⊗), which is first order logic with built-in order
relation ≤, and two ternary predicates ⊕ and ⊗. In a finite model for this logic,
denoted here as Am (m is the cardinality of the model, and its universe is
|Am| = {0, 1, . . . ,m − 1}), the interpretation of ≤ on Am is as a total ordering
on |Am|, and the interpretations of ⊕ and ⊗ are as truncated addition and
multiplication (e.g. any pair of elements that add up -or multiplies- to a quantity
greater thanm is not a defined triple). Consider further the following generalized
quantifiers:

(G1) Modular quantifiers, ∃(r,q), which for integers r and q, with 0 ≤ r < q, and
first order formula φ(x), the quantified formula ∃(r,q)xφ(x) holds in Am if
and only if the number of values for x that makes φ(x) true is equal to r
modulo q.

(G2) Majority quantifier,M , which for first order formula φ(x, z) with one free
variable z, (Mz)φ(a, z) holds in Am if and only if φ(a, z) is true for more
than half of the possible values for z.

Let FO(≤,⊕,⊗) +MOD(q), for a fixed integer q > 1, be the logic FO(≤,⊕,⊗)
extended with modular quantifiers with moduli q; that is, the set of first order
formulas as before plus the quantifiers ∃(r,q) with 0 ≤ r < q.

Let FO(≤,⊕,⊗)+MOD =
⋃

q>1

(FO(≤,⊕,⊗)+MOD(q)), and FO(≤,⊕,⊗)+M

the logic extended with the majority quantifier M . Barrington et al proved

Theorem 1 ([3]). The languages in DLOGTIME-uniform class C are exactly
those definable in the logic L, where C is AC0, ACC(q), ACC or TC0, and L is
FO(≤,⊕,⊗), FO(≤,⊕,⊗)+MOD(q), FO(≤,⊕,⊗)+MOD or FO(≤,⊕,⊗)+M ,
respectively. �	

3 The Logic of Finite Residue Class Rings and Uniform
Circuit Complexity Classes

In this section we define the first order logic for finite residue class rings, and
extensions with modular and majority quantifiers. We use Z to denote the inte-
gers, R for the reals and P to denote the set of prime numbers. For integers a
and b, b ≡d a denotes that b is congruent to a modulo d, and (a, b) stands for the
greatest common divisor of a, b. For each m ∈ Z, m > 0, we denote by Zm the
finite residue class ring of m elements. Zm, as an algebraic structure, consists
of a set of elements {0, 1, . . . ,m − 1}, and two binary functions + and ∗ which
corresponds to addition and multiplication modulo m, respectively.

Definition 1. By Ring(0,+, ∗) we denote the logic of finite residue class rings.
This is the collection of first order sentences over the set of built-in predicates
{0,+, ∗}, where 0 is a constant symbol, and + and ∗ are binary function symbols.
The models of Ring are the finite residue class rings Zm, and in each Zm, the 0



52 A. Arratia and C.E. Ortiz

is always interpreted as the 0-th residue class (mod m), and + and ∗ are addition
and multiplication modulo m.

By Ring(0,+, ∗, <) we denote the logic Ring(0,+, ∗) further extended with
an additional (built-in) order relation <. In this extension each finite ring Zm

is endowed with an order of its residue classes, given by the natural ordering of
the representatives of each class from {0, 1, . . . ,m − 1}. Also, in this case, the
constant 0 represents the first element in this order.

We can further extendRing(0,+, ∗) orRing(0,+, ∗, <) with modular quantifiers
and the majority quantifier.

Definition 2. For every integer q > 0, we denote by Ring(0,+, ∗) +MOD(q)
and Ring(0,+, ∗, <) +MOD(q) the extensions of the logics Ring(0,+, ∗) and
Ring(0,+, ∗, <) obtained by the additional requirement that these logics be closed
for the quantifiers ∃(r,q)x, for every r = 0, 1, . . . , q− 1. These quantifiers are in-
terpreted in Zm as in (G1). We define Ring(0,+, ∗) +MOD = Ring(0,+, ∗)+⋃
q>0MOD(q) andRing(0,+, ∗, <)+MOD = Ring(0,+, ∗, <)+⋃

q>0MOD(q).
Finally, we denote by Ring(0,+, ∗)+MOD+M and Ring(0,+, ∗ <)+MOD+M
the extensions of the logic Ring(0,+, ∗) +MOD and Ring(0,+, ∗, <) +MOD
obtained by the additional requirement that these logics be closed for the majority
quantifier Mz, interpreted in Zm as in (G2).

Our first theorem states that in the presence of a built-in order relation it is
logically indistinct to work with the standard finite models Am or with the finite
residue class rings Zm. The proof of this fact is long and technically involved; so
we state this important result below and postpone the technical details and full
proof to the Appendix.

Theorem 2. For every formula φ(x1, . . . , xk) of FO(≤,⊕,⊗), there exists a
formula Φ(x1, . . . , xk) of Ring(0,+, ∗, <) such that for every finite structure Am

and integers a1, . . . , ak < m,
Am |= φ(a1, . . . , ak) if and only if Zm |= Φ(a1, . . . , ak).

Conversely, for every formula φ(x1, . . . , xk) of Ring(0,+, ∗, <), there exists
a formula Φ(x1, . . . , xk) of FO(≤,⊕,⊗) such that for every finite structure Zm

and integers a1, . . . , ak < m,
Zm |= φ(a1, . . . , ak) if and only if Am |= Φ(a1, . . . , ak). �	
The result also applies to the respective extensions of the logics with modular
quantifiers and the majority quantifier.

Remark 1. Definability (or expressibility) in the logic of finite rings is given
in terms of the finite residue structures Zm. That is, whenever we say that a
property of integers P (x) is definable in Ring(0,+, ∗, <), or any fragment L
thereof, we mean that there exists a sentence ϕ of L such that for every natural
m, P (m) holds in Z ⇐⇒ Zm |= ϕ.

For a given circuit class C, we say that it is definable in the ring logic L if
every property P (x) decidable in C is definable in L and, for every sentence ϕ
in L, the set of natural numbers m such that Zm |= ϕ, is decidable in C. �	
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As a consequence of the logical equivalence in Theorem 2, any separation result
proved for fragments of Ring(0,+, ∗, <) +MOD +M can be translated into
a corresponding separation result in fragments of FO(≤,⊕,⊗) +MOD +M ,
with the respective implications to circuit complexity. More specifically, from
Theorem 2 and Theorem 1 we have the following definability of uniform circuit
classes in ring logics.

Theorem 3. 1) DLOGTIME-uniform AC0 is definable by Ring(0,+, ∗, <).
2) DLOGTIME-uniform ACC(q) is definable by Ring(0,+, ∗, <) +MOD(q),
for every natural q.
3) DLOGTIME-uniform ACC is definable by Ring(0,+, ∗, <) +MOD.
4) DLOGTIME-uniform TC0 is definable by Ring(0,+, ∗, <)+MOD+M . �	

4 The Prime Spectrum of a Sentence

In this section we separate the expressive power of Ring(0,+, ∗) from that of
Ring(0,+, ∗) +MOD(d) for every natural d > 1.

Definition 3. The prime spectrum of a sentence σ of Ring(0,+, ∗, <)+MOD+
M is defined as the set of primes Sp(σ) = {p ∈ P : Zp |= σ}.
The set Sp(σ) was introduced by James Ax in connection with his proof of de-
cidability of the theory of finite fields [2]. In particular, Ax proved the following:

Theorem 4 (J. Ax [2]). The spectrum Sp(σ) of any sentence σ of Ring(0,+, ∗)
is, up to finitely many exceptions, a Boolean combination of sets of the form
Sp(∃t(f(t) = 0)), where f(t) ∈ Z[t] is a polynomial with integer coefficients. �	
Therefore to characterize the spectra of sentences of Ring(0,+, ∗) it is sufficient
to analyze the spectra of sentences of the form ∃x(f(x) = 0) for polynomials
f ∈ Z[x]. Given a polynomial f(x) ∈ Z[x], we will indistinctly denote by Sp(f)
or Sp(∃x(f(x) = 0)) the spectrum of the sentence ∃x(f(x) = 0). A basic result
of Schur states that every non constant polynomial has an infinite number of
prime divisors; that is, Sp(f) is infinite for any f ∈ Z[x] \Z (see [9, Thm. 1] for
an elementary proof of this fact). If f is irreducible then the same can be said
about the complement of Sp(f), namely,

Sp(f)c := Sp(∀x(f(x) �= 0)) = {p ∈ P : Zp �|= ∃x(f(x) = 0)}
Thus, we have the following properties of spectra of the form Sp(f).

Theorem 5. (1) For any f ∈ Z[x] \ Z, Sp(f) is infinite.
(2) If, additionally, f is irreducible, then Sp(f)c is infinite. �	
This theorem justifies to consider two spectra as equal if they coincide in all but
a finite number of primes, and we denote this by Sp(f) =∗ Sp(g).

Let S denote any system of polynomial congruences such as:

(S) : f1(x1, . . . , xn) ≡p 0, . . . , fm(x1, . . . , xn) ≡p 0
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with each fi ∈ Z[x1, . . . , xn]. Let Σ(S) be the set consisting of all p ∈ P for
which S is solvable. Let B be the Boolean algebra of subsets of P generated by
all the sets Σ(S), and let Bk be the Boolean algebra generated by sets Σ(S),
where the polynomials in S are restricted to have at most k variables, i.e.,

f1(x1, . . . , xk) ≡p 0, . . . , fm(x1, . . . , xk) ≡p 0 (1)

The Boolean algebra B corresponds to the collection of spectra of sentences in
Ring(0,+, ∗) which, by Theorem 4, collapses to its first level B1. Lagarias in
[10] considered this algebra B and gave a characterization of the sets of integer
congruences {p ∈ P : p ≡d a}, for given positive integers d and a, that are in B.
Theorem 6 ([10, Theorem 1.4]). For any pair of integers a and d, the set
{p ∈ P : p ≡d a} is in the Boolean algebra B if and only if a is of order 1 or 2
in Zd (i.e. a ≡d 1 or a2 ≡d 1), or (a, d) > 1. �	
Rephrasing this theorem in terms of spectra of sentences we obtain:

Theorem 7. For any pair of positive integers a and d, with 1 < a < d, the set
{p ∈ P : p ≡d a} is the spectrum of a sentence in Ring(0,+, ∗) if and only if
a2 ≡d 1 or (a, d) > 1. �	
We use this theorem to separate Ring(0,+, ∗) from Ring(0,+, ∗)+MOD(d) for
d an arbitrary positive integer.

Remark 2. In Ring(0,+, ∗) +MOD(d) we have that ∀a < d,

Sp
(∃a,d(x = x)

)
=∗ {p ∈ P : p ≡d a}.

Therefore, by Theorem 7, if we can find for every d an 1 < a < d that is relatively
prime to d, and such that a2 �≡d 1, then we have a set of primes definable in
Ring(0,+, ∗) +MOD(d) that is not definable in Ring(0,+, ∗). Note first that
if there exists a < p with a2 �≡p 1 then for every α, a2 �≡pα 1. Also note that
for every prime p > 3 we have that 22 = 4 �≡p 1. Hence, for any prime p > 3
and any α there exist a < p such that (a, p) = 1 and a2 �≡pα 1. Consider
now an arbitrary integer d and its prime decomposition: d = pα1

1 pα2
2 . . . pαnn . If

one of the pi is greater than 3 then there exists a < pi such that (a, pi) = 1
and a2 �≡p1 1. Recall that Zd

∼= Zp
α1
1

× Zp
α2
2

× . . .Zpαnn . Because of this ring
isomorphism, we will identify the elements of Zd with the corresponding tuples
in Zp

α1
1

× Zp
α2
2

× . . .Zpαnn . Then the element (1, . . . , a, . . . , 1), with a in the i-th

coordinate and 1 everywhere else, is relatively prime to d (the only elements that
are not relatively prime to d are the ones of the form (a1, a2, . . . , an) where for

some i, ai = 0 or ai = pβi with 1 < β < αi. Also note that (1, . . . , a, . . . , 1)2 �≡d
(1, . . . , 1, . . . , 1). Looking now at powers of 3 and 2, note that 32 ≡24 9 �≡24 1,
and that 22 ≡32 4 �≡32 1 so we can repeat the above argument. Hence, for any
d such that there is a prime > 3 that divides d, or 32 or 24 divides d, we have
that there exists a < d such that (a, d) = 1 and a2 �≡d 1. Hence, for such a d,
{p ∈ P : p ≡d a} is not expressible in Ring(0,+, ∗).

We summarize these remarks in the following propositions.
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Proposition 1. For every natural number d �= 2α3β, 0 ≤ α ≤ 3, 0 ≤ β ≤ 1 and
d > 1, there exists a < d with (a, d) = 1 and a2 �≡d 1. �	
Proposition 2. For every natural number d �= 2, 3, 4, 6, 8, 12, 24 there exists
a < d such that there is no sentence θ ∈ Ring(0,+, ∗) equivalent to ∃a,d(x = x).
Hence, in terms of expressive power, for every d �= 2, 3, 4, 6, 8, 12, 24,
Ring(0,+, ∗) � Ring(0,+, ∗) +MOD(d). �	
The problem with d = 2, 3, 4, 6, 8, 12, 24 is that for each one of these d, ∀a ∈ Zd,
either a and d are not relatively prime, or a2 ≡d 1. Hence for such integers we
can not use the canonical counterexample above to separate Ring(0,+, ∗) from
Ring(0,+, ∗)+MOD(d). However, we have obtained the desired inexpressibility
for these integers through direct combinatorial, yet convoluted, arguments. We
omit the details due to space restrictions, and just point out the general plan of
the proof. For each one of the integer values of d listed above, the key idea is
to express in Ring(0,+, ∗) +MOD(d) a property of the form {p : p ≡dγ c}, for
some c < dγ such that c2 �≡dγ 1 for some integer γ. Then, from Theorem 7 we
can conclude that this property is not expressible in Ring(0,+, ∗).
Theorem 8. For all integer d �= 1, Ring(0,+, ∗) � Ring(0,+, ∗) +MOD(d).

5 The Density of the Prime Spectrum of a Sentence

In this section we prove that the expressive power of Ring(0,+, ∗) is different
from the expressive power of Ring(0,+, ∗, <). A way of discerning infinite sets
of primes is to compare their relative sizes. Given S ⊂ P, the natural density of

S is defined as δ(S) = lim
t→∞

|{p ∈ S : p < t}|
|{p ∈ P : p < t}| , whenever this limit exists. Note

that if S is finite then δ(S) = 0; and if S and T are two sets of primes such that
S =∗ T then δ(S) = δ(T ).

The following observation will be helpful for computing the natural density.
By the Prime Number Theorem, the number of primes less than t is asymptotic
to t/ ln t. Therefore,

δ(S) = lim
t→∞

|{p ∈ S : p < t}|
|{p ∈ P : p < t}| = lim

t→∞

(
ln t

t

)
· |{p ∈ S : p < t}| (2)

We will also need the following well known theorem on the density of spectra of
irreducible polynomials (cf. [11, §5]).
Theorem 9 (Weak Cĕbotarev Theorem). If f(x) is an irreducible polyno-
mial in Z[x] of degree n, then δ(Sp(f)) = 1/n. �	
From this theorem it follows that every element of the Boolean algebra B1 has
rational density, and it is 0 if and only if the set is finite. Together with Ax’s
result (Theorem 4) we obtain:

Theorem 10. The spectrum of any sentence in Ring(0,+, ∗) has rational den-
sity, and this density is 0 if and only if the spectrum is finite. �	
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We are going to prove that this is not the case for the spectra of sentences in
Ring(0,+, ∗, <). More specifically, there exists sentences σ ∈ Ring(0,+, ∗, <)
such that the density of Sp(σ) is zero, but the cardinality of Sp(σ) is infinite.

An outstanding result by Friedlander and Iwaniec in [7] states that the poly-
nomial f(x, y) = x2 + y4 has infinitely many prime values. More specifically,

Theorem 11 ([7]). There are infinitely many primes p of the form p = a2+b4,
for integers a and b, and the number of these primes p < t is O(t3/4). �	
Using this result and (2) we obtain that the density of the set of primes

FI := {p ∈ P : p = a2 + b4, a, b ∈ Z}

is of order lim
t→∞

ln t

t1/4
= 0. By Theorem 10 the set FI cannot be the spectrum of

a sentence in Ring(0,+, ∗). It remains to show that the set FI is definable in
Ring(0,+, ∗, <). We can in fact show a stronger result.

Theorem 12. Consider a polynomial in Z[x, y] of the form f(x, y) = h(x) +
g(y), with n the degree of h and d the degree of g. Assume that n, d ≥ 1 and
that the leading coefficients of h(x) and g(x) are positive. Then there exists a
sentence φf ∈ Ring(0,+, ∗, <) such that for almost every natural m:

Zm |= φf if and only if “m is prime and there exists naturals a, c < m such
that f(a, c) = m”.

Proof Sketch. The ith derivative of h(x) is a polynomial of degree n − i with
positive leading coefficient, hence eventually increasing. Then, for some M , the
functions g, h, and the derivatives h(1), h(2), . . . , h(n) are strictly increasing and

positive in [M,+∞), and for every x > M , h(x) > h(1)(x)+ h(2)(x)
2! + . . .+ h(n)(x)

n! .
Fix m > M + 1. Then, for every pair of integers b + 1, c ∈ (M,m), if Z |=
h(b)+ g(c) < m ≤ h(b+1)+ g(c) then h(b+1)+ g(c)−m < h(b) + g(c) < m. It
follows that for every M < c < m the smallest value M < b + 1 < m for which
Z |= h(b+ 1) + g(c) ≥ m can be characterized as the smallest value b > M such
that Zm |= h(b + 1) + g(c) < h(b) + g(c). This last statement is expressible in
Ring(0,+, ∗, <) by a formula ψ(b, c). Putting together the previous observations
we obtain that for every m > M :

Zm |= ∃b, c(ψ(b, c)∧f(b+1, c) = 0) iff Z |= ∃b, c(b, c < m−1∧f(b+1, c) = m).�	
As a corollary of this theorem we obtain:

Theorem 13. Ring(0,+, ∗) is properly contained in Ring(0,+, ∗, <). �	

6 On the Existence of Spectra without Density

The results of the previous section suggest that the notion of density may be
useful for separating fragments of Ring(0,+, ∗, <) +MOD +M . Therefore we
study the behavior of the spectra for sentences in Ring(0,+, ∗, <)+MOD. We
first show that the addition of order to Ring(0,+, ∗) enriches so much this logic
that we can code the modular semantics of Ring(0,+, ∗, <) within itself.
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Theorem 14 (Coding Theorem). For all ϕ(x) in Ring(0,+, ∗, <) there ex-
ists a formula TRANϕ(x, y) in Ring(0,+, ∗, <) such that for every natural m,
for any b < m and any tuple a < b < m, Zb |= ϕ(a) ⇐⇒ Zm |= TRANϕ(a, b).

Proof. The proof is by induction in formulas, and is given in the Appendix. �	
Remark 3. A similar theorem holds for any fragment ofRing(0,+, ∗, <)+MOD+
M that contains Ring(0,+, ∗, <). �	
Remark 4. In the rest of the section, when describing the spectrum of a sentence
as Sp(σ) = {pn}n∈ω we assume that p1 < p2 < . . . < pn < . . .. �	
The second ingredient is to focus on sentences in Ring(0,+, ∗, <) that are “thin”
in the following sense.

Definition 4. A sentence θ in Ring(0,+, ∗, <)+MOD+M has a thin spectrum
if |Sp(θ)| = ω and there exists a real number r ≥ 2 such that when listing the
elements of Sp(θ) as p1 < p2 < . . . < pn < . . ., we have that for almost all
natural numbers n, rpn < pn+1.

Essentially the spectrum of a sentence is “thin” if the distance between consec-
utive primes in the spectrum increases exponentially.

Example 1. For every q prime, let FIRSTPRIMEq be the property that says:

The cardinality of the structure is a prime number p and, if qk < p < qk+1

for some positive integer k, then there is no prime h such that qk < h < p.

Since Ring(0,+, ∗, <) = FO(≤,⊕,⊗) it is easy to see that the property “x is a
power of y” (i.e., the usual exponentiation in Z) is definable in Ring(0,+, ∗, <).
It follows that FIRSTPRIMEq is definable in Ring(0,+, ∗, <). On the other
hand, one can see that for q > 6, FIRSTPRIMEq has thin spectrum. �	
Definition 5. For a positive integer x, π(x) = |{q ∈ P : q ≤ x}|. By extension,
for a given sentence σ, we define πσ(x) = |{q ∈ P : q ≤ x ∧ Zq |= σ}|.
Using the fact that the function F (x) = x

ln(x) is strictly increasing in R, observe

that if the spectrum of a sentence θ is thin, with Sp(θ) = {pn}n∈ω, then for
almost all natural numbers n we have that

(
pn+1

ln(pn+1)

)
>

(
pn

ln(pn)

)⎛

⎝ r

(1 + ln(r)
ln(pn)

)

⎞

⎠ > 2

(
pn

ln(pn)

)
.

These inequalities, together with the Prime Number Theorem, give us a charac-
terization of thin spectra in terms of the numbers π(pn):

Proposition 3. For a sentence θ with thin spectrum Sp(θ) = {pn}n∈ω we have
that, for almost all natural numbers n, 2π(pn) < π(pn+1). �	
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Our main interest on sentences with thin spectrum is that, in the modular logics
Ring(0,+, ∗, <)+MOD(q) (q natural number), they generate sentences without
natural density. We begin by looking at the logic Ring(0,+, ∗, <) +MOD(2).
Consider the sentence PRIME in Ring(0,+, ∗) which says that the size of finite
ring model is prime (it is enough to say that every element has a multiplicative
inverse). By Theorem 14 and Remark 3 for every sentence θ in Ring(0,+, ∗, <)
+MOD, we have TRANθ is the coding of θ in the residue classes.

Theorem 15. If θ is a sentence in Ring(0,+, ∗, <)+MOD(2) with thin spec-
trum then the spectrum of the sentence

ψ := PRIME ∧ ∃0,2x (TRANθ(x) ∧ TRANPRIME(x))
has no density. Note also that ψ is a sentence in Ring(0,+, ∗, <) +MOD(2).

The sentence ψ above essentially says: “The size of the model is a prime q and
the number of primes p < q such that Zp |= θ is even”. This sentence has no
density because the increasing sequence of all primes alternates between intervals
of exponential length where any prime in it satisfies ψ, followed by intervals of
exponential length where no prime in it satisfies ψ. Thus the lim sup of the
density of ψ is strictly greater than 1/2 but the lim inf is strictly less than 1/2.
The full proof of this theorem is in the Appendix. Since Example 1 gives us a
thin sentence in Ring(0,+, ∗, <) we then have

Corollary 1. There exist sentences in Ring(0,+, ∗, <)+MOD(2) whose prime
spectrum has no density. �	
The previous result can be generalized to Ring(0,+, ∗, <)+MOD(q), for every
integer q > 1; hence showing that in these logics we have sentences whose prime
spectrum have no density.

7 Final Comments

We have established the separation of subclasses of Ring(0,+, ∗, <) + MOD
using results from number theory and the notions of prime spectra of sentences
and their natural density. Given the fact that separation of Ring(0,+, ∗, <) from
Ring(0,+, ∗, <) +MOD(2) will yield that

DLOGTIME-uniform AC0 �= DLOGTIME-uniform ACC(2),

and that similar separations for fragments of the logic Ring(0,+, ∗, <)+MOD+
M will yield separations for DLOGTIME uniform classes such as TC0 and
ACC, we believe that it is relevant to understand the prime spectra of sentences
in Ring(0,+, ∗, <) +MOD +M . Of particular interest to us are the following
questions:

– Does every spectrum in Ring(0,+, ∗, <) has a density? If that is the case,
then this would separate this logic from Ring(0,+, ∗, <)+MOD(2) because
of Theorem 15.
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– What can be said of the spectrum of a sentence in Ring(0,+, ∗)+MOD(n)
for n positive integer? The goal here is to separate Ring(0,+, ∗)+MOD(n)
from Ring(0,+, ∗) +MOD(m), for m �= n positive integers.

– What can be said of the spectrum of a sentence in Ring(0,+, ∗, <)+M? We
expect these sets to be much more “wild” that the spectra of sentences in
Ring(0,+, ∗, <) because of the expressive power of the majority quantifier.
Thus we believe that a different concept from natural density should be used
to study these spectra.

Acknowledgements. The authors gratefully acknowledge the fruitful com-
ments of the three anonymous reviewers that lead to an improvement of the
original manuscript.
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Appendix

We now proceed to prove that the expressive power of FO(≤,⊕,⊗) is contained
in the expressive power of Ring(0,+, ∗, <). Recall that the built-in predicates of
FO(≤,⊕,⊗) are an ordering relation and two ternary relations: ⊕(x, y, z) and
⊗(x, y, z), interpreted in finite models Am as truncated natural addition and
multiplication. We have to see how to interpret these predicates in the arithmetic
of residue classes.

Lemma 1. There exists first order formulas ADD(x, y, z) and PROD(x, y, z)
of Ring(0,+, ∗, <) such that for every structure Am of FO(≤,⊕,⊗), for every
a, b, c < m, Am |= ⊕(a, b, c) if and only if Zm |= ADD(a, b, c), and
Am |= ⊗(a, b, c) if and only if Zm |= PROD(a, b, c).



60 A. Arratia and C.E. Ortiz

Proof. Note that in any model Am, for any three elements a, b, c ∈ Am, Am |=
⊕(a, b, c) if and only if Zm |= a+ b = c and for every 0 < y ≤ b, Zm |= a+ y �= 0.

Note now that for any two elements d ≤ e < m, if Z |= e + d ≥ m then
the reminder of dividing e+ d by m is actually less than e, i.e Zm |= e+ d < e.
Thanks to this observation we have that for any three elements a, b, c ∈ Am with
a, b �= 0, Am |= ⊗(a, b, c) if and only if Zm |= a ∗ b = c and Zm |= a < a ∗ 2 <
a ∗ 3 < . . . < a ∗ b. It follows that the desired formulas are the following:

ADD(x, y, z) := (x+ y = z ∧ ∀r < x(y + r �= 0))

PROD(x, y, z) := (x = y = z = 0) ∨ ((x �= 0 ∧ y �= 0) ∧
(x ∗ y = z) ∧ ∀r < y(x ∗ r ≤ x ∗ r + r)) �

The rest of this section is devoted to prove that the expressive power of Ring(0,
+, ∗, <) is contained in the expressive power of FO(≤,⊕,⊗).

We begin by showing how to simulate the modular addition in FO(≤,⊕,⊗).
Suppose we are in Zm, and let a, b < m. If a+ b = c < m then the sum (mod m)
of a and b coincides with the natural addition, that is, Am |= ⊕(a, b, c). However,
if a + b ≥ m then a + b = m + c, with c < m, and a + b ≡m c. In this case
note that a + w = m and b = w + c, for some w < m. Thus, we can describe
in FO(≤,⊕,⊗) the statement Zm |= a + b = c, whenever a + b ≥ m, by a first
order expression that says that for some w, a + w = m (the cardinality of the
model), and b = w+ c, the latter being a natural sum (i.e. in Am). We formalise
this idea below.

Lemma 2. There exists a formula SUM(x, y, z) of FO(≤,⊕,⊗) such that for
every model Zm of Ring(0,+, ∗, <), for every a, b, c < m,

Zm |= a+ b = c ⇐⇒ Am |= SUM(a, b, c)

Proof. Consider the following formula in FO(≤,⊕,⊗) of free variables x and y

COMP (x, y) := (∀u < y∃w(⊕(x, u, w))) ∧ ∀w(¬ ⊕ (x, y, w))

that says that y is the first element of the model such that ∀z¬⊕ (x, y, z). Then,
for a, b < m, Am |= COMP (a, b) ⇐⇒ a+ b ≡m 0, and we have
SUM(x, y, z) := ⊕(x, y, z) ∨ ∃w(COMP (x,w) ∧ ⊕(w, z, y)). �	
Next we show how to simulate the modular multiplication in FO(≤,⊕,⊗). Let us
first explain the intuition behind. Our goal is to show that the modular operation
ab ≡m c can be described by formulas of FO(≤,⊕,⊗). To achieve this goal we
shall show that we can decompose a and b in the following form: pick the least
u < m such that u2 > m, and write a = k1u + t1 and b = k2u + t2, for some
k1, k2, t1, t2 < u. Note that u does not depend on a or b, but the decomposition
above does depend on u. Then ab can be decomposed as

ab ≡m (k1u+ t1)(k2u+ t2) ≡m (k1k2)u
2 + (k1t2)u+ (k2t1)u+ t1t2

Since k1k2, k1t2, k2t1, k2t1 < m (by the way we chose u), these products are all
describable in FO(≤,⊕,⊗). Finally, we show that for any h < m, the products hu
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and hu2 are definable in FO(≤,⊕,⊗). The key in this last step is to decompose
u as (u − 1) + 1, and decompose u2 ≡m su+ t, for s = 0, 1 and t < u. This last
expression follows by the characteristics of u. Then use these decompositions of u
and u2 to decompose further (k1k2)u

2+(k1t2)u+(k2t1)u+ t1t2 into summands
so that each will be expressible in FO(≤,⊕,⊗), and then invoking Lemma 2,
we get that this sum, and hence the modular product ab ≡m c, is expressible in
FO(≤,⊕,⊗). We now present the formal details.

Lemma 3. Let m be a positive integer. Let u be the smallest positive integer
such that u < m and u2 > m. Then:

1. u is definable in FO(≤,⊕,⊗).
2. There exists s ∈ {0, 1} and w < u such that u2 ≡m su+w. Furthermore the

statement u2 ≡m su+ w is definable in FO(≤,⊕,⊗).
3. For every a, b < m, there exists k1, k2, t1, t2 < u, such that a ≡m k1u+t1 and

b ≡m k2u+t2. Furthermore, the statements a ≡m k1u+t1 and b ≡m k2u+t2
are definable in FO(≤,⊕,⊗).

Proof. 1. Consider the following formula of FO(≤,⊕,⊗) in the variable u:

ROOT (u) := ∀t < u∃w(⊗(t, t, w)) ∧ ∀w(¬ ⊗ (u, u, w)) (3)

Then, for an element u in Am, Am |= ROOT (u) if and only if u is the
smallest element of Am such that u2 > m.

2. Since (u− 1)2 < m < u2, then if we divide u2 by m we get u2 = km+ r, for
some k < m and some r < u2 − (u − 1)2 = 2u− 1 < 2u. Hence, r = su + w
with s ∈ {0, 1} and w < u. Note finally that u2 ≡m su + w with s ∈ {0, 1}
and w < u if and only if (u−1)u+(1−s)u ≡m w. Since the result of each one
of these products is less that m, and we proved that addition modulo m is
definable in FO(≤,⊕,⊗), we can conclude that the statement u2 ≡m su+w
with s ∈ {0, 1} and w < u is definable in FO(≤,⊕,⊗).

3. If a, b < u then a = 0u+ a and b = 0u+ b. If a or b ≥ u then the expressions
follow by simple division by u (which is definable in FO(≤,⊕,⊗)) and by
using the fact after division k1, k2, t1, t2 are less than u so that that the
products k1u, k2u are directly definable using ⊗ . The expresibility of these
formulas in FO(≤,⊕,⊗) is left to the reader. �	

Lemma 4. Let m and u be as in the previous lemma. For every a, c < m, the
modular relations au ≡m c and au2 ≡m c are expressible in FO(≤,⊕,⊗).

Proof. We have that au ≡m c if and only if
∃u∃k1, t1 (k1 < u ∧ t1 < u ∧ROOT (u) ∧ a ≡m k1u+ t1 ∧ c ≡m (k1u+ t1)u) iff
∃u∃k1, t1

(
k1 < u ∧ t1 < u ∧ROOT (u) ∧ a ≡m k1u+ t1 ∧ c ≡m k1u

2 + t1u
)

iff
∃u∃k1, t1(k1 < u ∧ t1 < u ∧ROOT (u) ∧ a ≡m k1u+ t1 ∧
∃s, u, w(s = 0 ∨ s = 1 ∧ w < u ∧ u2 ≡m su+ w ∧ c ≡m k1(su+ w) + t1u)) iff
∃u∃k1, t1(k1 < u ∧ t1 < u ∧ROOT (u) ∧ a ≡m k1u+ t1 ∧
∃s, u, w(s = 0 ∨ s = 1 ∧ w < u ∧ u2 ≡m su+ w ∧ c ≡m k1su+ k1w + t1u))
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From the above equivalence and from Lemmas 2 and 3 we can conclude that
au ≡m c is expressible in FO(≤,⊕,⊗). Analogously, note that

au2 ≡m c iff ∃k1, t1(k1 < u ∧ t1 < u ∧ROOT (u) ∧
a ≡m k1u+ t1 ∧ (k1u+ t1)u

2 ≡m c).

As in the previous case, note also that

c ≡m (k1u+ t1)u
2 iff ∃s, u, w(s = 0 ∨ s = 1 ∧w < u

∧ u2 ≡m su+ w ∧ c ≡m (k1u+ t1)(su + w))

and this last statement is equivalent to

∃s, u, w(s = 0∨s = 1∧w < u∧u2 ≡m su+w∧c ≡m k1su
2+ t1su+k1wu+ t1w)

which in turn, replacing u2, is equivalent to

∃s, u, w(s = 0∨s = 1∧w < u∧u2 ≡m su+w∧c ≡m k1s(su+w)+t1su+k1wu+t1w)

From Lemmas 2 and 3 we conclude from this expression that the relation au2 ≡m
c is also definable in FO(≤,⊕,⊗). �	
We can now show that the modular product is definable in FO(≤,⊕,⊗).

Theorem 16. For every a, b, c < m, the modular product ab ≡m c is definable
in FO(≤,⊕,⊗), i.e., there exists a formula PROD(x, y, z) of FO(≤,⊕,⊗) such
that for every model Zm of Ring(0,+, ∗, <), for every a, b, c < m,

Zm |= a ∗ b = c ⇐⇒ Am |= PROD(a, b, c)

Proof. ab ≡m c if, and only if, for the smallest u < m, for which u2 > m, there
exists k1, t1, k2, t2 < u such that a ≡m k1u+ t1 and b ≡m k2u+ t2, and

c ≡m (k1u+ t1)(k2u+ t2) ≡m (k1k2)u
2 + (k1t2)u+ (t1k2)u + t1t2

By Lemma 4, the relations (k1k2)u
2 ≡m x, (k1t2)u ≡m y and (t1k2)u ≡m z are

all definable in FO(≤,⊕,⊗); u is definable and also the relations a ≡m k1u+ t1
and b ≡m k2u+ t2 are definable in FO(≤,⊕,⊗). Using Lemma 2 we can obtain a
definition for the relation ab ≡m c in FO(≤,⊕,⊗) with a, b, c as parameters. �	
Proof of the Atomic Case for the Coding Theorem (Theorem 14).
Case: Modular congruence. Fix an arbitrary natural m and three elements x, y,
z < m. We need to code the statement x ≡y z into Zm. First consider the formula
in Ring(0,+, ∗, <): DIV (x, y, z, w) := (⊗(y, z, t) ∧ ⊕(t, w, x) ∧ 0 ≤ w ∧ w < z,
which expresses the Euclidean division of x by y with quotient z and remainder
w (Recall that FO(≤,⊕,⊗) = Ring(0,+, ∗, <), hence the relations ⊕ and ⊗ are
definable in Ring(0,+, ∗, <)). Then the formula

MOD(x, y, z) := ∃s, w, r(DIV (x, y, s, r) ∧DIV (z, y, w, r)).
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that says that the remainders of dividing x by y, and z by y are the same, is
such that for every natural m, for every a, d < c < m,

Zc |= a = d ⇐⇒ Zm |=MOD(a, c, d).

Case: Modular addition and multiplication. Fix an arbitrary natural m and three
elements x, y, z, w < m. We need to code the statements x+w ≡y z and xy ≡y z
into Zm. This is accomplished by the formulas: MOD(x+ w, y, z) and
MOD(x ∗ w, y, z). More precisely, we have that for every a, b, d < c < m,

Zc |= a+ b = d ⇐⇒ Zm |=MOD(a+ b, c, d)

and Zc |= a ∗ b = d ⇐⇒ Zm |=MOD(a ∗ b, c, d).
Case: Linear order. Fix an arbitrary natural number m, and three integers
x, y, z < m. We need to code the statement: Zy |= x < z. This is accomplished
by the following formula:

ORD(x, y, z) := ∃a, b(a < b < y ∧MOD(a, y, x) ∧MOD(b, y, z))

which says that a ≡y x and b ≡y z and a < b < y. More precisely, we have that
for every natural m, for every naturals a, c < b < m,

Zb |= a < c ⇐⇒ Zm |= ORD(a, b, c).

This completes the proof of the atomic case for the Coding Theorem. Next
the conjunction, negation and existential expressions follow directly from the
appropriate constructions. Assuming the TRAN process has been defined for
formulas ϕ(x), ψ(x), θ(x, z) we define:

– TRANψ∧ϕ(x, y) := TRANψ(x, y) ∧ TRANϕ(x, y).
– TRAN¬ψ(x, y) := ¬TRANψ(x, y).
– TRAN∃zθ(x, y) := ∃z < yTRANθ(x, z, y). �	

Proof of Theorem 15
A ring model Zm satisfy ψ if and only if m is prime and the number of primes
q < m such that Zq |= θ is even. Let p1 < p2 < . . . < pn < . . . be the primes
in Sp(θ), then Zm |= ψ if and only m = p, for some prime p, and there exists
an integer j such that p2j < p ≤ p2j+1. Likewise, Zm |= ¬ψ if and only if m is
not a prime, or if it is a prime, say p, then there exists an integer j such that
p2j−1 < p ≤ p2j . Observe that

πψ(p2k) = πψ(p2k−1) + |{p ∈ P : p2k−1 < p ≤ p2k ∧ Zp |= ψ}|
and since no prime p, such that p2k−1 < p ≤ p2k, can generate a model Zp of
ψ, we have that |{p ∈ P : p2k−1 < p ≤ p2k ∧ Zp |= ψ}| = 0, and in consequence,
πψ(p2k) = πψ(p2k−1). Using that Sp(θ) is thin we have that for all integer k,

πψ(p2k)

π(p2k)
=

(
πψ(p2k−1)

π(p2k)

)
for almost all k−−−−−−−−−−−−→<

1

2

πψ(p2k+1)

π(p2k+1)
≥ π(p2k+1)− πψ(p2k)

π(p2k+1)
=

(
1− πψ(p2k)

π(p2k+1)

)
for almost all k−−−−−−−−−−−−→>

1

2

We then have that limn→∞
πψ(n)
π(n) does not exists. �	
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