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Abstract

We define tree automata with global constraints (TAGC),
generalizing the well-known class of tree automata with
global equality and disequality constraints [14] (TAGED).
TAGC can test for equality and disequality between sub-
terms whose positions are defined by the states reached dur-
ing a computation. In particular, TAGC can check that all
the subterms reaching a given state are distinct. This con-
straint is related to monadic key constraints for XML docu-
ments, meaning that every two distinct positions of a given
type have different values.

We prove decidability of the emptiness problem for
TAGC. This solves, in particular, the open question of de-
cidability of emptiness for TAGED. We further extend our
result by allowing global arithmetic constraints for count-
ing the number of occurrences of some state or the number
of different subterms reaching some state during a compu-
tation. We also allow local equality and disequality tests
between sibling positions and the extension to unranked
ordered trees. As a consequence of our results for TAGC, we
prove the decidability of a fragment of the monadic second
order logic on trees extended with predicates for equality
and disequality between subtrees, and cardinality.

1 Introduction

Tree automata techniques are widely used in several do-
mains like automated deduction (seee.g. [10]), static ana-
lysis of programs [6] or protocols [28, 12], and XML pro-
cessing [23]. A severe limitation of standard tree automata
(TA) is however that they are not able to test for equal-
ity (isomorphism) or disequality between subtrees in an
input tree. For instance, the language of trees described
by a non-linear pattern of the formf(x, x) is not regular
(i.e. there exists no TA recognizing this language). Similar
problems are also frequent in the context of XML docu-
ments processing. XML documents are commonly repres-
ented as labeled trees, and they can be constrained by XML
schemas, which define both typing restrictions and integrity

constraints. All the typing formalisms currently used for
XML are based on finite tree automata. The key constraints
for databases are common integrity constraints expressing
that every two distinct positions of a given type have differ-
ent values. This is typically the kind of constraints that can
not be characterized by TA.

One first approach to overcome this limitation of TA con-
sists in adding the possibility to make equality or disequality
tests at each step of the computation of the automaton. The
tests are performedlocally, between subtrees at a bounded
distance from the current computation position in the input
tree. The emptiness problem, whether the language recog-
nized by a given automaton is empty, is undecidable with
such tests [21]. A decidable subclass is obtained by restrict-
ing the tests to sibling subtrees [4] (see [10] for a survey).

Another approach was proposed more recently in [13,
14] with the definition of tree automata withglobalequality
and disequality tests (TAGED). The TAGED do not perform
the tests during the computation steps but globally on the
tree, at the end of the computation, at positions which are
defined by the states reached during a computation. For
instance, they can express that all the subtrees that reached
a given stateq are equal, or that every two subtrees that
reached respectively the statesq andq′ are different. The
emptiness has been shown decidable for several subclasses
of TAGED [13, 14], but the decidability of emptiness for
the whole class remained a challenging open question.

In this paper, we answer this question positively, even
for a class of tree recognizers more general than TAGED.
We define (in Section 2) a class of tree automata with
global constraints (TAGC) which, roughly, corresponds to
TAGED extended with the possibility to express disequalit-
ies between subtrees that reached the same state (specifying
key constraints, which are not expressible with TAGEDs),
and with arbitrary Boolean combinations (including nega-
tion) of constraints. We show in Section 3 that emptiness
is decidable for TAGC. The decision algorithm uses an in-
volved pumping argument: every sufficiently large tree re-
cognized by the given TAGC can be reduced by an oper-
ation of parallel pumping into a smaller tree which is still
recognized. The existence of the bound is based on a par-



ticular well quasi-ordering.
In Section 4.1, we study the extension of TAGC with

global counting constraints on the number∣q∣ of occur-
rences of a given stateq in a computation, or the number
∥q∥ of distinct subtree reaching a given stateq in a compu-
tation. We show that emptiness is decidable for this exten-
sion when counting constraints are only allowed to compare
states to constants, like in∣q∣ ≤ 5 or ∥q∥+2∥q′∥ ≥ 9 (actu-
ally in this case, the counting constraints do not improve the
expressiveness of TAGC). With counting constraints able
to compare state cardinalities (like in∣q∣ = ∣q′∣), empti-
ness becomes undecidable. We show that the emptiness
decision algorithm can also be applied to the combination
of TAGC with local tests between sibling subtrees a la [4]
(Section 4.2), and to unranked ordered labeled trees (Sec-
tion 4.3). This demonstrates the robustness of the method.

As an application of our results, in Section 5 we present a
(strict) extension of the monadic second order logic on trees
whose existential fragment corresponds exactly to TAGC.
In particular, we conclude its decidability. The full version
of this paper including all proofs can be found in [3].

Related Work. The languages of TAGC and tree auto-
mata with local equality and disequality constraints are in-
comparable (seee.g. [17]). We show in Section 4.2 that
the local tests between sibling subtrees of [4] can be ad-
ded to TAGC while preserving the decidability emptiness.
The tree automata of [4] have been generalized from ranked
trees to unranked ordered trees [29, 20]. In unranked trees,
the number of brothers (under a position) is unbounded, and
UTASC transitions use MSO formulae (on words) with 2
free variables in order to select the sibling positions to be
tested for equality and disequality. The decidable gener-
alization of TAGC to unranked ordered trees proposed in
Section 4.3 and the automata of [29, 20] are incomparable.
A combination of both formalisms could be the object of a
further study.

Another way to handle subtree equalities is to use auto-
mata computing on DAG’s representation of trees [7, 1].
This model is incomparable to TAGC whose constraints are
conjunctions of equalities [17]. The decidable extension of
TA with one tree shaped memory [9] can simulate TAGC
with equality constraints only, providing that at most one
state per run can be used to test equalities, see [13].

As explained in Section 2.2, the TAGC strictly gener-
alize the TAGEDs of [13, 14]. The latter have been in-
troduced as a tool to decide a fragment of the spatial lo-
gic TQL [13]. Decidable subclasses of TAGEDs were
also shown in correspondence with fragments of monadic
second order logic on the tree extended with predicates for
subtree (dis)equality tests. In Section 5, we generalize this
correspondence to TAGC and a more natural extension of
MSO.

There have been several approaches to extend TA with
arithmetic constraints on cardinalities∣q∣ described above:
the constraints can be added to transitions in order to
count between siblings [25, 11] (in this case we could call
them local by analogy with equality tests) or they can be
global [19]. We compare in Section 4.1 the latter approach
(closer to our settings) with our extension of TAGC,wrt
emptiness decision. To our knowledge, this is the first time
that arithmetic constraints on cardinalities of the form∥q∥
are studied.

2 Preliminaries

2.1 Terms, Positions, Tree Automata

We use the standard notations for terms and positions,
see [2]. A signatureΣ is a finite set of function sym-
bols with arity. We sometimes denoteΣ explicitly as
{f1 : a1, . . . , fn : an} wheref1, . . . , fn are the function
symbols, anda1, . . . , an are the corresponding arities, or
as{f1, . . . , fn} when the arities are omitted. We denote the
subset of function symbols ofΣ of aritym asΣm. The set
of (ranked)termsover the signatureΣ is defined recursively
asT (Σ) := {f ∣ f : 0 ∈ Σ} ∪ {f(t1, . . . , tm) ∣ f : m ∈
Σ, t1, . . . , tm ∈ T (Σ)}.

Positions in terms are denoted by sequences of natural
numbers. WithΛ we denote the empty sequence (root posi-
tion), andp.p′ denotes the concatenation of positionsp and
p′. The set of positions of a termt is defined recursively as
Pos

(

f(t1, . . . , tm)
)

= {Λ} ∪ {i.p ∣ i ∈ {1, . . . ,m} ∧ p ∈
Pos(ti)}. A term t ∈ T (Σ) can be seen as a function
from its set of positionsPos(t) into Σ. For this reason,
the symbol labeling the positionp in t shall be denoted
by t(p). By p < p′ and p ≤ p′ we denote thatp is a
proper prefix ofp′, and thatp is a prefix ofp′, respect-
ively. In this cases,p′ is necessarily of the formp.p′′, and
we definep′ − p as p′′. Two positionsp1, p2 incompar-
able with respect to the prefix ordering are calledparallel,
and it is denoted byp1 ∥ p2. The subtermof t at posi-
tion p, denotedt∣p, is defined recursively ast∣Λ = t and
f(t1, . . . , tm)∣i.p = ti∣p. The replacement int of the sub-
term at positionp by s, denotedt[s]p is defined recursively
as t[s]Λ = s and f(t1, . . . , ti−1, ti, ti+1, . . . , tm)[s]i.p =
f(t1, . . . , ti−1, ti[s]p, ti+1, . . . , tm). The factt = t[s]p may
also be used to emphasis thatt∣p is s. Theheightof a termt,
denotedℎ(t), is the maximal length of a position ofPos(t).
In particular, the length ofΛ is 0.

A tree automaton(TA , seee.g. [10]) is a tupleA =
⟨Q,Σ, F,Δ⟩ whereQ is a finite set ofstates, Σ is a sig-
nature,F ⊂ Q is the subset of final states andΔ is a set
of transitionsrules of the formf(q1, . . . , qm) → q where
f :m ∈ Σ, q1, . . . , qm, q ∈ Q. Sometimes, we shall refer to
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A as a subscript of its components, like inQA to indicate
thatQ is the state set ofA.

A run of A is a pairr = ⟨t,M⟩ wheret is a term inT (Σ)
andM : Pos(t) → QA is a mapping satisfying, for allp ∈
Pos(t), that the rulet(p)

(

M(p.1), . . . ,M(p.m)
)

→M(p)
is in ΔA, wherem is the arity of the symbolt(p) in Σ. By
abuse of notation we writer(p) for M(p), and say thatr is
a run ofA on t. Moreover, byterm(r) we refer tot, and
by symbol(r) we refer tot(Λ). The runr is calledsuccess-
ful (or accepting) if r(Λ) is in FA. The languageℒ(A) of
A is the set of termst for which there exists a successful
run of A. A languageL is calledregular if there exists a
TA A satisfyingL = ℒ(A). For facility of explanations,
we shall use term-like notations for runs defined as follows
in the natural way. For a runr = ⟨t,M⟩, by Pos(r) we
denotePos(t), and byℎ(r) we denoteℎ(t). Similarly, by
r∣p we denote the run⟨t∣p,M ∣p⟩, whereM ∣p is defined as
M ∣p(p

′) = M(p.p′) for eachp′ in Pos(t∣p), and say that
r∣p is a subrun ofr. Moreover, for a runr′ = ⟨t′,M ′⟩, by
r[r′]p we denote the run⟨t[t′]p,M [M ′]p⟩, whereM [M ′]p is
defined asM [M ′]p(p.p

′) = M ′(p′) for eachp′ in Pos(t′),
and asM [M ′]p(p

′) =M(p′) for eachp′ holdingp ∕≤ p′.
A well quasi-ordering [15]≤ on a setS is a reflexive

and transitive relation such that any infinite sequence of ele-
mentse1, e2, . . . of S contains an increasing pairei ≤ ej
with i < j.

2.2 Tree Automata with Global Con-
straints

In this subsection, we define a class of tree automata
with global constraints which generalizes the class of
TAGEDs [14].

Definition 2.1 A tree automaton with global constraints
(TAGC) over a signatureΣ is a tupleA = ⟨Q,Σ, F, C,Δ⟩
such that⟨Q,Σ, F,Δ⟩ is a TA, denotedta(A), andC is
a Boolean combination of atomic constraints of the form
q ≈ q′ or q ∕≈ q′, whereq, q′ ∈ Q. A TAGCA is calledpos-
itive if CA is a disjunction of conjunctions of atomic con-
straints. A TAGCA is calledpositive conjunctiveif CA is
a conjunction of atomic constraints. The subclasses of pos-
itive TAGC and positive conjunctive TAGC are denoted by
PTAGC and PCTAGC, respectively.

A run r of the TAGCA is a run of ta(A) such that
r satisfiesCA, denotedr ∣= CA, where the satisfiability
of constraints is defined as follows, wheret is term(r).
For atomic constraints,r ∣= q ≈ q′ holds (respectively
r ∣= q ∕≈ q′) if and only if for all different positions
p, p′ ∈ Pos(t) such thatr(p) = q andr(p′) = q′, t∣p = t∣p′

holds (respectivelyt∣p ∕= t∣p′ holds). This notion of satis-
fiability is extended to Boolean combinations as usual. As
for TAs, we say thatr is a run ofA on t. A run ofA on
t ∈ T (Σ) is successfulif r(Λ) ∈ FA. The languageℒ(A)

of A is the set of termst for which there exists a successful
run ofA. ♢

It is important to note that the semantics of¬(q ≈ q′) and
q ∕≈ q′ differ, as well as the semantics of¬(q ∕≈ q′) and
q ≈ q′. This is because we have a “for all” quantifier in
both definitions.

The class of regular languages is strictly included in the
class of TAGC languages due to the constraints.

Example 2.2 LetΣ = {a : 0, f : 2}. The set{f(t, t) ∣ t ∈
T (Σ)} is not a regular tree language (this can be shown
using a classicalpumpingargument).

However, it is recognized by the following TAGCA =
〈

{q0, q1, qf},Σ, {qf}, q1 ≈ q1, {a → q0∣q1, f(q0, q0) →

q0∣q1, f(q1, q1) → qf}
〉

, wherea→ q∣qr is an abbreviation
for a → q anda → qr. An example of successful run ofA
on t = f(f(a, a), f(a, a)) is qf

(

q1(q0, q0), q1(q0, q0)
)

. ♢

Moreover, the TAGEDs of [14] are also a particular case of
TAGC, since they can be redefined in our setting as TAGC
whose constraints are conjunctions of atomsq ≈ q′ and
q ∕≈ q′, with additional restrictions. In particularq and
q′ are required to be distinct inq ∕≈ q′ for TAGEDs. Re-
flexive disequality constraints such asq ∕≈ q correspond to
monadickey constraintsfor XML documents, meaning that
every two distinct positions of typeq have different values.
A stateq of a TAGC can be used for instance to character-
ize unique identifiers, like in the following example which
presents a TAGC whose language cannot be recognized by
a TAGED.

Example 2.3 LetΣ = {0 :0, s : 1, f : 2} and letL be the set
of terms ofT (Σ) of the formf(sn1(0), . . . , f(snk(0), 0)),
such that k ≥ 0 and the integersni, for i ≤ k,
are pairwise distinct. It is recognized by following the
TAGC

〈

{q0, q, qf},Σ, {qf}, q ∕≈ q, {0 → q0∣q∣qf , s(q0) →

q0∣q, f(q, qf) → qf}
〉

. However,L cannot be recognized by
a PTAGC without a reflexive constraint of the formq ∕≈ q.

Assume on the contrary that there is a PTAGCA without
such a constraint, i.e. a TAGED, that recognizes this lan-
guage. There exists an accepting runr of A on the term
t = f(s(0), f(s2(0), . . . f(s∣Q∣+1(0)))). We have therefore
r ∣= CA (the global constraint ofA, which is positive by
hypothesis) and letC1 be the conjunction of all the atomic
constraints occurring inCA and satisfied byr.

There are two different positionspi = 2i−1.1 andpj =
2j−1.1, 1 ≤ i < j ≤ ∣Q∣ + 1 such thatr(pi) = r(pj).
Let us show thatr′ = r[r∣pi

]pj
is an accepting run ofA

on t′ = t[t∣pi
]pj

. Sincer(pi) = r(pj) andr is a run ofA
on t, by replacingt∣pj

with t∣pi
and r∣pj

with r∣pi
, r′ is a

run of ta(A) on t. Hence we only have to ensure that the
constraintCA is fulfilled byr′.

For all p, p′ ∈ Pos(t′) such that2j−1.1 is neither a pre-
fix of p nor of p′, and such thatp and p′ are no prefix of

3



2j−1.1, if r′(p) ≈ r′(p′) is in C1 (resp. r′(p) ∕≈ r′(p′) is
in C1), we know thatr ∣= r(p) ≈ r(p′) (resp.r ∣= r(p) ∕≈
r(p′)), so the constraints are respected int, hence also in
t′ since the positionsp andp′ are referring to common sub-
terms oft andt′.

If a positionp = 2j−1.1.v is involved in some constraint,
let p′ = 2i−1.1.v. By construction, we haver′∣p = r′∣p′

and t′∣p = t′∣p′ . Due to this last equality, any constraint
involvingp is satisfied iff the same constraint withp′ instead
of p also holds. And thanks to the equalityr′∣p = r′∣p′ , this
other constraint holds and is satisfied byr′.

Finally, we have to consider constraints that involve a
strict prefixp of 2j−1.1. It is clear that every subterm oft at
a position2ℓ, for 0 ≤ ℓ ≤ ∣Q∣, is unique, so every subterm
at such a position can only satisfy a disequality constraint
or an equality with itself (in that caser(2ℓ) is unique inr).
In the latter case,r′(p) is also unique inr′ and the equality
is obviously satisfied. In the other case, it is easy to see
that it also holds int′ that all subterms at positions2ℓ, and
hence the subterm at positionp, are unique, and satisfy all
the disequalities. Sot′ is recognized byA but is not in the
language, a contradiction. It follows that TAGC are strictly
more expressive than TAGED. ♢

This example will be referred several times in the follow-
ing section, in order to illustrate the definitions used in the
decision procedure of the emptiness problem for TAGC.

Example 2.4 The following running example represents a
Menu where, for each dish, we have an identifier (qid) and
the time needed to cook that dish (qt). Our menu will always
have a special dish and a list of extra dishes. We have other
states representing digits (qd), numbers (qN ) and lists of
dishes (qL). Finally, the stateqM represents a Menu.

The TAGCA = ⟨Q,Σ, F, C,Δ⟩ is defined as fol-
lows: Σ = {0 , . . . , 9 : 0, N, L0 : 2, L,M : 3},
Q = {qd, qN , qid, qt, qL, qM}, F = {qM}, and
Δ = {i → qd∣qN ∣qid∣qt ∣ 0 ≤ i ≤ 9} ∪ {N(qd, qN ) →
qN ∣qid∣qt, L0(qid, qt) → qL, L(qid, qt, qL) →
qL,M(qid, qt, qL) → qM}.
The constraintC will ensure that all the dish identifiers in-
volved on our menu are different (i.e.qid is a key) and
that the time needed to prepare each dish will always be
the same:C = qid ∕≈ qid ∧ qt ≈ qt.
An example of a term inℒ(A) with an associated successful
run are depicted together in Figure 1. ♢

Decision Problems. The membershipis the problem to
decide, given a termt ∈ T (Σ) and a TAGCA over Σ
whethert ∈ ℒ(A).

Proposition 2.5 Membership is NP-complete for TAGC.

Proof. Given a TAGCA = ⟨Q,Σ, F, C,Δ⟩ and a termt ∈
T (Σ), a non-deterministic algorithm consist in guessing a

M
qM

1
qid

N
qt

2
qd

0
qN

L
qL

2
qid

N
qt

2
qd

0
qN

L
qL

3
qid

N
qt

2
qd

0
qN

L0

qL

4
qid

N
qt

2
qd

0
qN

Figure 1. Term and successful run (Ex. 2.4).

function r from Pos(t) into Q, and checking thatr is a
successful run ofA on t. The checking can be performed in
polynomial time.

For NP-hardness, [14, 17] present PTIME reductions of
satisfiability of Boolean expressions into membership for
TAGC whose constraints are conjunctions of equalities of
the formq ≈ q. □

We recall that for plain TA, membership is in PTIME.

Theuniversalityis the problem to decide, given a TAGCA
overΣ whetherℒ(A) = T (Σ). It is known to be undecid-
able already for the small subclass of TAGC.

Proposition 2.6 [14, 17] Universality is undecidable for
positive TAGC containing only≈ constraints.

The following consequence is a new result for TAGEDs.

Proposition 2.7 It is undecidable whether the language of
a given positive TAGC containing only≈ atomic constraints
is regular.

Proof. We show that universality is reducible to regularity.
Let us define the quotient of a term languageL by a terms
wrt a function symbolf : L/s := {t ∣ f(s, t) ∈ L}. This
operation preserves regular languages: for alls andf , if L
is regular thenL/s is regular.

Let L andL′ be two TAGC languages overΣ such that
L′ is not regular (such a language exists) and letL1 :=
f
(

L, T (Σ)
)

∪ f
(

T (Σ), L′
)

wheref is a binary symbol,
possibly not inΣ (f(L, T (Σ)) denotes{f(s, t) ∣ s ∈ L, t ∈
T (Σ)}). It is obvious thatL1 is a TAGC language.

If L = T (Σ), thenL1 = f
(

T (Σ), T (Σ)
)

and it is reg-
ular. Assume thatL ∕= T (Σ) and lets ∈ T (Σ) ∖ L. By
construction,L1/s = L′ which is not regular. HenceL1 is
not regular. ThereforeL = T (Σ) iff the TAGC language
L1 is regular. □

The emptinessis the problem to decide, given a TAGCA,
whetherℒ(A) = ∅? The proof that it is decidable for TAGC
is rather involved and is presented in Section 3.
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Closure Properties. Let us conclude this first section
with the closure properties of the TAGC languages.

Proposition 2.8 The class of TAGC languages is closed un-
der union and intersection but not under complementation.

Proof. We use a classical disjoint union for union and
Cartesian product of state sets for intersection, with a care-
ful redefinition of constraints on this product.

More precisely, letA1 = ⟨Q1,Σ1, F1, C1,Δ1⟩ and
A2 = ⟨Q2,Σ2, F2, C2,Δ2⟩ be two TAGCs. We can assume
wlog thatQ1 andQ2 are disjoint.

The TAGCA∪ = ⟨Q1 ⊎ Q2,Σ1 ∪ Σ2, F1 ⊎ F2, C1 ∨
C2,Δ1 ⊎Δ2⟩ recognizesℒ(A1) ∪ ℒ(A2).

We define a TAGCA∩ = ⟨Q1 × Q2,Σ1 ∪ Σ2, F1 ×
Q2 ∪ Q1 × F2, C∩,Δ∩⟩ recognizingℒ(A1) ∩ ℒ(A2).
The constraintC∩ is obtained fromC1 ∧ C2 by repla-
cing every atomq1 ≈ q′1 with q1, q

′
1 ∈ Q1 (resp. q2 ≈

q′2 with q2, q
′
2 ∈ Q2) by

⋀

q2,q
′
2∈Q2

⟨q1, q2⟩ ≈ ⟨q′1, q
′
2⟩

(resp.
⋀

q1,q
′
1∈Q1

⟨q1, q2⟩ ≈ ⟨q′1, q
′
2⟩), and similarly for

the atomsq1 ∕≈ q′1, q2 ∕≈ q′2. The set of transitions
is Δ∩ =

{

f
(

⟨q1,1, q2,1⟩, . . . , ⟨q1,n, q2,n⟩
)

→ ⟨q1, q2⟩
∣

∣

f(qi,1, . . . , qi,n) → qi ∈ Δi for i = 1, 2
}

.
The closure under complementation of TAGC would con-
tradict Proposition 2.6 and Theorem 3.21 below. □

3 Emptiness Decision Algorithm

In this section we prove the decidability of theemptiness
problem for TAGC. We start by stating that it suffices to
prove this result for just PCTAGC.

Lemma 3.1 Given a TAGCA, some PCTAGCA1, . . . ,An

can be computed satisfyingℒ(A) = ℒ(A1)∪ . . .∪ℒ(An).

In order to prove this lemma, we shall conveniently use
some extensions of TAGC studied in Section 4.1. The
reader is therefore referred to this section for a complete
proof.

The decidability of emptiness for PCTAGC is proved in
three steps. In Subsection 3.1, we present a new notion of
pumping which allows to transform a run into a smaller run
under certain conditions. In Subsection 3.2, we define a
well quasi-ordering≤ on a certain setS. In Subsection 3.3,
we connect the two previous subsections by describing how
to compute, for each runr with heightℎ = ℎ(r), a certain
sequenceeℎ, . . . , e0 of elements ofS satisfying the follow-
ing fact: there exists a pumping onr if and only if ei ≤ ej
for someℎ ≥ i > j ≥ 0. Finally, all of these constructions
are used as follows. Suppose the existence of an accepting
run r. If r is “too high”, the fact that≤ is well and the
form of the sequence implies existence of suchi, j. Thus,
it follows the existence of a pumping providing a smaller

i Hi Ȟi

5 {Λ} ∅
4 {3} {1, 2}
3 {3.3} {1, 2, 3.1, 3.2}

2 {3.3.3}
{1, 2, 3.1, 3.2,
3.3.1, 3.3.2}

1 {2, 3.2, 3.3.2, 3.3.3.2} {1, 3.1, 3.3.1, 3.3.3.1}
0 {1, 2.1, 2.2, 3.1, 3.2.1, ∅

3.2.2, 3.3.1, 3.3.2.1, 3.3.2.2,
3.3.3.1, 3.3.3.2.1, 3.3.3.2.2}

Figure 2. Hi and Ȟi (Example 3.3).

accepting runr′. We conclude the existence of a computa-
tional bound for the height of an accepting run, and hence,
decidability of emptiness.

3.1 Global Pumpings

Pumping is a traditional concept in automata theory, and
in particular, they are very useful to reason about tree auto-
mata. The basic idea is to convert a given runr into another
run by replacing a subrun at a certain positionp in r by a
run r′, thus obtaining a runr[r′]p. Pumpings are useful for
deciding emptiness: if a “big” run can always be reduced
by a pumping, then decision of emptiness is obtained by a
search of an accepting “small” run.

For plain tree automata, a necessary and sufficient con-
dition to ensure thatr[r′]p is a run is that the resulting states
of r∣p andr′ coincide, since the correct application of a rule
at a certain position depends only on the resulting states of
the subruns of the direct children. In this case, an accept-
ing run with height bounded by the number of states exists,
whenever the accepted language is not empty.

When the tree automaton has global equality and dis-
equality constraints, the constraints may be falsified when
replacing a subrun by a new run. For PCTAGC, we will
define a notion of pumping ensuring that the constraints are
satisfied. This notion of pumping requires to perform sev-
eral replacements in parallel. We first define the sets of po-
sitions involved in such a kind of pumping.

Definition 3.2 Let A be a PCTAGC. Letr be a run ofA.
Let i be an integer between0 and ℎ(r). We defineHi as
{p ∈ Pos(r) ∣ ℎ(r∣p) = i} and Ȟi as {p.j ∈ Pos(r) ∣
ℎ(r∣p.j) < i ∧ ℎ(r∣p) > i}. ♢

Example 3.3 According to Definition 3.2, for our running
example (Example 2.4), we have theHi and Ȟi presented
in Figure 2. ♢

The following lemma is rather straightforward from the
previous definition.
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Lemma 3.4 LetA be a PCTAGC. Letr be a run ofA. Let
i be an integer between0 andℎ(r). Then, any two different
positions inHi ∪ Ȟi are parallel, and for any arbitrary
positionp in Pos(r) there is a position̄p in Hi ∪ Ȟi such
that, eitherp is a prefix ofp̄, or p̄ is a prefix ofp.

Proof. For the first fact, note that any proper prefixp of a
position p̄ in Hi ∪ Ȟi satisfiesℎ(r∣p) > i. Thus, such a
p is not inHi ∪ Ȟi. For the second fact, consider anyp
in Pos(r). If ℎ(r∣p) ≤ i holds, then the smallest position
p̄ satisfyingp̄ < p andℎ(r∣p̄) ≤ i is in Hi ∪ Ȟi, and we
are done. Otherwise, ifℎ(r∣p) > i holds, then the smallest
positionp̄ of the formp.1. . . . .1 and satisfyingℎ(r∣p̄) ≤ i
is inHi ∪ Ȟi, and we are done. □

Definition 3.5 Let A be a PCTAGC. Letr be a run ofA.
Let i, j be integers satisfying0 ≤ j < i ≤ ℎ(r). A pump-
injectionI : (Hi∪Ȟi) → (Hj∪Ȟj) is an injection function
such that the following conditions hold:

(C1) I(Hi) ⊆ Hj andI(Ȟi) ⊆ Ȟj .

(C2) For eachp̄ in Hi ∪ Ȟi, r(p̄) = r(I(p̄)).

(C3) For each p̄1, p̄2 in Hi ∪ Ȟi, (term(r∣p̄1
) =

term(r∣p̄2
)) ⇔ (term(r∣I(p̄1)) = term(r∣I(p̄2))).

Let{p̄1, . . . , p̄n} beHi∪Ȟi more explicitly written. The
run r[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n
is called aglobal pumpingon

r with indexesi, j, and injectionI. ♢

By Condition C2, r[r∣I(p̄1)]p̄1
. . . [r∣I(p̄n)]p̄n

is clearly
a run of ta(A), but it is still necessary to prove that it
is a run of A. By abuse of notation, when we write
r[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n
, we sometimes consider thatI

and{p̄1, . . . , p̄n} are still explicit, and say that it is a global
pumping with some indexes0 ≤ j < i ≤ ℎ(r).

Example 3.6 Following our running example, we define a
pump-injectionI : (H4 ∪ Ȟ4) → (H3 ∪ Ȟ3) as follows:
I(1) = 3.1, I(2) = 2, I(3) = 3.3. We note thatI is a cor-
rect pump-injection:I(H4) ⊆ H3 andI(Ȟ4) ⊆ Ȟ3 hold,
thus (C1) holds. For (C2), we haver(1) = r(I(1)) = qid,
r(2) = r(I(2)) = qt, andr(3) = r(I(3)) = qL. Regarding
(C3), for each different̄p1, p̄2 in H4 ∪ Ȟ4, term(r∣p̄1

) ∕=
term(r∣p̄2

) andterm(r∣I(p̄1)) ∕= term(r∣I(p̄2)) hold.
After applying the pump-injectionI, we obtain the term

and runr′ of Figure 3. ♢

Our goal is to prove that any global pumping
r[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n
is a run, and in particular, that all

global equality and disequality constraints are satisfied.To
this end we first state the following intermediate statement,
which determines the height of the terms pending at some
positions after the pumping action.

M
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Figure 3. Pump-injection of Example 3.6.

Lemma 3.7 Let A be a PCTAGC. Letr be a run ofA.
Let r′ be the global pumpingr[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n
on

r with indexes0 ≤ j < i ≤ ℎ(r) and injectionI. Letk ≥ 0
be a natural number and letp be a position ofr such that
ℎ(r∣p) is i+ k.
Then,p is also a position ofr′ andℎ(r′∣p) is j + k.

Proof. Positionp is obviously a position ofr′ since no po-
sition in Hi ∪ Ȟi is a proper prefix ofp. We prove the
second part of the statement by induction onk. First, as-
sumek = 0. Then,ℎ(r∣p) is i. Thus,p is in Hi, sayp
is p̄1. Therefore,r′∣p is r∣I(p̄1). By Condition (C1) of the
definition of pump-injection,I(p̄1) ∈ Hj holds. Hence,
ℎ(r′∣p) = ℎ(r∣I(p̄1)) = j.

Now, assumek > 0. Letm be the arity ofsymbol(r∣p).
Thus, p.1, . . . , p.m are all the child positions ofp in r.
Sinceℎ(r∣p) is i + k, all ℎ(r∣p.1), . . . , ℎ(r∣p.m) are smal-
ler than or equal toi + k − 1, and at least one of them is
equal toi+ k − 1.

Consider any� in {1, . . . ,m}. If ℎ(r∣p.�) is i + k′

for some0 ≤ k′ ≤ k − 1, then, by induction hypo-
thesis,ℎ(r′∣p.�) is j + k′. Otherwise, ifℎ(r∣p.�) is strictly
smaller thani, then p.� is one of the positions inȞi,
say p̄1. Moreover,r′∣p̄1

is r∣I(p̄1), and by Condition (C1)
of the definition ofI, I(p̄1) belongs toȞj . Therefore,
ℎ(r∣I(p̄1)) < j holds, and hence,ℎ(r′∣p.�) = ℎ(r′∣p̄1

) =
ℎ(r∣I(p̄1)) < j ≤ j + k − 1 holds.

From the above cases we conclude that, ifℎ(r∣p.�) is
i + k − 1, thenℎ(r′∣p.�) is j + k − 1, and if ℎ(r∣p.�) is
smaller thani+k−1, thenℎ(r′∣p.�) is smaller thanj+k−1.
It follows that allℎ(r′∣p.1), . . . , ℎ(r′∣p.m) are smaller than
or equal toj + k − 1, and at least one of them is equal to
j + k − 1. As a consequence,ℎ(r′∣p) is j + k. □

Corollary 3.8 Let A be a PCTAGC. Letr be a run ofA.
Let r′ be a global pumping ofr. Then,ℎ(r′) < ℎ(r).

The following lemma states that equality and disequality
relations are preserved, not only for terms pending at the
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positions of the domain ofI, but also for terms pending at
prefixes of positions of such domain.

Lemma 3.9 LetA be a PCTAGC. Letr be a run ofA. Let
r′ be the global pumpingr[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n
with in-

dexes0 ≤ j < i ≤ ℎ(r) and injectionI. Let p1, p2 be
positions ofr satisfyingℎ(r∣p1

), ℎ(r∣p2
) ≥ i.

Then,p1, p2 are also positions ofr′ and (term(r∣p1
) =

term(r∣p2
)) ⇔ (term(r′∣p1

) = term(r′∣p2
)) holds.

Proof. The first statement follows by Lemma 3.7. We prove
the second part of the statement by induction onℎ(r∣p1

) +
ℎ(r∣p2

). We distinguish the following cases:
i. Assume thatℎ(r∣p1

) ∕= ℎ(r∣p2
). Then,(term(r∣p1

) ∕=
term(r∣p2

)) hold and, moreover,ℎ(r∣p1
) = i + k1 and

ℎ(r∣p2
) = i + k2 hold for some different natural num-

bersk1 andk2. By Lemma 3.7,ℎ(r′∣p1
) = j + k1 and

ℎ(r′∣p2
) = j + k2. Thus, (term(r′∣p1

) ∕= term(r′∣p2
))

hold, and we are done.

ii. Assume thatℎ(r∣p1
) = ℎ(r∣p2

) = i + k for some
k. We start by assuming the casek = 0. Then,
ℎ(r∣p1

) is i. Thus, p1, p2 are in Hi, say p1 is p̄1
and p2 is p̄2. Therefore, r′∣p1

is r∣I(p̄1) and r′∣p2
is

r∣I(p̄2). By Condition (C3) of the definition of pump-
injection,(term(r∣p̄1

) = term(r∣p̄2
)) ⇔ (term(r∣I(p̄1)) =

term(r∣I(p̄2))) holds. Thus,(term(r∣p1
) = term(r∣p2

)) ⇔
(term(r′∣p1

) = term(r′∣p2
)) holds and we are done.

Now, we assumek > 0. Note that, in this case,
symbol(r′∣p1

) = symbol(r∣p1
) and symbol(r′∣p2

) =
symbol(r∣p2

) hold. In the case wheresymbol(r∣p1
) dif-

fers from symbol(r∣p2
), it is clear that(term(r∣p1

) ∕=
term(r∣p2

)) and (term(r′∣p1
) ∕= term(r′∣p2

)) hold, and
we are done. Hence, we consider the remaining case
where symbol(r∣p1

) = symbol(r∣p2
) holds. Let m

be the arity ofsymbol(r∣p1
). Thus, p1.1, . . . , p1.m and

p2.1, . . . , p2.m are all the child positions ofp1 and p2
in r, respectively. In order to prove(term(r∣p1

) =
term(r∣p2

)) ⇔ (term(r′∣p1
) = term(r′∣p2

)) it suffices to
prove(term(r∣p1.�) = term(r∣p2.�)) ⇔ (term(r′∣p1.�) =
term(r′∣p2.�)) for any� in {1, . . . ,m}. Thus, we consider
any of such�’s and distinguish the following cases:

i.a. If ℎ(r∣p1.�), ℎ(r∣p2.�) ≥ i holds, then the result follows
by induction hypothesis.

i.b. If ℎ(r∣p1.�) ≥ i andℎ(r∣p2.�) < i, thenterm(r∣p1.�) ∕=
term(r∣p2.�) holds, and moreover,ℎ(r∣p1.�) = i + k1 for
somek1 ≥ 0, andp2.� belongs toȞi. By Lemma 3.7,
ℎ(r′∣p1.�) = j + k1 holds. By Condition (C1) of the
definition of pump-injection,ℎ(r′∣p2.�) < j holds. Thus,
term(r′∣p1.�) ∕= term(r′∣p2.�) holds, and we are done.

i.c. The case whereℎ(r∣p1.�) < i andℎ(r∣p2.�) ≥ i hold is
analogous to the previous one.

i.d. If ℎ(r∣p1.�), ℎ(r∣p2.�) < i, then p1.�, p2.� be-
long to Ȟi, say p1.� is p̄1 and p2.� is p̄2. Therefore,
r′∣p1.� is r∣I(p̄1) andr′∣p2.� is r∣I(p̄2). By Condition (C3)
of the definition of pump-injection,(term(r∣p̄1

) =
term(r∣p̄2

)) ⇔ (term(r∣I(p̄1)) = term(r∣I(p̄2))) holds.
Thus,(term(r∣p1.�) = term(r∣p2.�)) ⇔ (term(r′∣p1.�) =
term(r′∣p2.�)) holds and we are done. □ As
a consequence of previous lemmas, we prove that the result
of a global pumping is a run.

Lemma 3.10 Let A be a PCTAGC. Letr be a run ofA.
Letr′ be the global pumpingr[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n
with

indexes0 ≤ j < i ≤ ℎ(r) and injectionI.
Then,r′ is a run ofA.

Proof. By Condition (C2) of the definition of pump-
injection, in order to see thatr′ is a run, it suffices to see
that all global constraints are satisfied. Thus, let us con-
sider two different positionsp1, p2 of Pos(r′) involved in
an atom of the constraint ofA, i.e.eitherr′(p1) ≈ r′(p2) or
r′(p1) ∕≈ r′(p2) occurs in the constraint ofA. According to
Lemma 3.4, we can distinguish the following cases:
∙ Suppose that a position inHi ∪ Ȟi, say p̄1, is a prefix
of both p1, p2. Then,r′∣p1

= r∣I(p̄1).(p1−p̄1) andr′∣p2
=

r∣I(p̄1).(p2−p̄1) hold. Hence,r′∣p1
andr′∣p2

are also subruns
of r occurring at different positions. Thus, sincer is a run,
they satisfy the atom involvingr′(p1) andr′(p2).
∙ Suppose that two different positions inHi ∪ Ȟi, say
p̄1 and p̄2, are prefixes ofp1 andp2, respectively. Then,
r′∣p1

= r∣I(p̄1).(p1−p̄1) andr′∣p2
= r∣I(p̄2).(p2−p̄2) hold. By

the injectivity of I, I(p̄1) ∕= I(p̄2) holds. Moreover, by
Lemma 3.4,I(p̄1) ∥ I(p̄2) holds. Hence, as before,r′∣p1

and r′∣p2
are subruns ofr occurring at different (in fact,

parallel) positions. Thus, they satisfy the atom involving
r′(p1) andr′(p2).
∙ Suppose that one ofp1, p2, sayp1, is a proper prefix of
a position inHi ∪ Ȟi, and thatp2 satisfies that some pos-
ition in Hi ∪ Ȟi is a prefix ofp2. It follows thatℎ(r′∣p2

)
is smaller than or equal toj, andr′∣p2

is also a subrun of
r. Moreover,p1 is also a position ofr, r′(p1) = r(p1)
holds, andℎ(r∣p1

) = i + k holds for somek > 0. Hence,
term(r∣p1

) ∕= term(r′∣p2
) holds. Sincer is a run and

r′∣p2
is a subrun ofr, the atom involvingr(p1) andr′(p2)

is necessarily of the formr(p1) ∕≈ r′(p2). Thus, the
atom involvingr′(p1) andr′(p2) is necessarily of the form
r′(p1) ∕≈ r′(p2). By Lemma 3.7,ℎ(r′∣p1

) is j + k. There-
fore,term(r′∣p1

) ∕= term(r′∣p2
) holds, and hence, such an

atom is satisfied for such positions inr′.
∙ Suppose that bothp1, p2 are proper prefixes of posi-
tions inHi ∪ Ȟi. Then,p1, p2 are positions ofr satisfy-
ing ℎ(r∣p1

), ℎ(r∣p2
) ≥ i. Moreover,r(p1) = r′(p1) and

r(p2) = r′(p2) hold. Sincer is a run, the atom involving
r(p1) and r(p2) is satisfied in the runr for positionsp1
and p2. By Lemma 3.9,(term(r∣p1

) = term(r∣p2
)) ⇔
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(term(r′∣p1
) = term(r′∣p2

)) holds. Thus, the atom in-
volving r′(p1) andr′(p2) is satisfied in the runr′ for po-
sitionsp1 andp2. □

3.2 A well quasi-ordering

In this subsection we define a well quasi-ordering. It
assures the existence of a computational bound for cer-
tain sequences of elements of the corresponding well quasi-
ordered set. It will be connected with global pumpings in
the next subsection.

Definition 3.11 Let ≤ denote the usual quasi-ordering on
natural numbers. Letn be a natural number.

We define the extension of≤ to n-tuples of natural num-
bers as⟨x1, . . . , xn⟩ ≤ ⟨y1, . . . , yn⟩ if xi ≤ yi for eachi in
{1, . . . , n}. We definesum(⟨x1, . . . , xn⟩) := x1+ ⋅ ⋅ ⋅+xn.

We define the extension of≤ to multisets ofn-tuples of
natural numbers as[e1, . . . , e�] ≤ [e′1, . . . , e

′
� ] if there is an

injectionI : {1, . . . , �} → {1, . . . , �} satisfyingei ≤ e′I(i)
for eachi in {1, . . . , �}. We definesum([e1, . . . , e�]) :=
sum(e1) + ⋅ ⋅ ⋅+ sum(e�).

We define the extension of≤ to pairs of multisets ofn-
tuples of natural numbers as⟨P11, P12⟩ ≤ ⟨P21, P22⟩ if
P11 ≤ P21 andP12 ≤ P22. ♢

As a direct consequence of Higman’s Lemma [15] we
have the following:

Lemma 3.12 Givenn, ≤ is a well quasi-ordering for pairs
of multisets ofn-tuples of natural numbers.

In any infinite sequencee1, e2, . . . of elements from a
well quasi-ordered set there always exist two indexesi < j
satisfyingei ≤ ej . In general, this fact does not imply the
existence of a bound for the length of sequences without
such indexes. For example, the relation≤ between natural
numbers is a well quasi-ordering, but there may exist arbit-
rarily large sequencesx1, . . . , xk of natural numbers satis-
fying xi > xj for each1 ≤ i < j ≤ k. In order to bound
the length of such sequences, it is sufficient to force that
the first element and each next element of the sequence are
chosen among a finite number of possibilities. As a partic-
ular case of this fact we have the following result:

Lemma 3.13 There exists a computable functionB : ℕ ×
ℕ → ℕ such that, given two natural numbersa, n, B(a, n)
is a bound for the lengthL of the maximum-length sequence
⟨T11, T12⟩, ⟨T21, T22⟩, ⟨T31, T32⟩, . . . ⟨TL1, TL2⟩ of pairs of
multisets ofn-tuples of natural numbers satisfying the fol-
lowing conditions:

∙ The tuple⟨0, . . . , 0⟩ does not occur in anyTi1, Ti2, for
i in {1, . . . , L}.

∙ sum(T11) = 1 andT12 = ∅ hold.

∙ For each i in {1, . . . , L − 1}, sum(T(i+1)1) +
sum(T(i+1)2) ≤ a ⋅ sum(Ti1) + sum(Ti2) holds.

∙ There are noi, j satisfying1 ≤ i < j ≤ L and
⟨Ti1, Ti2⟩ ≤ ⟨Tj1, Tj2⟩

In order to bound the height of an accepted term with
minimum height by a PCTAGCA, Lemma 3.13 will be
used by makinga to be the maximum arity of the signature
of A, and makingn to be the number of states ofA.

3.3 Mapping a run to a sequence of the
well quasi-ordered set

We will associate, to each numberi in {0, . . . , ℎ(r)}, a
pair of multisets of tuples of natural numbers, which can be
compared with other pairs according to the definition of≤
in the previous subsection. To this end, we first associate
terms to tuples and sets of positions to multisets of tuples.

Definition 3.14 LetA be a PCTAGC. Letq1, . . . , qn be the
states ofA. Letr be a run ofA. LetP be a set of positions
of r. Let t be a term. We definert,P as the following tuple
of natural numbers:

〈∣

∣{p ∈ P ∣ term(r∣p) = t ∧ r(p) =

q1}
∣

∣, . . . ,
∣

∣{p ∈ P ∣ term(r∣p) = t ∧ r(p) = qn}
∣

∣

〉

♢

Definition 3.15 LetA be a PCTAGC. Letr be a run ofA.
LetP be a set of positions ofr. Let{t1, . . . , tk} be the set
of terms{t ∣ ∃p ∈ P : term(r∣p) = t}. We definerP as the
multiset[rt1,P , . . . , rtk,P ]. ♢

Example 3.16 Following our running example, for the rep-
resentation of the tuples of natural numbers we order the
states as⟨qd, qN , qid, qt, qL, qM ⟩. The multisetsrHi

and
rȞi

are presented in Figure 4. ♢

The following lemma connects the existence of a pump-
injection with the quasi-ordering relation.

Lemma 3.17 LetA be a PCTAGC. Letr be a run ofA. Let
i, j be integers satisfying0 ≤ j < i ≤ ℎ(r).

Then, there exists a pump-injectionI : (Hi ∪ Ȟi) →
(Hj ∪ Ȟj) if and only if⟨rHi

, rȞi
⟩ ≤ ⟨rHj

, rȞj
⟩.

Proof. ⇒. Assume there exists a pump-injectionI :
(Hi ∪ Ȟi) → (Hj ∪ Ȟj). We just proverHi

≤ rHj
, since

rȞi
≤ rȞj

can be proved analogously. By Condition (C1)
of the definition of pump-injection,I(Hi) ⊆ Hj . We write
{term(r∣p) ∣p ∈ Hi} and{term(r∣p) ∣p ∈ Hj} more ex-
plicitly as{ti,1, . . . , ti,�} and{tj,1, . . . , tj,�}, respectively.
Hence, it remains to prove that[rti,1,Hi

, . . . , rti,�,Hi
] ≤

[rtj,1,Hj
, . . . , rtj,� ,Hj

]. To this end we define the func-
tion I ′ : {1, . . . , �} → {1, . . . , �} as follows. For each
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i rHi
rȞi

5 [⟨0, 0, 0, 0, 0, 1⟩] [ ]
4 [⟨0, 0, 0, 0, 1, 0⟩] [⟨0, 0, 1, 0, 0, 0⟩, ⟨0, 0, 0, 1, 0, 0⟩]
3 [⟨0, 0, 0, 0, 1, 0⟩] [⟨0, 0, 1, 0, 0, 0⟩, ⟨0, 0, 0, 2, 0, 0⟩,

⟨0, 0, 1, 0, 0, 0⟩]
2 [⟨0, 0, 0, 0, 1, 0⟩] [⟨0, 0, 1, 0, 0, 0⟩, ⟨0, 0, 0, 3, 0, 0⟩,

⟨0, 0, 1, 0, 0, 0⟩, ⟨0, 0, 1, 0, 0, 0⟩]
1 [⟨0, 0, 0, 4, 0, 0⟩] [⟨0, 0, 1, 0, 0, 0⟩, ⟨0, 0, 1, 0, 0, 0⟩,

⟨0, 0, 1, 0, 0, 0⟩, ⟨0, 0, 1, 0, 0, 0⟩]

0

[⟨0, 0, 1, 0, 0, 0⟩,
⟨4, 0, 1, 0, 0, 0⟩,
⟨0, 4, 0, 0, 0, 0⟩,
⟨0, 0, 1, 0, 0, 0⟩,
⟨0, 0, 1, 0, 0, 0⟩ ]

[ ]

Figure 4. Multisets rHi
, rȞi

(Example 3.16).

 in {1, . . . , �}, we choose a positionp in Hi satisfying
term(r∣p) = ti, , determine the index� of the termtj,� sat-
isfying tj,� = term(r∣I(p)), and defineI ′() := �. This
function I ′ is injective due to Condition (C3) of the defin-
ition of pump-injection. In order to conclude, it suffices to
proverti, ,Hi

≤ rtj,I′(),Hj
for each in {1, . . . , �}. We

just prove it for = 1. For provingrti,1,Hi
≤ rtj,I′(1),Hj

it suffices to prove the following statement for each stateq
of A:

∣

∣{p ∈ Hi ∣ term(r∣p) = ti,1 ∧ state(r∣p) = q}
∣

∣ ≤
∣

∣{p ∈ Hj ∣ term(r∣p) = tj,I′(1) ∧ state(r∣p) = q}
∣

∣.
To this end, sinceI is injective, it suffices to prove

that I({p ∈ Hi ∣ term(r∣p) = ti,1 ∧ state(r∣p) =
q}) is included in{p ∈ Hj ∣ term(r∣p) = tj,I′(1) ∧
state(r∣p) = q} for each stateq of A. Thus, consider
any p̄ of {p ∈ Hi ∣ term(r∣p) = ti,1 ∧ state(r∣p) =
q}. Let p′ be the chosen position for definingI ′(1).
In particular, term(r∣p′) = ti,1 and term(r∣I(p′)) =
tj,I′(1) hold. Note thatterm(r∣p̄) = term(r∣p′) = ti,1
holds. Thus, by Condition (C3) of the definition of pump-
injection,term(r∣I(p̄)) = term(r∣I(p′)) holds. Therefore,
term(r∣I(p̄)) = tj,I′(1) holds. In order to show the inclu-
sionI(p̄) ∈ {p ∣ term(r∣p) = tj,I′(1) ∧ state(r∣p) = q}
it rests to seestate(r∣I(p̄)) = q. Note that, sincēp be-
longs to {p ∣ term(r∣p) = ti,1 ∧ state(r∣p) = q},
state(r∣p̄) = q holds. By Condition (C2) of the defini-
tion of pump-injection,state(r∣I(p̄)) = state(r∣p̄) = q
holds, and we are done.

⇐. Assume⟨rHi
, rȞi

⟩ ≤ ⟨rHj
, rȞj

⟩ holds. We have to

construct a pump-injectionI : (Hi ∪ Ȟi) → (Hj ∪ Ȟj).
We just defineI : Hi → Hj and prove Conditions (C2)
and (C3) for p̄, p̄1, p̄2 in Hi. This is becauseI : Ȟi → Ȟj

can be defined analogously, and Conditions (C2) and (C3)
for the corresponding positions can be checked analogously.
Moreover, for positions̄p′1 ∈ Hi and p̄′2 ∈ Ȟi, Condi-
tion (C3) holds whenever Condition (C1) holds since in

this caseterm(r∣p̄′
1
) ∕= term(r∣p̄′

2
) andterm(r∣I(p̄′

1)
) ∕=

term(r∣I(p̄′
2)
) hold. Hence, this simple case is enough to

prove the whole statement.
We write{term(r∣p) ∣ p ∈ Hi} and{term(r∣p) ∣ p ∈

Hj} more explicitly as{ti,1, . . . , ti,�} and{tj,1, . . . , tj,�},
respectively. Since⟨rHi

, rȞi
⟩ ≤ ⟨rHj

, rȞj
⟩ holds,rHi

≤
rHj

also holds. Thus, there exists an injective function
I ′ : {1, . . . , �} → {1, . . . , �} satisfying the following
statement for each� in {1, . . . , �} and each stateq of A:
∣

∣{p ∈ Hi ∣ term(r∣p) = ti,� ∧ r(p) = q}
∣

∣ ≤
∣

∣{p ∣

term(r∣p) = tj,I′(�) ∧ r(p) = q}
∣

∣.
In order to defineI : Hi → Hj , we defineI for each

of such sets{p ∣ term(r∣p) = ti,� ∧ r(p) = q} as any
injective functionI : {p ∣ term(r∣p) = ti,� ∧ r(p) = q} →
{p ∣ term(r∣p) = tj,I′(�) ∧ r(p) = q}, which is possible by
the above disequality. The globalI is then injective thanks
to the injectivity ofI ′. Conditions (C2) and (C3) trivially
follow from such definition, and we are done. □

Example 3.18 Following our running example, we first
prove⟨rH4

, rȞ4
⟩ ≤ ⟨rH3

, rȞ3
⟩. To this end just note that

[⟨0, 0, 0, 0, 1, 0⟩] ≤ [⟨0, 0, 0, 0, 1, 0⟩], [⟨0, 0, 1, 0, 0, 0⟩] ≤
[⟨0, 0, 1, 0, 0, 0⟩], and [⟨0, 0, 0, 1, 0, 0⟩] ≤ [⟨0, 0, 0, 2, 0, 0⟩]
hold. We can defineI : (H4 ∪ Ȟ4) → (H3 ∪ Ȟ3) from
this relation according to Lemma 3.17. Doing the adequate
guess we obtain the following definition:I(1) = 3.1,
I(2) = 2, I(3) = 3.3 which is the pump-injection con-
sidered above for our running example. ♢

The following lemma follows directly from the definition
of the setsHi andȞi, and allows to connect such definitions
with Lemma 3.13.

Lemma 3.19 LetA be a PCTAGC. Leta be the maximum
arity of the symbols in the signature ofA. Letr be a run of
A. Then, the following conditions hold:

(1) ∣Hℎ(r)∣ = 1 and∣Ȟℎ(r)∣ = 0.

(2) For eachi in {1, . . . , ℎ(r)}, ∣Hi−1∣ + ∣Ȟi−1∣ ≤ a ⋅
∣Hi∣+ ∣Ȟi∣.

(3) For eachi in {0, . . . , ℎ(r)}, ∣Hi∣ = sum(rHi
) and

∣Ȟi∣ = sum(rȞi
).

Proof. Item (1) is trivial by definition ofHi and Ȟi for
i = ℎ(r). For Item (2), it suffices to observe that the posi-
tions inHi−1 ∪ Ȟi−1 are all the positions of̌Hi plus all the
child positions inHi, and that each position has at mosta
childs. For Item (3) we just prove∣Hi∣ = sum(rHi

), since
∣Ȟi∣ = sum(rȞi

) can be proved analogously. We write
{term(r∣p) ∣ p ∈ Hi} more explicitly as{t1, . . . , t�}.

Note thatHi is the disjoint union{p ∈ Hi ∣ term(r∣p) =
t1} ∪ . . . ∪ {p ∈ Hi ∣ term(r∣p) = t�}. Thus, ∣Hi∣
equals∣{p ∈ Hi ∣ term(r∣p) = t1}∣ + . . . + ∣{p ∈

9



Hi ∣ term(r∣p) = t�}∣. We conclude by observing that
∣{p ∈ Hi ∣ term(r∣p) = t1}∣ = sum(rt1,Hi

), . . .∣{p ∈ Hi ∣
term(r∣p) = t�}∣ = sum(rt�,Hi

) holds. □

Lemma 3.20 LetB : ℕ×ℕ → ℕ be the computable func-
tion of Lemma 3.13. LetA be a PCTAGC. Leta be the
maximum arity of the symbols in the signature ofA. Letn
be the number of states ofA. Letr be a run ofA satisfying
ℎ(r) ≥ B(a, n).

Then, there is a global pumping onr.

Proof. Consider the sequence⟨rHℎ(r)
, rȞℎ(r)

⟩,. . . ,
⟨rH0

, rȞ0
⟩. Note that then-tuple ⟨0, . . . , 0⟩ does not ap-

pear in the multisets of the pairs of this sequence. By
Lemma 3.19,∣Hℎ(r)∣ = 1 and ∣Ȟℎ(r)∣ = 0 hold, and for
eachi in {1, . . . , ℎ(r)}, ∣Hi−1∣+ ∣Ȟi−1∣ ≤ a ⋅ ∣Hi∣+ ∣Ȟi∣
holds. Moreover, for eachi in {0, . . . , ℎ(r)}, ∣Hi∣ =
sum(rHi

) and ∣Ȟi∣ = sum(rȞi
). Thus, sum(rHℎ(r)

) =
1, sum(rȞℎ(r)

) = 0, and for eachi in {1, . . . , ℎ(r)},
sum(rHi−1

) + sum(rȞi−1
) ≤ a ⋅ sum(rHi

) + sum(rȞi
).

Hence, sinceℎ(r) ≥ B(a, n) holds, by Lemma 3.13 there
exist i, j satisfyingℎ(r) ≥ i > j ≥ 0 and ⟨rHi

, rȞi
⟩ ≤

⟨rHj
, rȞj

⟩. By Lemma 3.17, There exists a pump-injection

I : (Hi∪Ȟi) → (Hj∪Ȟj). Therefore, there exists a global
pumping onr. □

Theorem 3.21 Emptiness is decidable for PCTAGC.

Proof. Let a be the maximum arity of the symbols in the
signature ofA. Let n be the number of states ofA. Let r
be an accepting run ofA with minimum height.

Suppose thatℎ(r) ≥ B(a, n) holds. Then, by
Lemma 3.20, there exists a global pumpingr′ on r. By
Corollary 3.8,ℎ(r′) < ℎ(r) holds. Moreover, by the defin-
ition of global pumping,r′(Λ) = r(Λ) holds. Finally, by
Lemma 3.10,r′ is a run ofA. Thus,r′ contradicts the min-
imality of r. We conclude thatℎ(r) < B(a, n) holds.
The decidability of emptiness ofA follows, since the ex-
istence of successful runs implies that one of them can be
found among a computable and finite set of possibilities.□

Using Lemma 3.1 and Theorem 3.21, we can conclude
to the decidability of emptiness for TAGC.

Corollary 3.22 Emptiness is decidable for TAGC.

4 Extensions

In this section, we extend the emptiness result by consid-
ering the addition of new constraints to TAGC. For con-
venience, we denote below by TAGC[�1, . . . , �k] the class
of TAGC containing atomic constraints of type�1, . . . , �k.
For instance, with this notation the class TAGC defined in
sections 2.2 is TAGC[≈, ∕≈].

4.1 Arithmetic Constraints

We study first the addition of counting constraints to
TAGC. LetQ be a set of states. Alinear inequalityoverQ is
an expression of the form

∑

q∈Q

aq.∣q∣ ≥ a or
∑

q∈Q

aq.∥q∥ ≥ a

where everyaq anda belong toℤ.
Let r be a run on a termt of a TA or TAGC A over Σ
and with state setQ, and letq ∈ Q. The interpretations
of ∣q∣ and∥q∥ wrt r (andt) are defined respectively by the
following cardinalities J ∣q∣ Kr = ∣r−1(q)∣ and

J ∥q∥ Kr =
∣

∣{s ∈ T (Σ) ∣ ∃p ∈ Pos(t), r(p) = q, s = t∣p}
∣

∣.

This permits to define the satisfiability of linear equalities
wrt t andr and the notion of successful runs for extensions
of TAGC with atomic constraints which can have the form
of the above linear inequalities.

Example 4.1 Let us add a new argument to the dishes of to
the menu of Example 2.4 which represents the price coded
on two digits by a termN(d1, d0). We add a new stateqp
for the type of prices, and other statesqcheap , qmoderate ,
qexpensive , qchic describing price level ranges, and trans-
itions 0∣1 → qcheap , 2∣3 → qmoderate , 4∣5∣6 → qexpensive ,
7∣8∣9 → qchic andN(qcheap , qd) → qp,... The price is a
new argument ofL0, L andM , hence we replace the trans-
itions with these symbols in input byL0(qid, qt, qp) → qL,
L(qid, qt, qp, qL) → qL, M(qid, qt, qp, qL) → qM . We can
use a linear equality∣qcheap ∣+ ∣qmoderate ∣ − ∣qexpensive ∣ −
∣qchic ∣ ≥ 0 to characterize the moderate menus, and
∣qexpensive ∣ + ∣qchic ∣ ≥ 6 to characterize the menus with
too many expensive dishes. A linear equality∥qp∥ ≤ 1 ex-
presses that all the dishes have the same price.

Let us denote by∣.∣ℤ and∥.∥ℤ the types of the above lin-
ear inequalities, seen as atomic constraints of TAGC. The
class TAGC[ ∣.∣ℤ] has been studied under different names
(e.g. Parikh automata in [19], linear constraint tree auto-
mata in [5]) and it has a decidable emptiness test. Indeed,
the set of successful runs of a given TA with state setQ de-
scribes a context free language (overQ∗), and the Parikh
projection (the set of tuples overℕ∣Q∣ whose components
are theJ ∣q∣ Kr for every runr) of such a language is a semi-
linear set. The idea for deciding emptiness for a TAGC[∣.∣ℤ]
A is to compute this semi linear set and test the emptiness
of its intersection with the set of solutions inℕ∣Q∣ of CA,
(a Boolean combinations of linear inequalities of type∣.∣ℤ)
which is also semi-linear. This can be done in NPTIME,
see [5].

Combining constraints of type≈ and counting con-
straints of type∣.∣ℤ however leads to undecidability.

Theorem 4.2 Emptiness is undecidable for PTAGC[≈
, ∣.∣ℤ].
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q∗

r1

q1 p1

q1 p1

r2

q2 p2

q2 p2

r12

r′1

q12 p′1

q12 p′1

p12

r′1 p12

Figure 5. A run on ∗(tx1
, tx2

, tx1.x2
)

Proof. We reduce Hilbert’s tenth problem. Let
a1 x

i1,1
1 . . . x

i1,m
m + . . .+an x

in,1

1 . . . x
in,m
m = 0(�) be a Dio-

phantine equation withm variablesx1, . . . , xm, ij,k ≥ 0 for
all j ≤ n, k ≤ m anda1, . . . , an ∈ ℤ. We will construct
a TAGC[≈, ∣.∣ℤ] A such thatℒ(A) ∕= ∅ iff there exists a
valuation ofx1, . . . , xm in ℕ satisfying the above equation.

The most important step of the construction is that
we can encode (non negative) integer multiplication with
TAGC[≈, ∣.∣ℤ]. Let us consider for instance the product
x1.x2 and three TAGC statesq1, q2 andq12, whose num-
ber of occurrences will represent the respective valuations
of x1, x2 and their product (with our notations,∣q1∣ = x1,
∣q2∣ = x2, ∣q12∣ = x1.x2). We use a signature with symbols
a andb of arity 0,f of arity 2, and∗ of arity 3. Forx ≥ 1,
let tx be the right combf(a, f(a, . . . , f(a, b))) with x oc-
currences ofa and one occurrence ofb. The productx1.x2
is represented bytx1,x2

:= f(tx1
, . . . , f(tx1

, b)) with x2
occurrences oftx1

. Let us now construct a TAGC[≈, ∣.∣ℤ]
A∗ recognizing all∗(tx1

, tx2
, tx1,x2

). During the computa-
tion of A∗, in the first argumenttx1

, everya will go to the
stateq1, with the transition rulea → q1, andtx1

will go to
a stater1. For the intermediate steps, we use a statep1 and
transitionsb → p1, f(q1, p1) → p1, andf(q1, p1) → r1.
We proceed in the same manner fortx2

with the statesq2,
r2, p2. Finally, for the recognition of the third argument
tx1,x2

by A∗, everya will go to the stateq12, every sub-
term tx1

with go to a stater′1 and the termtx1,x2
will go

to r12. For this purpose we have the transitionsa → q12,
b → p′1, f(q12, p′1) → p′1, f(q12, p′1) → r′1, andb → p12,
f(r′1, p12) → p12, f(r′1, p12) → r12. Finally, we add a rule
∗(r1, r2, r12) → q∗ to A∗. Let r be a run ofA∗ on a term
t = ∗(tx1

, tx2
, t3) similar to the one presented in Figure 5.

By construction, the number of occurrences ofq1 in r is x1,
i.e. J ∣q1∣ Kr = x1. Similarly, J ∣q2∣Kr = x2. Let us consider
the constraintC∗ = ∣r′1∣ = ∣q2∣∧r1 ≈ r′1 (for simplicity, we
use linear equalities representing the conjunction of two lin-

ear inequalities). By imposing the constraintC∗ to the run
r of A∗, we ensure thatt3, the third argument oft, contains
x2 nested copy oftx1

. It follows that the numberJ ∣q12∣ Kr
of occurrences ofq12 in the runr is equal tox1.x2.

The general construction of the TAGC[≈, ∣.∣ℤ] A =
⟨Q,Σ, F, C,Δ⟩ associated to the above Diophantine equa-
tion (�) follows the same principle, except that we may
have several level of nesting in a term liket3 above. For
encoding the product of more than two integers, we have
in A some constraints≈ and∣.∣ℤ similar to the above ones,
and an additional constraint

∑

aj .∣qj ∣ = 0 where eachqj is
uniquely associated to a variablexj , as above.

Let W be the set containing all the variables of(�),
{x1, . . . , xm} and all the prefixes of the monomials of(�)

x
ij,1
j . . . x

j1,m
m for all j ≤ n (we consider every monomial

as a word over the alphabet{x1, . . . , xm}). Let us de-
note the prefix ordering over strings by⪯, and for every
words v, v′, w such thatw = v.v′ (i.e. v ⪯ w) we re-
call thatw − v = v′ and letw ÷ v be the first letter ofv′

when this latter word is not empty. We assume below that
W is ordered arbitrarily in a sequence without duplicates
−→w = (w1, . . . , wN ).

The signatureΣ contains the symbolsa, b andf with
the respective arity 0, 0 and 2 as above, and two symbols
c of arity 0 andg of arity 2. LetQ = {qw, sw, r

v
w, p

v
w ∣

v, w ∈ W, v ⪯ w}∪{s0} andF = {swN
}. The transitions

of Δ are the following:a → qw, b → pvw, f(qw, pvw) →
pvw, f(qw, pvw) → rvw for all v, w ∈ W with v ⪯ w,
and f(rvw, p

v.xi
w ) → pv.xi

w , f(rvw, p
v.xi
w ) → rv.xi

w , for all
v, w ∈ W andxi variable of(�) (i ≤ m), with v.xi ⪯ w.
Moreover, we also have:c → s0, g(rw1

w1
, s0) → sw1

and
g(rw

′

w′ , sw) → sw′ for all w,w′ ∈ W such thatw = wi and
w′ = wi+1 in the sequence−→w , for somei < N .

We can observe that with these transitions, ifr is an ac-
cepting run ofta(A) on some termt, then for allw ∈ W,
the statesw occurs exactly once inr at some position
pw ∈ 2∗, and the leaves ofr∣pw.1 are all labelled by the
stateqw. Moreover, the stateqw occurs only in this subterm
of r.

Finally, the constraintC of A is defined as the conjunc-
tion of the following atomic constraints:

i. ∣rvw∣ = ∣qw÷v∣ for all v, w ∈ W with v ≺ w,

ii. rvw ≈ rvw′ for all v, w,w′ ∈ W with v ⪯ w,w′,

iii.

n
∑

j=1

aj .∣qwj
∣ = 0.

In iii., the aj ’s are the coefficients of(�) and wj =

x
ij,1
1 . . . x

ij,m
m (we assume that then first elements of the

sequence−→w correspond to these monomials).
With the above observation, the construction of the trans-

ition rules ofA, and the above constraintsi. andii. we have
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that for all runr of A on a termt, all variablesxi of (�) and
all w.xi ∈ W, J ∣qw.xi

∣ Kr = J ∣qw∣ Kr . J ∣qxi
∣ Kr. It follows,

using the constraintiii, thatℒ(A) ∕= ∅ iff (�) has a solution
in ℕ. □

We present now a restriction on linear equalities which
permits to have a decidable emptiness test when combined
with the≈ and ∕≈ global constraints. Anatural linear in-
equalityoverQ is a linear inequality as above whose coef-
ficients aq and a all have the same sign. Note that it is
equivalent to consider inequalities in both directions whose
coefficients are all non-negative, like

∑

aq.∣q∣ ≥ a, with
aq, a ∈ ℕ, to refer to

∑

−aq.∣q∣ ≤ −a, and also linear
equalities

∑

aq.∣q∣ = a, with aq, a ∈ ℕ, to refer to a con-
junction of two natural linear disequalities. The types of
the natural linear inequalities are denoted by∣.∣ℕ and∥.∥ℕ.
Below, we shall abbreviate these two types byℕ.

The main difference between the linear inequalities of
type ∣.∣ℤ and ∣.∣ℕ (and respectively∥.∥ℤ and∥.∥ℕ) is that
the former permits to compare the respective number of
occurrence of two states, likee.g. in ∣q∣ ≤ ∣q′∣, whereas
the latter only permit to compare the number of occur-
rences of one state (or a sum of the number occurrences
of several states with coefficients) to a constant likee.g.
in ∣q∣ ≤ 4 or ∣q∣ + 2.∣q′∣ ≤ 9. This difference per-
mits to obtain the decidability of the extension of TAGC
with arithmetic constraints. The proof that emptiness is
decidable for TAGC[≈, ∕≈,ℕ] works in two steps. In the
first step (Proposition 4.3) we restrict ourselves to positive
TAGC (let us recall that PTAGC denotes the class of posit-
ive TAGC[≈, ∕≈]) and show that we can get rid of∣.∣ℕ and
∥.∥ℕ without while keeping the same class of recognized
languages. Then, in Proposition 4.6, we show how to get
rid of negative constraints in TAGC[≈, ∕≈,ℕ].

Proposition 4.3 For all PTAGC[≈, ∕≈,ℕ] A, one can ef-
fectively construct a PTAGCA′ such thatℒ(A′) = ℒ(A).

The first step of this construction consists in rewriting con-
junctions of constraints with∣.∣ℕ and∥.∥ℕ into disjunctions
of conjunctions of simpler constraints.

Lemma 4.4 Every conjunction' of natural linear inequal-
ities overQ can be effectively rewritten into an equivalent
disjunction

⋁

1≤i≤n

⋀

q∈Q

p∣.∣(q) ∧ p∥.∥(q) for somen ∈ ℕ,

wherep∣.∣(q) (resp. p∥.∥(q)) is either∣q∣ = aq or ∣q∣ ≥ aq
for someaq ∈ ℕ, or ⊤ (resp. ∥q∥ = bq or ∥q∥ ≥ bq for
somebq ∈ ℕ, or ⊤).

Proof. First, we separate the conjunction of inequalities in
two parts: we note'∣.∣ the conjunction of inequalities on
occurrences, and'∥.∥ the conjunction of the ones on car-
dinality. So' = '∣.∣ ∧ '∥.∥. Then, we further separate the
two parts into'∣.∣ = �∣.∣ ∧  ∣.∣ and'∥.∥ = �∥.∥ ∧  ∥.∥

where�∣.∣ contains all the inequalities of the form∣q∣ = a
or ∣q∣ ≥ a whereq does not occur in another inequality of
'∣.∣, and ∣.∣ contains all the other inequalities. Note that
each state occurring in�∣.∣ occurs only in this subformula
and does not occur in ∣.∣ Respectively,�∥.∥ is the conjunc-
tion of all the inequalities of'∥.∥ of the form∥q∥ = a or
∥q∥ ≥ a whereq does not occur in another inequality, and
 ∥.∥ contains all the other inequalities.

Let  ∣.∣ =
⋀

1≤i≤k

∑

q∈Q

aiq.∣q∣ ≤ ai
⋀

1≤j≤l

∑

q∈Q

bjq.∣q∣ ≥ bj

for somek andl, with aiq, a
i, bjq, b

j ∈ ℕ for all i ≤ k, j ≤ l.
Let q be a state for which there existsi ≤ k such thataiq ∕= 0

or there existsj ≤ l such thatbjq ∕= 0. Then, we do one of
the following transformations;

1. If there exists somei such thataiq ∕= 0, then, we define

sq = inf
1≤i≤k,ai

q ∕=0
(⌊
ai

aiq
⌋). If ∣q∣ > sq, then there exists some

inequality wich can not be satisfied. So in order to erase the
occurrences of∣q∣ in the inequalities, we can make a case
analysis on the values of∣q∣ between0 andsq We replace
'∣.∣ by a disjunction

⋁

0≤s≤sq
∧'s

∣.∣, where's
∣.∣ = �s

∣.∣∧ 
s
∣.∣.

We define�s
∣.∣ = �∣.∣ ∧ ∣q∣ = s and s

∣.∣ the following

way. First we replace every inequality
∑

q′∈Q a
i
q′ .∣q

′∣ ≤ ai

by
∑

q′∈Q∖{q} a
i
q′ .∣q

′∣ ≤ ai − s.aiq and every inequality
∑

q′∈Q b
j
q′ .∣q

′∣ ≥ bi by
∑

q′∈Q∖{q} b
j
q′ .∣q

′∣ ≥ sup(0, bj −

s.bjq). Then, for every inequality with no occurrence of a
state on the left-hand, side, which can be seen as an inequal-
ity between integers with a0 on the left-hand side:

∙ if the inequality is true, then we erase it,

∙ if the inequality is false, then we delete the whole
conjunction, which cannot be satisfied with the value
given to∣q∣.

2. Otherwise, there exists somej such thatbiq ∕= 0 and we

definesq = sup
1≤j≤l,b

j
q ∕=0

(⌈
bj

bjq
⌉). Note that if ∣q∣ ≥ sq all

the inequalities involvingq are satisfied. So to erase the
occurrences of∣q∣ we only have to do a case analysis on
the value of∣q∣ between0 andsq − 1 and to erase all the
inequalities with an occurrence of∣q∣ if ∣q∣ ≥ sq We replace
'∣.∣ by a disjunction

⋁

0≤s≤sq
's
∣.∣ where's

∣.∣ = �s
∣.∣ ∧  

s
∣.∣.

We define�s
∣.∣ = �∣.∣ ∧ q = s if s < sq, �s

∣.∣ = �∣.∣ ∧ q ≥ s
is s = sq and we define s

∣.∣ as above (except that there is

noaiq ∕= 0) if s < sq and sq
∣.∣ as ∣.∣ where every inequality

∑

q∈Q b
j
q ≥ bj wherebjq ∕= 0 is deleted.

Note that, at this point of the procedure,q does not oc-
cur anymore in any s

∣.∣ and occurs only once in each�s
∣.∣.

While there is still a non-empty conjunction s
∣.∣, we apply

the procedure to's
∣.∣. At the end, we have an expression
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equivalent to'∣.∣ that can be written
⋁

1≤i≤n �
i
∣.∣ for some

n where each�i
∣.∣ is a conjunction of (in)equalities of the

form ∣q∣ = a or ∣q∣ ≥ a.
We apply the same procedure to'∥.∥, which becomes a dis-

junction
⋁

1≤j≤m �j

∥.∥ for somenwhere each�j

∥.∥ is a con-
junction of (in)equalities of the form∥q∥ = a or ∥q∥ ≤ a.

Hence, we have that � is equivalent to
⋁

1≤i≤n �
i
∣.∣

⋀⋁

1≤j≤m �j

∥.∥. Since eachq occurs at

most once in each�i
∣.∣ and once in each�j

∥.∥, we can obtain
what we are looking for by rewriting this expression in
disjunctive normal form and adding a⊤ symbol for eachq
than does not occur in�i

∣.∣, and one for each that does not

occur in�i
∥.∥. □

Then, we only need to show that a TAGC with a con-
junction of simple natural in(equalities) can be effectively
transformed into a TAGC[≈, ∕≈].

Lemma 4.5 Given a PTAGC[≈, ∕≈,ℕ]A, whose arithmetic
constraints are like in Lemma 4.4, one can effectively com-
pute a PTAGC[≈, ∕≈] A′ such thatL(A) = L(A′).

Proof. The general idea is to have multiple copies of the
states involved in natural (in)equality constraints, and to
create≈ and ∕≈ relations between them, to ensure that the
wanted cardinality of the original state is reached by any
acceptable run. Then we count the first occurrence of each
state, to ensure that any acceptable run also have the correct
number of occurrences of each original state.
LetA = ⟨Q,Σ, F, C,Δ⟩. First, we compute for eachq ∈ Q
the numberc(q) of copies of this state that we need, depend-
ing on the constraints onq.

∙ if p∥q∥ = ⊤ thenc(q) = 1,

∙ if p∥q∥ = (∥q∥ = aq) thenc(q) = aq, each state will
recognize only one of theaq different subterms,

∙ if p∥q∥ = (∥q∥ ≥ aq) thenc(q) = aq + 1, the extra
state will recognize the possible extra terms.

We construct now a positive TAGC[≈, ∕≈] A′ =
⟨Q′,Σ, F ′, C ′,Δ′⟩ recognizingℒ(A). Let us defineM =
max(supq,p∥.∥(q)=(∥q∥=bq)(bq), supq,p∥.∥(q)=(∥q∥≥bq)(bq)).
Then we define a new set of copies of states ofQ,

Q =
∪

q∈Q,c(q)>0

{q1, . . . , qc(q)},

and we defineQ′ asQ ×
(

Q → {0, . . . ,M + 1}
)

. So a
state ofQ′ is a pair⟨qi, �⟩ whereq ∈ Q, 1 ≤ i ≤ c(q),
qi ∈ Q and� is a mapping� : Q → {0, . . . ,M + 1}. We
define the result of the additionm1 +m2 of two elements
m1,m2 ∈ {0, . . . ,M + 1} in the following way:

∙ if m1 =M+1 orm2 =M+1, thenm1+m2 =M+1

∙ if m1 ∈ {0, . . . ,M} andm2 ∈ {0, . . . ,M}, then
m1 +m2 is the result of the addition inℕ if it is lower
or equals toM , otherwisem1 +m2 =M + 1.

Then, we define the constraints, rules, and final states ofA′.
First, we have inC ′ all the constraints⟨qi1, �1⟩ ≈ ⟨qi2, �2⟩
such that(q1 ≈ q2) ∈ C and all the constraints⟨qi1, �1⟩ ∕≈
⟨qi2, �2⟩ such that(q1 ∕≈ q2) ∈ C. Then, for every stateq
occurring in a constraint∥q∥ = bq or ∥q∥ ≥ bq of C, we
add toC ′ all the constraintsqi ≈ qi for all 1 ≤ i ≤ bq and
qi ∕≈ qj for all 1 ≤ i < j ≤ bq.
Δ′ is the set containing all the transition rules
f(⟨qi11 , �1⟩, . . . , ⟨q

in
n , �n⟩) → ⟨q, �⟩ such that q1,. . . ,

qn, q ∈ Q, f(q1, . . . , qn) → q ∈ Δ, for all
j ≤ n, 1 ≤ ij ≤ c(qj), for all q′ ∈ Q′ ∖ {q},
�(q′) =

∑

1≤j≤n �j(q
′), and�(q) = 1 +

∑

1≤j≤n �j(q).

F ′ is the set containing the states⟨qif , �⟩, such thatqf ∈ F
and� respect the followings conditions for allq ∈ Q such
thatc(q) > 0

∙ if p∣.∣(q) = (∣q∣ = aq) then
∑

1≤i≤c(q) �(q
i) = aq,

∙ if p∣.∣(q) = (∣q∣ ≥ aq) then
∑

1≤i≤c(q) �(q
i) ≥ aq or

∑

1≤i≤c(q) �(q
i) =M + 1,

∙ if p∥q∥ = (∥q∥ = bq) or p∥q∥ = (∥q∥ ≥ bq), then
∀1 ≤ i ≤ bq, �(q

i) ≥ 1 or �(qi) =M + 1.

We now have to prove the correctness of this construc-
tion by showing that for allt ∈ T (Σ) there exists an ac-
cepting runr of A on t such thatr ∣= C iff there exists an
accepting runr′ of A′ on t.
⇒ : let r be an accepting run ofA on t. First, we compute
a termr onQ such thatPos(r) = Pos(r) = Pos(t) and
that for allp ∈ Pos(t), r(p) is a copyqi ∈ Q of the state
r(p) = q. For everyq ∈ Q, if p∥.∥(q) = ⊤, then there
is only one copyq1 of q in Q. So, for allp with r(p) =
q we definer(p) = q1. If p∥.∥(q) = (∥p∥ = bq) (resp.
p∥.∥(q) = (∥p∥ ≥ bq)) there existsbq (respbq + 1) copies
of q. Sincer ∣= ', there exists exactly (resp. at least)bq
different termst1, . . . , tbq such that there existsbq positions
p1, . . . , pbq verifying r(p1) = . . . = r(pbq ) = q andt∣p1

=
t1, . . . , t∣pbq

= tbq . For every positionp ∈ Pos(t) such
that r(p) = q and t∣p = ti, we definer(p) = qi. And,
if p∥.∥(q) = (∥p∥ ≥ bq), for everyp ∈ Pos(t) such that
r(p) = q and t∣p is different from all thet1, . . . , tbq , we
definer(p) = qbq+1.

Then, we definer′ in the following way: for all posi-
tion p ∈ Pos(t), r′(p) = ⟨r(p), �p⟩ where for allq ∈ Q,
�p(q) = ∣q∣ wrt to r∣p andt∣p if ∣q∣ ≤M and�p(q) =M+1
otherwise. It is easy to see that the rules ofΔ′ allow us to
define such a run. We know have to check that the constraint
C ′ is satisfied byr′ andt.
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This construction satisfies the atomic constraints
⟨qi1, �1⟩ ≈ ⟨qj2, �2⟩ (resp.⟨qi1, �1⟩ ∕≈ ⟨qj2, �2), that were ad-
ded toC ′ because a constraintq1 ≈ q2 (resp.q1 ∕≈ q2) was
already inC. Whatever copiesqi1 andqj1 we have chosen in
r to replace occurrences ofq1 andq2 at positionsp1 andp2
in r, we know that those constraints will be respected be-
causeC already implied thatt∣p1

≈ tp2
(resp.t∣p1

∕≈ t∣p2
).

For every stateq ∈ Q such thatp∥.∥(q) = (∥q∥ = bq),
or p∥.∥(q) = (∥q∥ ≥ bq) there are constraints of two types:
⟨qi, �1⟩ ∕≈ ⟨qj , �2⟩ for 1 ≤ i < j ≤ bq, for all �1, �2 and
⟨qi, �1⟩ ≈ ⟨qi, �2⟩ for 1 ≤ i ≤ bq and for all�1, �2. By
construction ofrB , 1 ≤ i ≤ bq all the positionsp such that
rB(p) = ⟨qi, �⟩, for all �, have the same subtermt∣p = ti.
Moreover, for every1 ≤ i < j ≤ bq we have thatti ∕= tj .
So both types of constraints are respected.

Know we have to make sure thatrB is an accepting run,
that isrB(") ∈ FB . Sincer is an accepting run ofA we
know thatrB(") = ⟨qif , �⟩ whereqf ∈ F and�(q′) = ∣q′∣
wrt r′ if ∣q′∣ ≤M and∣q′∣ = ‘ >′ otherwise. Sinceqf ∈ F
we just have to make sure that� satisfies the conditions. By
construction ofrB , every occurrence of a stateq ∈ Q in r
corresponds to an occurrence of one of the copiesqi ∈ Q′

in r′. So, for allq ∈ Q we have that∣q∣ wrt r is equals
to

∑

1≤i≤c(q) ∣q
i∣ wrt r′ and we have that

∑

1≤i≤c(q) �(q
i)

is either∣q∣ wrt r if ∣q∣ ≤ M or ‘ >′ otherwise. Hence, if
p∣.∣(q) = (∣q∣ = aq) or p∣.∣(q) = (∣q∣ ≥ aq), the associ-
ated conditions on� are respected since' (and in particular
p∣.∣(q)) is satisfiedwrt r. By construction, for everyq ∈ Q
such thatp∥.∥(q) = (∥q∥ = bq) or p∥.∥(q) = (∥q∥ ≥ bq)
we have instantiated each copyqi for all 1 ≤ i ≤ bq at least
once inr′. So the associated conditions are also respected:
rB is an accepting ofB on t.

⇐ : let r′ be an accepting run ofA′ on t. We define a run
r of A on t in the following way:∀p ∈ Pos(t), r(p) is the
original stateq ∈ Q corresponding to the copyqi such that
r′(p) = ⟨qi, �⟩. By construction ofA′ we have thatr is
a valid runwrt Δ and thatr(") ∈ F . For every positions
p1, p2 ∈ Pos(t) with r(p1) = q1, r(p2) = q2, such that
there exists a constraintq1 ≈ q2 (resp. q1 ∕≈ q2), there
was, by construction ofA′, a constraint⟨qi1, �1⟩ ≈ ⟨qj2, �2⟩

(resp.⟨qi1, �1⟩ ∕≈ ⟨qj2, �2⟩) for all copiesqi1 of q1 andqj2 of q2
and for all�1, �2. In particular, there is inA′ the constraint
r′(p1) ≈ r′(p2) (resp. r′(p1) ∕≈ r′(p2)), so t∣p1

= t∣p2

(resp. t∣p1
∕= t∣p2

). Hence, all the constraints ofA are
satisfied bywrt r andt.

We now have to ensure thatC is satisfiedwrt r andt. As
above, by construction ofr, it is easy to see that for allq ∈
Q we have that

∑

1≤i≤c(q) �(q
i) is either∣q∣ wrt r if ∣q∣ ≤

M orM + 1 otherwise. Hence, all expressionsp∣.∣(q) of C
are satisfied. And for every expressionp∥.∥(q) = (∥q∥ =

bq), we have exactlybq copies ofq in Q. The constraints
⟨qi, �1⟩ ≈ ⟨qi, �2⟩ and ⟨qi, �1, ⟩ ∕≈ ⟨qj , �2⟩ for all �1, �2,

i ∕= j ensure that each copyqi is used for only one subterm
ti and that, for all1 ≤ i < j ≤ bq ti ∕= tj . Since all
the copiesqi are guaranteed to occur at least once inr′, by
the arithmetic constraints, we know that we have exactly
bq different subterms at the positions labelled byq. And if
p∥.∥(q) = (∥q∥ ≥ bq), the extra copyqbq+1 recognizes all
the extra subterms that are recognized inq if ∥q∥ > bq is
satisfied byr andt. Hence,C is fully satisfied byr andt,
andr is a successful run ofA on t. □

Proposition 4.6 For all TAGC[≈, ∕≈,ℕ] A, one can effect-
ively construct a PTAGC[≈, ∕≈,ℕ] A′ s.t.ℒ(A′) = ℒ(A).

Proof. Let A = ⟨Q,Σ, F, C,Δ⟩. We can assumewlog that
C = C+ ∧ C− ∧ Cℕ whereC+ is a conjunction of atomic
constraints of the formq ≈ q′ or q ∕≈ q′,C− is a conjunction
of negations of atomic constraints of the form¬(q ≈ q′)
or ¬(q ∕≈ q′), andCℕ is a conjunction of natural linear
inequalities. Otherwise, we can putC is disjunctive normal
form C =

⋁n
i=1 Ci, where everyCi has the above form,

apply the transformation below to eachAi = ⟨Q,F,Ci,Δ⟩,
obtainingA′

i and letA′ be the disjoint union of theA′
i’s.

We construct below a positive TAGC[≈, ∕≈,ℕ] A′ =
⟨Q′,Σ, F ′, C ′,Δ′⟩ recognizingℒ(A). The idea for the
construction ofA′ is to replace the negative constraints of
C− by positive constraints and arithmetic constraints, using
copies of states ofQ. For instance, assume thatC− con-
tains only¬(q1 ≈ q2). By definition, for every successful
run r of A on a termt ∈ T (Σ), there exist two positions
p1, p2 ∈ Pos(t) such thatr(p1) = q1, r(p2) = q2 and
t∣p1

∕= t∣p2
. For expressing this property without the negat-

ive constraint, we add two copiesq′1, q′2 of respectivelyq1
andq2 (i.e. we letQ′ = Q ∪ {q′1, q

′
2}) and defineΔ′ by

adding toΔ all the transitions obtained fromΔ by repla-
cing at least one occurrence ofq1 by q′1 or one occurrence
of q2 by q′2. We define similarlyC ′

+ andC ′
ℕ

from C ′
+ and

Cℕ. Also letF ′ = F ∪ {q′i ∣ qi ∈ F, i = 1, 2}. Finally, we
letC ′ = C ′

+ ∧ q′1 ∕≈ q′2 ∧ C
′
ℕ
∧ ∣q′1∣ = 1 ∧ ∣q′2∣ = 1.

In general, whenC− contains several negative con-
straints, we have to take care of the multiple occurrences
of states in the different negative constraints ofC−. For in-
stance, letC− = ¬(q1 ≈ q2)∧¬(q1 ≈ q3). For a successful
runr of A on t, there exist positionsp11, p2, p

2
1, p3 ∈ Pos(t)

such thatr(p11) = r(p21) = q1, r(p2) = q2, r(p3) = q3
and andt∣p1

1
∕= t∣p2

and t∣p2
1
∕= t∣p3

. In order to replace
C− by positive constraints as above, we must decide how
many copies ofq1, q2 andq3 we will need. Ifp11 ∕= p21, then
we can choose two copiesq11 andq21 of q1, that will reach
respectivelyp11 andp21 in a computation ofA′ on t. With
constraintsq11 ∕≈ q21 , ∣q11 ∣ = 1 and ∣q21 ∣ = 1 as above, we
are done. However, ifp11 = p21, then we must have only one
copy ofq1, because only one state can reach this position in
a computation ofA′ on t. We shall enumerate below all the
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cases of the number of copies needed for each state, using
the number of finite models of a first-order formula.

Let Q = {q1, . . . , qp} and letC− = d1 ∧ . . . ∧ dm ∧
e1 ∧ . . . ∧ en where for allk ≤ m, dk = ¬(quk

≈ qu′
k
)

and for allℓ ≤ n, eℓ = ¬(qvℓ
∕≈ qv′

ℓ
). Let us associate the

following closed first order formula toA:

�A = ∃xd1
u1
, yd1

u′
1
, . . . xdm

um
, ydm

u′
m
, xe1v1

, ye1
v′
1
, . . . xenvm

, yenv′
n
.

⋀m
k=1 x

dk
uk

∕= ydk

u′
k

∧
⋀n

ℓ=1 x
eℓ
vℓ

∕= yeℓ
v′
ℓ

LetN be the number of variables in�A. Every variable of
�A is uniquely associated to an occurrence of a state ofQ
in C−. For instance,xdk

uk
(resp. ydk

u′
k

) is associated to the
occurrence ofquk

is the left (resp. right) hand side ofdk.
For aA with the above example ofC−, we have�A =
∃xd1

1 , y
d1
2 , x

e1
1 , y

e1
3 , x

d2
1 , y

d2
4 . xd1

1 ∕= yd1
2 ∧ xe11 = ye13 ∧

xd2
1 , y

d2
4 .

For each1 ≤ i ≤ p, we defineXi as the set of variables
associated to occurrences ofqi: Xu = {xdk

uk
∣ 1 ≤ k ≤

m,uk = i} ∪ {ydk

u′
k

∣ 1 ≤ k ≤ m,u′k = i} ∪ {xeℓvℓ
∣ 1 ≤ ℓ ≤

n, vℓ = i} ∪ {yeℓ
v′
ℓ

∣ 1 ≤ ℓ ≤ n, v′ℓ = i}.
It is clear that�A is satisfiable iff it admits a finite

model with at mostN elements. LetD be a set ofN
distinct elements. A solution of�A is a mapping� from
{xd1

u1
, yd1

u′
1
, . . .} into D which makes true the conjunction

of �A. Let sol(�A) be the set of solutions of�A. To
each� ∈ sol(�A), we associate a PTAGC[≈, ∕≈,ℕ] A� =
⟨Q�, F�, C�,Δ�⟩, whereQ� contains the states ofQ and,
for eachi ≤ p, ni = ∣�(Xi)∣ copies ofqi: q1i , . . . , q

ni

i .
The transition setΔ� contains all the transitions ofΔ plus
additional transitions obtained fromΔ by replacing at least
one occurrence of one of theqi by one of its copiesqji . The
final states set is defined byF� = {qji ∣ qji ∈ Q�, qi ∈ F}.
Finally, we let

C� = C�
+ ∧ C�

ℕ
∧

⋀

i≤p

j≤ni

(

∣qji ∣ = 1 ∧
⋀

j′≤ni

j′ ∕=j

qji ∕≈ qj
′

i

)

whereC�
+ contains all the positive constraints ofC+ where

some (possibly zero or more) instances of states ofQ are
replaced by copies, andC�

ℕ
is obtained fromCℕ by replace-

ment of every∣qi∣ by ∣qi∣ + ∣q1i ∣ + . . . + ∣qni

i ∣ and of every
∥qi∥ by ∥qi∥ + ∥q1i ∥ + . . . + ∥qni

i ∥. Finally, let us rename
the respective states of theA� such that there states sets
are pairwise disjoint, and letA′ be the disjoint union of all
the A�. It is clear thatA′ is positive. Let us show that
ℒ(A′) = ℒ(A).

Let t ∈ ℒ(A′). By construction, there exists a solution
� ∈ sol(�A) such thatt ∈ ℒ(A�). Let r′ be a success-
ful run of A� on t. By definition ofC�, for eachi ≤ p,
there existsni = ∣�(Xi)∣ copies ofqi: q1i , . . . , q

ni

i , and
each copyqji occurs exactly once inr′ at a position called

pji (i.e. r−1(qji ) = {pji}). Moreover, still by definition of
C�, the subtermst∣

p
j
i

are pairwise disjoint. The mapping
� which associate to each variable inXi the correspond-
ing positionpji is isomorphic to�. Let r be obtained from
r′ by replacement of every subrunr′∣

p
j
i

by a run ofta(A)

headed byqi. It is clear by construction ofΔ� that r is a
run of ta(A). Moreover, following the property of� above,
t, r ∣= C− andt, r ∣= C+ ∧ Cℕ. It follows thatr is a suc-
cessful run ofA on t.

Conversely, lett ∈ ℒ(A), and letr be a successful run
of A on t. By definition, for everydk = ¬(quk

≈ qu′
k
) in

C−, there exists two positionspdk
uk

andsdk
uk

in Pos(t) such
that t∣

p
dk
uk

∕= t∣
s
dk

u′
k

, and for everyeℓ = ¬(qvℓ
∕≈ qv′

ℓ
) in C−

there exists two positionspeℓvℓ
andseℓ

v′
ℓ

in Pos(t) such that

t∣peℓ
vℓ

= t∣seℓ
v′
ℓ

. The set of subterms oft at these positions

define therefore a solution� of �A. We can construct from
r a run successful runr′ of A� on t. The principle of the
construction is to replace every subrun ofr at the position
e.g.pdk

uk
by a run ofA� headed by a copy ofquk

. Therefore,
t ∈ ℒ(A�) ⊆ ℒ(A′). □

Lemma 3.1 in Section 3 is a consequence of Proposi-
tions 4.3 and 4.6. Indeed, given a TAGC[≈, ∕≈] A, Propos-
ition 4.6 permits to construct a PTAGC[≈, ∕≈,ℕ] A′ with
ℒ(A′) = ℒ(A) and then Proposition 4.3 permits to con-
struct a PTAGCA′′ with ℒ(A′′) = ℒ(A). Let A′′ =
⟨Q′′,Σ, F ′′, C ′′,Δ′′⟩, and let us put the constraintC ′′ ofA′′

in disjunctive normal formC1 ∨ . . . ∨ Cn where everyCi,
i ≤ n is a conjunction of atomic constraintsq ≈ q′, q ∕≈ q′.
The PCTAGCAi = ⟨Q′′,Σ, F ′′, Ci,Δ

′′⟩, for 1 ≤ i ≤ n, is
such thatℒ(A) = ℒ(A1) ∪ . . . ∪ L(An).

Another consequence is the decidability of emptiness for
TAGC extended with natural arithmetic constraints.

Theorem 4.7 Emptiness is decidable for TAGC[≈, ∕≈,ℕ].

Proof. Given a TAGC[≈, ∕≈,ℕ] A, we can construct as
above, using Proposition 4.6 and Proposition 4.3,n PC-
TAGCA1,. . . ,An such thatℒ(A) = ℒ(A1)∪ . . .∪L(An).
Then we can apply Theorem 3.21 to eachAi, 1 ≤ i ≤ n, in
order to decide the emptiness ofℒ(A). □

4.2 Equality Tests Between Brothers

The constraints of TAGC are checked once for all on a
whole run. There exists another kind of equality and dis-
equality constraints for extending TA which are tested loc-
ally at every transition step. One example of TA with such
local constraints defined in [4] are tree automata with con-
straints between brothers (TACB ).

A TACB is a tupleA = ⟨Q,Σ, F,Δ⟩ whereQ, F , Σ
are defined like for TA and the transitions rules ofΔ have
the form: f(q1, . . . , qn) −→

c q, wherec is a conjunction of
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atoms of the formi = j or i ∕= j with 1 ≤ i, j ≤ n. A run
of the TACBA on a termt ∈ T (Σ) is a functionr from
Pos(t) into Q such that, for allp ∈ Pos(t), there exists
a rule t(p)

(

r(p.1), . . . , r(p.m)
)

−→c r(p) ∈ Δ satisfying
t(p) ∈ Σm, and moreover, for alli = j in the conjunction
c, t∣p.i = t∣p.j holds, and for alli ∕= j in the conjunctionc,
t∣p.i ∕= t∣p.j holds.

The notions of successful runs and languages can be ex-
tended straightforwardly from TA to TACB. Global con-
straints can also be added to TACB in the natural way. The
automata of the resulting classes TACB[≈, ∕≈, ...] will there-
fore perform global and local test during their computations.

Example 4.8 Assume that the terms of Example 2.4 are
now used to record the activity of a restaurant, and that we
add a second argument of typeqt to L0, L andM , so that
the first argumentqt will characterize the theoretical time
to cook, and the secondqt will characterize the real time
that was needed to cook the dish. Let us replace the trans-
itions withL0, L andM in input byL0(qid, qt, qt) −−−→2=3

qL, L0(qid, qt, qt) −−−→2 ∕=3 q′L, L(qid, qt, qt, qL) −−−→2=3 qL,

L(qid, qt, qt, qL) −−−→2 ∕=3 q′L, M(qid, qt, qt, qL) −−−→2=3 qM ,

M(qid, qt, qt, qL) −−−→2 ∕=3 q′M , where q′L is a new state
meaning that there was an anomaly. We also also add
a transitionL(qid, qt, qt, q′L) → q′L to propagateq′L and
M(qid, qt, qt, q

′
L) → q′M .

The language of the TAGC obtained is the set of records
well cooked, i.e. such that for all dishes, the real time to
cook is equal to the theoretical time. ♢

The emptiness decision algorithm of Section 3 still works
for this extension of TAGC with local brother constraints.
This is because a global pumpingr[r∣I(p̄1)]p̄1

. . . [r∣I(p̄n)]p̄n

on a runr can be proved to satisfy the constraints between
brothers in a completely analogous way as in the proof of
Lemma 3.10 and Theorem 4.7.

Theorem 4.9 Emptiness is decidable for TACB[≈, ∕≈,ℕ].

4.3 Unranked Ordered Trees

Our tree automata models and results can be generalized
from ranked to unranked ordered terms. In this setting,Σ is
called anunranked signature, meaning that there is no arity
fixed for its symbols,i.e. that in a terma(t1, . . . , tn), the
numbern of child is arbitrary and does not depend ona.
Let us denoteU(Σ) the set of unranked ordered terms over
Σ. The notions of positions, subtermsetc are defined for
unranked terms ofU(Σ) like for ranked terms ofT (Σ).

We extend the definition of automata for unranked
ordered terms, called hedge automata [22], with global
constraints. Ahedge automaton with global constraints
(HAGC ) is a tupleA = ⟨Q,Σ, F, C,Δ⟩ whereQ, F andC

a

b

c

d f

g ℎ

7→curry @

@

@

a @

b c

d

@

@

f g

ℎ

Figure 6. Currying of an unranked term

are as in the definition of TAGC in Section 2.2 and the trans-
itions ofΔ have the forma(L) → q wherea ∈ Σ, q ∈ Q
andL is a regular (word) language overQ∗, assumed given
by a NFA with input alphabetQ.

A run of A on an unranked orderedt ∈ U(Σ) is a
function r from Pos(t) into Q such that for all position
p ∈ Pos(t) with n child, there exists a transitiont(p)(L) →
r(p) in Δ such thatr(p.1) . . . r(p.n) ∈ L. The runr is
called successfulif moreoverr(Λ) ∈ F and t, r ∣= C,
where satisfiability is defined like in Section 2.2. As above,
we use the notation HAGC[�1, . . . , �n] where the�i’s can
be≈, ∕≈, ∣.∣

ℕ
, ∥.∥ℕ...

The emptiness decision results of Corollary 3.22 can be
extended from TAGC to HAGC using a standard transform-
ation from unranked to ranked binary terms. Let us as-
sociate to the unranked signatureΣ the (ranked) signature
Σ@ := {a : 0 ∣ a ∈ Σ} ∪ {@ : 2} where@ is a new symbol.
The following operatorcurry defines a bijection fromU(Σ)
into T (Σ@): curry(a) := a and curry

(

a(t1, . . . , tn)
)

:=

@
(

curry
(

a(t1, . . . , tn−1)
)

, curry(tn)
)

. An example of ap-
plication of this operator is presented in Figure 6.

Proposition 4.10 For all HAGC[≈, ∕≈,ℕ]A overΣ, on can
construct effectively in PTIME a TAGC[≈, ∕≈,ℕ] A′ over
Σ@ such thatℒ(A′) = curry

(

ℒ(A)
)

.

Proof. Let A = ⟨Q,Σ, F, C,Δ⟩. We callha(A) the under-
lying hedge automaton ofA: ha(A) = ⟨Q,Σ, F, true,Δ⟩
i.e. ha(A) computes the same way asA but without the
global constraints (note however that the top state of suc-
cessful runs must be a final state).

We can assumewlog thatΔ contains at most one trans-
ition a(L) → q for each pair⟨a, q⟩ ∈ Σ × Q. Otherwise,
we can replace two transitiona(L) → q anda(L′) → q by
the uniquea(L ∪ L′) → q, preserving the language recog-
nized. LetBa,q be the NFA recognizingL in the (unique)
transitiona(L) → q of Δ associated toa andq. Note that
such an automaton hasQ as input alphabet. LetP be the
union (assumed disjoint) for all transitions inΔ of the state
sets of the automataBa,q.
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The transitions of the automatonA′, when computing on
curry(t) for somet ∈ U(Σ), will simulate both the trans-
itions of A (vertical transitions) and the transitions of the
NFAsBa,q (horizontal transitions).

Let A′ = ⟨Q ∪ P,Σ, F, C,Δ′⟩ whereΔ′ contains the
transitions:a→ q if Ba, q recognizes the empty word,a→
inita,q for all q ∈ Q, whereinita,q is the initial state of
Ba,q, @(p, q) → p′ if there is a transitionp −→q p′ in some
Ba′,q′ , and@(p, q) → q′ if there is a transitionp −→q p′ in
someBa′,q′ , wherep′ is a final state.

We can show by induction ont ∈ U(Σ) that t ∈
L
(

ha(A)
)

iff curry(t) ∈ L
(

ta(A′)
)

. More precisely, for
all t ∈ U(Σ), to every runr of ha(A) on t, we can associ-
ate a runr′ of ta(A′) on curry(t) with r′(Λ) = r(Λ) ∈ F ,
and reciprocally. Moreover, by construction, there existsan
injective mapping� from Pos(t) into Pos(curry(t)), such
that for allp ∈ Pos(t), the statesr(p) andr′(�(p)) coincide
andcurry(t∣p) = curry(t)∣�(p). It follows thatr is success-
ful for A iff r′ is successful forA′. □

Theorem 4.11 Emptiness is decidable for HAGC[≈, ∕≈,ℕ].

5 Monadic Second Order Logic

A ranked termt ∈ T (Σ) overΣ can be seen as a model
for logical formulae, with an interpretation domain which
is the set of positionsPos(t). We consider monadic second
order formulae interpreted on such models, with quantific-
ations over first order variables (interpreted as positions),
denotedx, y . . . and over unary predicates (i.e. set variables
interpreted as sets of positions), denotedX . . . The formu-
lae are built with the following predicates:

1. equalityx = y, and membershipX(x) – the position
x belongs to the setX,

2. a(x), for a ∈ Σ – the positionx is labeled bya in t,
3. Si(x, y), for all i smaller that the maximal arity of

symbols ofΣ, which is true on every pair(p, p.i), (we
write+1 for the type of such predicates),

4. term equalityX ≈ Y , resp. disequalityX ∕≈ Y , which
is true when for allx in X and ally in Y , t∣x = t∣y,
resp.t∣x ∕= t∣y,

5. linear inequalities
∑

ai.∣Xi∣ ≥ a or
∑

ai.∥Xi∥ ≥ a,
where everyai anda belong toℤ; ∣Xi∣ is interpreted
as the cardinality ofXi and∥Xi∥ as the cardinality of
{t∣p ∣ p ∈ Xi}.

We write MSO[�1, . . . , �k] for the set of monadic second
order logic formulae with equality, membership, labeling
predicates and other predicates of type�1 . . ., amongst the
above types+1, ≈, ∕≈, and∣.∣ℤ, ∥.∥ℤ (3-5). We also use the
notations∣.∣ℕ and∥.∥ℕ for natural linear inequalities and the
abbreviationsℤ andℕ like in Section 4.1. Let EMSO[� ]
be the fragment of MSO[� ] of the formulae of the form

∃X1 . . . ∃Xn � where all the set variables in� belong to
{X1, . . . , Xn}.

Example 5.1 The formula of EMSO[≈, ∕≈],
∃Xa (∀xXa(x) ↔ a(x)) ∧ Xa ∕≈ Xa expresses that
all the subterms headed bya in a term t are pairwise
different. It other words,a is used to mark monadic keys
in t (see Example 2.4). This can also be expressed by
∥Xa∥ ≤ 1.

It is well known that MSO[+1] has exactly the same ex-
pressiveness as TA [27] and therefore it is decidable. The
extension MSO[≈,+1] is undecidable, seee.g.[13], as well
as MSO[ ∣.∣ℤ,+1] [19] (the latter extension is also undecid-
able for unranked ordered terms when counting constraints
are applied between childrens of positions [25]) but the
fragment EMSO[ ∣.∣ℤ,+1] is decidable [19].

In [14] the fragment EMSO with≈ and a restricted
form of ∕≈ is shown decidable, with a two way corres-
pondence between these formulae and a decidable sub-
class of TAGEDs. This construction can be straightfor-
wardly adapted to establish a two way correspondence
between EMSO[≈, ∕≈,ℕ,+1] and TAGC[≈, ∕≈,ℕ]. With
Theorem 4.7, it gives the following result.

Theorem 5.2 EMSO[≈, ∕≈, ∣.∣ℕ, ∥.∥ℕ,+1] is decidable on
ranked terms.

Proof. We show that for every formula� in EMSO[S,≈, ∕≈
,ℕ], we can construct a TAGC[≈, ∕≈,ℕ] recognizing exactly
the set of models of�. The decidability of the logic follows
then from Theorem 4.7. □

Unranked Ordered Terms. In unranked ordered terms,
the number of child of a position is unbounded. Therefore,
for navigating in such terms with logical formulae, the suc-
cessor predicates of category 3 are not sufficient. In order
describe unranked ordered terms as models, we replace the
above predicatesSi by:

∙ S↓(x, y) which holds on every pair of positions of the
form (p, p.i) (i.e. y is a child ofx),

∙ S→(x, y) which holds on every pair of positions of the
form (p.i, p.i+ 1) (i.e. y is the successor sibling ofx).

The type of these predicate is still called+1. Note that the
above predicatesS1, S2, . . . can be expressed using these 2
predicates only.

Using the results of Section 4.3, we can generalize The-
orem 5.2 to EMSO over unranked ordered terms.

Theorem 5.3 EMSO[≈, ∕≈, ∣.∣ℕ, ∥.∥ℕ,+1] is decidable on
unranked ordered terms.
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6 Conclusion

We have answered (positively) the open problem of de-
cidability of the emptiness problem for the TAGEDs [14],
by proposing a decision algorithm for a class TAGC of tree
automata with global constraints extending TAGEDs. Our
method for emptiness decision, presented in Section 3 ap-
peared to be robust enough to deal with several extensions
like global counting constraints, local test between sibling
subterms and extension to unranked terms. It could perhaps
be extended to equality modulo commutativity and other
equivalence relations. Another interesting subject men-
tioned in the introduction is the combination of the HAGC
of Section 4.3 with the unranked tree automata with tests
between sibling [29, 20].

A challenging question would be to investigate the pre-
cise complexity of the problem, avoiding the use of the
Higman’s Lemma in the algorithm. For instance, in [14],
it is shown, using a direct reduction into solving posit-
ive and negative set constraints [8, 16, 26], that empti-
ness is decidable in NEXPTIME for TAGC without con-
straints of the formq ≈ q′, and with constraints of the form
q ∕≈ q′ for distinct statesq andq′. On the other hand, the
best known lower bound for emptiness decision for TAGC
is EXPTIME-hardness (already for positive TAGC[≈] as
shown in [14]).

Another branch of research related to TAGC concerns
automata and logics fordata trees, i.e. trees labeled over an
infinite (countable) alphabet (see [24] for a survey). Indeed,
data trees can be represented by terms over a finite alphabet,
with an encoding of the data values into terms. This can be
done in several ways, and with such encodings, the data
equality relation becomes the equality between subterms.
Therefore, this could be worth to study in order to relate
our results on TAGC to decidability results on automata or
logics on data trees like those in [18, 5].

References

[1] S. Anantharaman, P. Narendran, and M. Rusinowitch. Clos-
ure properties and decision problems of dag automata.Inf.
Process. Lett., 94(5):231–240, 2005.

[2] F. Baader and T. Nipkow.Term Rewriting and All That.
Cambridge University Press, New York, 1998.
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C. Löding, D. Lugiez, S. Tison, and M. Tommasi.Tree
Automata Techniques and Applications. http://tata.
gforge.inria.fr , 2007.

[11] S. Dal Zilio and D. Lugiez. Xml schema, tree logic and
sheaves automata.Journal Applicable Algebra in Engineer-
ing, Communication and Computing, 17(5):337–377, 2006.

[12] G. Feuillade, T. Genet, and V. Viet Triem Tong. Reach-
ability Analysis over Term Rewriting Systems.Journal of
Automated Reasoning, 33 (3-4):341–383, 2004.

[13] E. Filiot, J.-M. Talbot, and S. Tison. Satisfiability of a spatial
logic with tree variables. InProceedings of the 21st Inter-
national Workshop on Computer Science Logic (CSL 2007),
volume 4646 ofLecture Notes in Computer Science, pages
130–145. Springer, 2007.

[14] E. Filiot, J.-M. Talbot, and S. Tison. Tree automata with
global constraints. In12th International Conference in De-
velopments in Language Theory (DLT 2008), volume 5257
of Lecture Notes in Computer Science, pages 314–326.
Springer, 2008.

[15] J. H. Gallier. What’s so special about kruskal’s theorem and
the ordinal gamma0? a survey of some results in proof the-
ory. Annals of Pure Applied Logic, 53(3):199–260, 1991.

[16] R. Gilleron, S. Tison, and M. Tommasi. Some new decid-
ability results on positive and negative set constraints. In
Proceedings, First International Conference on Constraints
in Computational Logics, volume 845 ofLNCS, pages 336–
351. Spinger, 1994.

[17] F. Jacquemard, F. Klay, and C. Vacher. Rigid tree auto-
mata. In A. Horia Dediu, A. Mihai Ionescu, and C. Martı́n-
Vide, editors,Proceedings of the 3rd International Confer-
ence on Language and Automata Theory and Applications
(LATA’09), volume 5457 ofLecture Notes in Computer Sci-
ence, pages 446–457, Tarragona, Spain, Apr. 2009. Springer.

[18] M. Jurdzinski and R. Lazic. Alternation-free modal mu-
calculus for data trees. InProceedings 22nd IEEE Sym-
posium on Logic in Computer Science (LICS), pages 131–
140. IEEE Computer Society, 2007.

[19] F. Klaedtke and H. Ruess. Parikh automata and mon-
adic second-order logics with linear cardinality constraints.
Technical Report 177, Intitute of Computer Science at
Freiburg University, 2002.

18
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