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de venir aqúı. A todos y todas mis USB-panas, mis amigos y amigas de la
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con mis USB-panas, quiero agradecer a los y las que por azar del destino
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Abstract

In this dissertation we study different problems that arise when providing semantics

to normal logic programs. On one hand, since constructive negation can be naturally

formulated in terms of constraint logic programming, we deal with the class of constraint

normal logic programs. Indeed, we propose a new operational semantics for normal logic

programs, called BCN (Basic Constructive Negation), considering constraints over the do-

main of terms. This operational semantics does not need to deal with subsidiary trees and,

for our purposes, is simpler than other existing proposals that use constructive negation.

Moreover, from our point of view, the semantics of constraint normal logic programming

is not properly defined. In this regard, we present a functorial framework to deal with the

semantics of constraint normal logic programs in a novel way. In particular, our approach

is based on a reformulation of the notion of constraint domain and, on considering that

the semantics of a constraint logic program is a functor parametrized by the constraint

domain. In addition, we extend the operational semantics BCN to BCN(X ), being X a

general constraint domain. On the other hand, we provide semantics for normal logic pro-

grams enriched with structuring mechanisms and scoping rules. Specifically, we consider

constructive negation and the extension that consists in having expressions of the form

Q⊃G in goals, where Q is a program unit, G is a goal and ⊃ stands for the so-called em-

bedded implication. These expressions can be seen as blocks of programs where Q is used

for proving the goal G. In particular, we consider both static and dynamic visibility rules.

Therefore, we actually deal with a dynamic class and a static class of normal logic pro-

grams. When considering structured normal logic programming, providing semantics to

program units is, in general, a difficult task due to the non-monotonic nature of negation.

In particular, non-monotonicity makes difficult to show compositionality of the program

units and constructions. However, we do not want to impose any kind of syntactic restric-

tion (e.g. stratification) that simplify most constructions and proofs at the cost of strongly

limiting generality. In order to overcome problems we provide new semantics definitions

for the class of dynamic normal logic programs as well as for the class of static normal

logic programs. More precisely, for the dynamic language we follow the classical approach:

we first propose an operational semantics. Then, we define a model-theoretic semantics

in terms of a sort of ordered structures which are an adaptation of the intuitionistic Beth

structures. Finally, an (effective) fix-point semantics is provided and we prove the equiv-

alence between those three semantics. In order to deal with the static language, we first

define an operational semantics and then we present an alternative semantics in terms of

a transformation of the given structured program into a flat one. We finish by showing

that this transformation preserves the computed answers of the given static program.
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1. PRELIMINARIES

1.1 Introduction

The semantics of logic programs is usually defined at three levels. The op-
erational semantics is defined by means of a procedural mechanism that
makes possible to infer correct conclusions from programs. The logical se-
mantics, corresponds to a class of models of a theory in the underlying
logic. In particular, considering a program P , the intended model of P cor-
responds to a model that exactly reflects the information expressed by P
and nothing else. For some class of logic programs, it is not obvious how
to establish an underlying logic. Nonetheless, in such cases, it could be
enough to define a model depending on what one is interested in study-
ing. The intended model is usually (effectively) computed by a bottom-up
construction which is the least fix-point of a function, called immediate con-
sequence operator. The immediate consequence operator is defined over the
set of the considered interpretations organized as a complete partially or-
dered set. A very desirable property for any class of logic programs is the
equivalence (i.e. soundness and completeness) of these three semantics men-
tioned above. For instance, for the class of (definite) Horn logic programs,
the operational semantics corresponds to the SLD-resolution procedure [3]
and the intended model of a program P is the minimum model of the class
of Herbrand models of the theory formed by the universal closure of those
clauses in P . Moreover, this model is effectively computed as the least fix-
point of an immediate consequence operator defined on Herbrand structures
[36, 60]. Another model-theoretic characterization of logic programs is given
by the s-semantics approach [10] in which the intended model is closer to
the operational semantics.

Constraint logic programming was introduced in ([30]) as a powerful and
conceptually simple extension of logic programming. Stuckey [57] claimed
that the natural formulation of constructive negation was in terms of con-
straint logic programming. Indeed, his main semantical proposals have been
done considering normal logic programs as constraint normal logic programs
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over the Herbrand Universe where constraints are given by equations and
disequations. In this dissertation we follow this approach. On one hand,
we propose a very simple operational semantics called BCN which is not
based on constructing subsidiary trees for computing answers to negative
queries. On the other hand, we address the problem of providing semantics
to constraint normal logic programs when considering arbitrary constraint
domains. The semantics of definite (constraint) logic programs has been
studied in detail (see, e.g. [31], [32]). However, the constructions and re-
sults for definite programs do not extend when dealing with negation. The
main problem is related to a well-known problem in the area of algebraic
specification: if we fix a constraint domain as a given model, its free exten-
sion by means of a set of Horn clauses defining a set of new predicates is
semicomputable. However, if the language of the extension is richer than
Horn clauses its free extension (if it exists) is not necessarily semicomputable
([44]). Now, when working without negation we are in the former case, but
when working with negation we are in the latter case. In particular, this
implies that the results about the soundness and completeness of the oper-
ational semantics with respect to the logical and algebraic semantics of a
definite constraint logic program do not extend to the case of programs with
negation, except when we impose some restrictions to these programs. In
our opinion, the problem when dealing with negation is not on the class of
constraints considered, but rather, in the notion of constraint domain used.
In particular, we argue that the notion of constraint domain used in the
context of definite programs is not adequate when dealing with negation.
Instead, we propose and justify a small reformulation of the notion of con-
straint domain. To be precise, we propose that a domain should be defined
in terms of a class of elementarily equivalent models and not in terms of a
single model. With this variation we are able to show the equivalence of
the logical, operational, and fix-point semantics of programs with negation
without needing to restrict the class of constraints.

In order to structure logic programs there are two main approaches (see [12]
for a survey). The first one is based on defining some notion of program unit
or module and on providing a number of composition operators. Basically,
this approach is oriented towards programming-in-the-large. The second
approach consists in enriching logic programs with a mechanism of abstrac-
tion and scoping rules that are frequently found, for instance, in procedural
programming. Hence, this approach seems to be suitable for programming-
in-the-small in a structured way. More precisely, this approach has been
advocated by Miller [45] and others using implications embedded in the
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goals of programs as a structuring mechanism. In particular, Miller consid-
ered a class of programs close to Harrop formulas [46] in which, in addition
to embedded implication in goals, disjunctive goals and explicitly quanti-
fied goals are admitted. As far as we know, the first work in this direction
was presented by Gabbay and Reyle [26] who proposed an extension of Pro-
log, called N-Prolog. In this extension embedded implication could occur in
goals. Their aim was to extend Prolog with a mechanism that could allow
them to add additional clauses to programs. That is, a mechanism that could
implement hypothetical reasoning. Due to this initial approach, embedded
implication is also known as hypothetical implication. Specifically, extending
logic programs with embedded implication consists in having expressions of
the form Q⊃G in goals, where Q is a set of program clauses, G is a goal and
⊃ stands for the embedded implication. In fact, the operational semantics
of the embedded implication was given by the deduction theorem. That is,
P ` Q ⊃ G iff P ∪Q ` G. Going back to Miller’s approach, expressions of
the form Q⊃G in which embedded implications occur can be seen as blocks
of programs where Q is a module to be used for proving the goal G. We
think that the obtained class of programs is provided with a block structur-
ing mechanism. In fact, as Giordano, Martelli and Rossi [28] pointed out,
we can associate two different visibility rules, static and dynamic, to this
kind of structuring mechanism where, obviously, the semantics of the given
program depends on the chosen rule. Henceforth, we will refer to static
(dynamic) logic programming language whenever static (dynamic) visibility
rule is used. It is considered that the dynamic scoping is well-suited for hy-
pothetical reasoning, while the static rule is more convenient for structuring
logic programs into blocks.

Considering soundness and completeness properties, several interesting re-
sults have been obtained when extending definite logic programs with these
structuring mechanisms. However, when normal logic programs are con-
sidered only restricted results have been obtained. As far as we know all
the attempts for extending normal logic programming with embedded im-
plication considered negation as finite failure. From our point of view, the
major shortcoming of using negation as failure concerns the limitations of
this negation mechanism to deal with the whole class of normal programs.
Accordingly, we consider normal logic programs with constructive negation
extended with embedded implication.

This dissertation is organized in five chapters that cover the preliminary
work published in [50, 48, 49, 39] as follows. The second chapter presents a
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sound and complete operational semantics for normal logic programs based
on constructive negation, called BCN , that was introduced in [50]. In Chap-
ter 3 a functorial framework for the semantics of CNLP (X ) is presented.
This framework was introduced in [39]. In Chapter 4, we address the prob-
lem of defining a semantics for normal logic programs with embedded impli-
cations considering both, static and dynamic visibility rules. To be exact,
in this chapter we redefine the formal framework established in preliminary
work [48, 49]. Finally, in Chapter 5 conclusions and further work are dis-
cussed.

1.2 Related work

In this section we present the most important semantical results on normal
logic programming and what we consider preceding work when combining
embedding implication and negation.

From a theoretical point of view, problems related to the semantic definition
of normal logic programs have been studied from different perspectives (see
Apt and Bol [2], and Shepherdson [56] for surveys). For instance, Clark-
Kunen’s completion [15, 34] and well-founded semantics [61] provide two
alternative approaches to define the (model-based) meaning of programs.
Besides, the work of Kunen, Fages [20] and, Lucio, Orejas and Pino [40]
provide fix-point operators to compute its logical consequences (i.e. the
set of correct answers). Finally, constructive negation, as introduced by
Chan [14], Stuckey [57] and Drabent [17], is accepted as a complete and
sound mechanisms to describe the operational semantics of the whole class
of normal programs. Most of these proposals share the following procedural
interpretation of constructive negation: When a negative goal is selected
in a given derivation the construction of a subsidiary derivation tree for its
positive counterpart is activated. Then, this tree must be built until some
required information is reached [17, 20, 57]. In addition, in some cases, this
information must be manipulated to compute disjunctive normal forms to
proceed with the original derivation.

When addressing the semantics of constraint normal logic programs, the
only approach that we know that has dealt with this problem is ([57]). In
that paper, Stuckey presents one of the first operational semantics which
is proved complete for programs that include (constructive) negation. Al-
though we use a different operational semantics, that paper has had an
important influence in our work on negation. The results in ([57]) were very
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important when applied to the case of standard (non-constrained) logic pro-
grams because they provided some good insights about constructive nega-
tion. However, the general version (i.e., logic programs over an arbitrary
constraint domain) is not so interesting (in our opinion). The reason is that
the completeness results are obtained only for programs over admissible con-
straints.

When considering structured normal logic programming, providing seman-
tics to program units is, in general, a difficult task due to the non-monotonic
nature of negation. Indeed the non-monotonicity hinders the definition
of compositional semantics for this kind of units. Nevertheless, a certain
amount of work has been done for defining the semantics of normal logic
program modules according to the first approach mentioned above (see, e.g.,
[21, 19]). Lucio, Orejas and Pino [40] showed that the lack of monotonic-
ity of constructive negation was only due to the definition of the algebraic
semantics. In particular, they defined a new compositional semantics for
the class of normal logic program units, in terms of a class of models called
ranked models where satisfaction is monotonic. As the authors pointed out
in that paper, ranked models are, intuitively, quite close to Beth models.

Concerning dynamic normal logic programming, Gabbay [25] studied the
logical properties of the language N-Prolog, proposed in [26]. In this sense,
he proposed intuitionistic logic as a suitable underlying logic. Therefore
he used Kripke-like structures for giving model-based semantics. Moreover,
soundness and completeness of N-Prolog with respect to intuitionistic logic
were proved. Gabbay also introduced negation as failure into N-Prolog and
pointed out that since the success of a goal with respect to a program means
intuitionistic provability then failure means intuitionistic unprovability. The
operational semantics for this new class of programs was a direct extension of
negation as finite failure with rules for dealing with embedded implications
occurring in goals (the deduction theorem). As one could expect, at this
point problems arose because negation as finite failure does not coincide
with intuitionistic negation. Basically the difficulties observed by Gabbay
concern the non-monotonic nature of the negation. In particular, in his
proposal the modus ponens and the transitivity of the implication did not
hold. Indeed, the problem with adding negation is the increasing of the set
of clauses because a finite failure will depend on the considered set. Thus,
the problem that Gabbay left open was to find a semantics in which some
form of modus ponens and transitivity of the implication will hold.
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Following another line of research, McCarty [43] proposed a language for
legal discourse based on what he called clausal intuitionistic logic [41]. The
class of programs considered by him admitted the coexistence of embedded
implication and negation in the right-hand side of clauses. Moreover, clauses
were interpreted in an intuitionistic way. More precisely, McCarty addressed
the model-based and the fix-point semantics. The models were Kripke-like
structures and he defined a monotonic immediate consequence operator but
the continuity of this operator could not be concluded. Therefore, the con-
structibility could not be proved. In another paper [42], McCarty presented
a proof procedure for this logic based on tableau. The soundness and com-
pleteness of the the proof procedure with respect to the fix-point semantics
was proved.

Bonner and McCarty [9] also extended logic programs with embedded im-
plication and negation as failure. They only considered the restricted class
of function free stratifiable programs. The model theory developed was
based on perfect model semantics [52] considering non monotonic Kripke-
like structures. Soundness and completeness of this semantics were proved.
More recently, Giordano and Olivetti [29] dealt with the dynamic class of
programs. In the notion of failure used in their work still remained the
possibility of floundering. This fact imposed the necessity of a syntactical
restriction on programs in order to obtain completeness. They used Kripke-
like models in which the interpretations associated to a given world was a
three-valued structure and the order relation between worlds is not mono-
tonic. We can see that in order to achieve completeness results in the latter
two work monotonicity property of Kripkes structures have been relaxed
and syntactical restriction have been imposed to the language.

Following a different approach, Freitag [23] proposed a transformational se-
mantics for the class of logic programs with negation as failure and embed-
ded implication. To be more concrete, he defined a preprocessing mechanism
for translating stratifiable function free logic programs into flat ones. The
model-theoretic semantics was given in terms of perfect models based on
non-monotonic Kripke-like structures. Additionally, soundness and com-
pleteness of the translated programs with respect to the model semantics
considered were proved. The interpretation given to the embedded impli-
cation induced the dynamic scoping rule. However, the translation to flat
programs was possible since stratifiable programs allows us to emulate the
context characterization considered in those languages with static visibility
rule. As we can see in previous work, all the attempts for extending normal
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logic programming with embedded implication considered negation as finite
failure.

1.3 Basic definitions and notation

A signature Σ consists of a pair of sets (FSΣ, PSΣ) of function and predi-
cate symbols, respectively, with some associated arity. TΣ(X) denotes the
set of all first-order Σ-terms over variables from X, and TΣ denotes the
set of all ground terms, this is, the Herbrand universe. A literal is either an
atom p(t1, . . . , tn) (namely a positive literal) or a negated atom ¬p(t1, . . . , tn)
(namely a negative literal). BΣ denotes the set of all ground atoms, this is,
the Herbrand base. The set FormΣ is formed by all first-order Σ-formulas
written (from atoms) using connectives ¬,∧,∨,→,↔ and quantifiers ∀,∃.
We denote by free(ϕ) the set of all free variables occurring in ϕ. ϕ(x)
specifies that free(ϕ) ⊆ x. SentΣ is the set of all ϕ ∈ FormΣ such that
free(ϕ) = ∅, called Σ-sentences. By ϕ∀rz (resp. ϕ∃rz) we denote the for-
mula ∀x1 . . .∀xn(ϕ) (resp. ∃x1 . . .∃xn(ϕ)), where x1 . . . xn are the variables
in free(ϕ) r z. In particular, the universal (resp. existential) closure, that
is ϕ∀r∅ (resp. ϕ∃r∅) is denoted by ϕ∀ (resp. ϕ∃). The logical constants are
denoted by t, f and u. In general, subscripts and superscripts will be used
if needed and a bar is used to denote (finite) sequences of objects. The set
of natural numbers is denoted by N.

1.3.1 Logical and logic programming definitions

Definition 1.3.1: A Σ-theory is a set of Σ-sentences closed under logical con-
sequence. A theory can be presented semantically or axiomatically. A se-
mantic presentation is a class C of Σ-structures. Then, the theory seman-
tically presented by C is the set of all Σ-sentences which are satisfied by
C:

Th(C) = {ϕ ∈ SentΣ | for all A ∈ C A(ϕ) = t}

An axiomatic presentation is a decidable set of axioms Ax ⊆ SentΣ. Then,
the theory axiomatically presented byAx is the set of all logical consequences
of Ax:

Th(Ax) = {ϕ ∈ SentΣ | Ax |= ϕ}

A Σ-theory T is said to be complete if, and only if, ϕ ∈ T or ¬ϕ ∈ T
holds for every Σ-sentence ϕ.
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Example 1: Given a signature Σ, the free-equality theory, FETΣ, can be
presented by the following axioms:

(1) ∀x(x = x)
(2) ∀x∀y(x = y ↔ f(x) = f(y)) for each f ∈ FSΣ

(3) ∀x∀y(x = y → (p(x)↔ p(y))) for each p ∈ PSΣ ∪{=}
(4) ∀x∀y(f(x) 6= g(y)) for each pair f, g ∈ FSΣ such that f 6≡ g
(5) ∀x(x 6= t) for each Σ-term t and variable x such that

x ∈ var(t) and x 6≡ t.

Whenever Σ has a finite number of function symbols it is necessary to add
the (Weak) Domain Closure Axiom (WDCA):

∀x(
∨

f∈FSΣ

∃y1, . . . , ynf
(x = f(y1, . . . , ynf

))

to FETΣ in order to make it a complete theory, that is, FETΣ |= ϕ or
FETΣ |= ¬ϕ for any Σ-sentence.

We follow the approach of Stuckey [57] and Drabent [17] to present the
class of normal logic programs.

Definition 1.3.2:

1. An equality constraint is an arbitrary first order formula in which the
only relational symbol occurring in atoms is the equality. Constraints
are denoted by using the letters c and d (possibly with subscripts).
Let c and d be constraints. The constraint c is satisfiable if and only if
FETΣ |= c∃, c is more general than d if and only if FETΣ |= (d→ c)∀

and c and d are equivalent if and only if FETΣ |= (d↔ c)∀.

2. A constrained atom is a pair p(x)�c(x), where p ∈ PSΣ and c(x) is a
satisfiable constraint.

Definition 1.3.3:

1. A constrained goal is an expression of the form `�c where ` is a normal
flat goal (a conjunction of positive and negative flat literals) and c is
a satisfiable equality constraint. The symbol � is a syntactic variant
of conjunction used to separate constraints out. Whenever c is t, it
is omitted in goals. Henceforth when we refer to a goal we mean a
constrained goal. In addition, given a goal `1, `, `2�c, it means that
the literal ` is selected in that goal.
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2. A constrained program clause is an expression of the form p(x) ←
`�c(x) where its head, p(x) is a flat atom, being x a tuple of fresh new
variables and, its body, `�c(x) is a constrained goal. Whenever in the
body of a clause ` is empty, it represents the truth constant t.

3. Programs are finite sets of constrained clauses. For readability, we do
not use the comma symbol (,) to separate clauses inside sets of clauses.
Instead, we use the semicolon symbol (;)

4. The set {p(x)← `�c ∈ P} corresponds to all the clauses in program
P with head predicate p. In what follows this set will be denoted by
DefP (p(x)).

For giving a declarative semantics to a program P , Clark [15] proposed
completing the definition of the predicates in P .

Definition 1.3.4: The predicate completion formula of predicate p ∈ PSΣ in
P is defined as follows:

∀x(p(x)↔
m∨

i=1

(`i ∧ ci)∃rx)

where p(x)← `i�ci ∈ Defp(p), i = 1, . . . ,m. P ∗ denotes the set of predicate
completion formulas. If DefP (p(x)) = ∅ then ∀x(p(x) ↔ f) is included in
P ∗.

Definition 1.3.5: The Clark’s completion of P , Comp(P ), consists of the free
equality theory FETΣ join with P ∗. This is Comp(P ) = FETΣ ∪P ∗.

Comp(P ) was originally interpreted in two-valued logic but Kunen [34]
interpreted it in three-valued logic and hereafter the set of logical conse-
quences of Comp(P ) is considered the standard declarative meaning of nor-
mal logic programs. In this dissertation we call it Clark-Kunen’s semantics.
To present the following notions we adopt the definitions of [37].

Definition 1.3.6: A three-valued Σ-structure A consists of:

(a) A universe of values A.

(b) An interpretation function. Each function symbol in FSΣ is inter-
preted by a (total) function from An to A (of adequate arity n). Each
predicate symbol in PSΣ is interpreted by a partial relation, which can
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be seen as a (total) function from An to the set of the three boolean
values {t, f, u}. Hence, every ground Σ-term can be interpreted as
a value belonging to A (they cannot be undefined), every equality
ground atom t1 = t2 is associated to one of the classical truth values,
but every ground atom p(t1, . . . , tn) is associated to one of the three
boolean values: {t, f, u}.

In three-valued logic, the connectives ∧,∨,→ and ↔ are interpreted by
their truth tables. For instance, as far as the extension of classical impli-
cation is concerned, there are various possibilities and the Przymusinski’s
implication truth table ([52]) is the following:

→ t f u
t t f f
f t t t
u t f t

Here the intuitive meaning is that “φ→ ψ is true if, and only if, whenever
φ is true ψ is also true and whenever ψ is false φ is also false”.

The quantifiers ∃ and ∀ are interpreted as infinite disjunction and infinite
conjunction, respectively, over A.

As usual in normal logic programming, in this dissertation, the connec-
tives ¬,∧,∨ and quantifiers (∀, ∃) are interpreted as in Kleene’s logic ([33]).
However, ↔ is interpreted as the identity of truth-values (hence, ↔ is two-
valued). Moreover, to make φ↔ ψ logically equivalent to (φ→ ψ)∧(ψ → φ),
Przymusinski’s interpretation of → is required. It is also two-valued and
gives the value f exactly in the following three cases: t → f, t → u and
u → f. Equality is two-valued too. The above detailed three-valued logic
satisfies (as classical first-order logic does) all of the basic metalogical prop-
erties, including completeness and compactness [13].

Classical (two-valued) first-order Σ-structures can be seen as particular
three-valued ones where every predicated symbol is interpreted by a total
relation. The value of any first order sentence φ in a three-valued structure
A is denoted by A(φ).

Definition 1.3.7: A Herbrand three-valued structure I is a three-valued Σ-
structure whose universe is TΣ. The function symbols are trivially inter-
preted while the interpretation of predicates is given by a pair of disjoint
sets 〈I+, I−〉, I+, I− ⊆ BΣ. The component I+ corresponds to the set of
true ground atoms and I− corresponds to the set of false ground atoms.
Thus, any other ground atom is undefined. The consistency property holds
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if I+ ∩ I− = ∅ and I is total if I+ ∪ I− = BΣ. Every two-valued Her-
brand interpretation I is defined by the three-valued total and consistent
interpretation (I,BΣ − I).

In a Herbrand three-valued structure I, closed formulas are interpreted
as follows:

(i) The value of a term is interpreted as itself and the equality is inter-
preted as the identity.

(ii) Given a ground atom a:

– If a ∈ I+ then I(a) = t and I(¬a) = f

– If a ∈ I− then I(a) = f and I(¬a) = t

– If a /∈ I+ ∪ I− then I(a) = u

(iii) The connectives ∧,∨,→ and ↔ are interpreted by their truth tables.
The quantifiers ∃ and ∀ are interpreted as infinite disjunction and
infinite conjunction, respectively, over TΣ.

There are two important partial orders defined on Herbrand three-value
structures [53]. Fitting’s order (also called information order) and the stan-
dard order.

Definition 1.3.8: Let I = 〈I+, I−〉 and J = 〈J+, J−〉 be three-valued inter-
pretations.

• Fitting’s Order: I 4F J if and only if I+ ⊆ J+ and I− ⊆ J−.

• Standard Order: I 4S J if and only if I+ ⊆ J+ and I− ⊇ J−.

Notice that in a 4F –minimal model, the undefined information is maxi-
mal. However, in a 4S–minimal model the undefined information is minimal
by minimizing the positive information and maximizing the negative infor-
mation.

Definition 1.3.9: A Σ-structure A is a model of (or satisfies) a set of formulas
Φ iff A(φ) = t for any formula φ ∈ Φ, this is denoted by A |= Φ, for
A ∈ ModΣ, where ModΣ denotes the set of all three-valued Σ-structures.
We will denote by A |=σ Φ that A satisfies the sentence σ(Φ), resulting
from the valuation σ : free(Φ) → A of the formula Φ. Given a set Φ of
Σ-sentences ModΣ(Φ) is the subclass of ModΣ formed by the models of Φ.
Logical consequence Φ |= ϕ means that A |= ϕ holds for all A ∈ ModΣ(Φ).
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Definition 1.3.10: Given two Σ-structures A and B, A and B are elementar-
ily equivalent, denotedA ' B ifA(ϕ) = B(ϕ) for every first-order Σ-sentence
ϕ. For instance, all models of FETΣ are elementarily equivalent. We denote
by EQ(A) the set of all Σ-structures that are elementarily equivalent to A.

1.3.2 Intuitionistic structures

From a morfological point of view, intuitionistic logic is quite similar to
classical logic. Its Σ-formulas have the same structure as classical first order
Σ-formulas but a special atom, ⊥, is considered. For the sake of clarity, we
denote the intuitionistic implication connective by ⊃. The deductive system
of intuitionistic logic relies on a constructive philosophy:

“The truth of a mathematical statement is established by a proof, hence
the meaning of the logical connectives has to be explained in terms of proofs
and constructions.” [59]

For instance, a proof of φ ⊃ ψ is a construction which, whenever it is
applied to a proof of φ returns a proof of ψ. Additionally, nothing is a ⊥.
So, the negation of a sentence, ¬φ is considered an abbreviation of φ ⊃ ⊥.
In particular, the principle of excluded third and the principle of the double
negation are not valid in this logic. However, the deduction theorem holds
(` stands for the derivability relation):

Φ, φ ` ψ ↔ Φ ` φ ⊃ ψ

Regarding semantics, there are two well-known intuitionistic structures,
Kripke structures and Beth structures, used as models. Since we are inter-
ested in introducing both of them, we follow van Dalen [59] who defined
these structures as specializations of a more general partially ordered struc-
ture. Let us consider the graph corresponding to this kind of structures and
let v be some node of this graph. A path through v is a maximal linearly
ordered subset of nodes in which v occurs. A bar for v is a subset B such
that each path through v intersects B and each node in B is greater or equal
than v in the considered order.

Definition 1.3.11 (Intuitionistic Σ-structure): An intuitionistic Σ-structure
is a 4-uple S = 〈W,�, I,〉 where W is a set, called the set of worlds, and
� is a partial order on it. The component I is an interpretation function
that assigns to each element w ∈ W a given Σ-structure, such that for
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all v, w ∈ W, v � w then I(v) ⊆ I(w) (monotonicity). The satisfiability
relation, , called forcing relation, between elements of W and sentences is
inductively defined as follows:

1. v,S  φ, φ atomic, if there is a bar B for v such that for all w ∈
B, I(w) |= φ1.

2. v,S  φ ∧ ψ if v,S  φ and v,S  ψ.

3. v,S  φ∨ψ, if there is a bar B for v such that for all w ∈ B : w,S  φ
or w,S  ψ.

4. v,S  φ ⊃ ψ if for all w, w � v : w,S  φ then w,S  ψ.

5. v,S  ∀xφ(x) if for all w, w � v : for all ı ∈ U(I(w)) : w,S  φ(ı).

6. v,S  ∃xφ(x) if there is a bar B for v such that for all w ∈ B : ∃ı ∈
U(I(w)) : w,S  φ(ı).

7. v,S  ¬φ, if for all w, w � v v,S 1 φ.

where, given a Σ-structure A, U(A) denotes its universe of values.

Definition 1.3.12 (Model): An intuitionistic structure S = 〈W,�, I〉 is a
model of a closed formula φ if v,S  φ for all v ∈W .

Notice that this definition does not considers functional symbols in terms.
Moreover, the definitions 1.3.11.5 and 1.3.11.6 can be easily generalized to
consider quantified Σ-formulas in which more than one variable occur. Next
we give the corresponding specializations of intuitionistic structures and
forcing in order to obtain Kripke and Beth structures.

Definition 1.3.13 (Kripke structure): Given an intuitionistic structure S =
〈W,�, I〉, S is a Kripke structure if the bar B, considered in Definition
1.3.11.1, 1.3.11.3 and 1.3.11.6, has only one element which is v. Hence these
items can be simplified as follows:

1’. v,S  φ, φ atomic, if I(v) |= φ.

3’. v,S  φ ∨ ψ, if v,S  φ or v,S  ψ.

6’. v,S  ∃xφ(x) if ∃ı ∈ U(I(v)) : v,S  φ(ı).
1 |= corresponds to the notion of satisfaction associated to the considered Σ-structures.
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Intuitively, one can see that Kripke structures establish a sort of locality
in the sense that, in almost all the cases, to be forced in a world, formulas
should be satisfied by the corresponding associated Σ-structure.

Definition 1.3.14 (Beth structure): Given an intuitionistic structure S = 〈W,�
, I〉, S is a Beth structure if there is a unique universe of values for all
the worlds. Hence, ∀v, w ∈ W : U(I(v)) = U(I(w)) = A, and Definition
1.3.11.5 can be simplified as follows:

5’. v,S  ∀xφ(x) for all ı ∈ A w,S  φ(ı)

Unlike Kripke structures, Beth structures do not establish any kind of lo-
cality since the satisfaction of formulas can be delayed to subsequent worlds.
For further information about these structures see [59, 58, 18].

1.3.3 Category theory definitions

In this section we briefly present some basic concepts of category theory
required in Chapter ?? (see [51]).

Definition 1.3.15 (Category): A category C consists of:

1. a collection of objects (C-objects)

2. a collection of arrows, called morphisms (C-arrows). Let A and B be
C-objects, h : A→ B is a C-arrow

3. a composition operator assigning to each pair of arrows f : A→ B and
g : B → C a composite arrow g ◦ f : A → C such that the following
associative law holds. For any arrows f : A → B, g : B → C and h :
C → D (A,B,C and D not necessarily distinct), h◦(g◦f) = (h◦g)◦f

4. for each object A, an identity arrow idA : A → A such that the
following identity law holds. For any arrow f : A → B, idB ◦ f = f
and f ◦ idA = f

Next example illustrates the notion of category.

An object in Set is a set. An arrow f : A→ B in Set is a total function
from the set A into a the set B. The composition of two total function
f : A→ B and g : B → C is a total function g ◦ f : A→ C. It is easy to
see that the composition of total functions is associative. Additionally,
for each set A the identity idA is a total function with domain and
codomain A and, for any function f : A → B the identity law holds.
This is, idB ◦ f = f and f ◦ idA = f .
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Definition 1.3.16 (Subcategory): Given a category C, a subcategory S of C
is a category such that

1. every S-object is a C-object

2. every S-arrow is a C-arrow.

A full subcategory S of a category C includes all the C-arrows between S-
objects .

Definition 1.3.17 (Monomorphism): An arrow f : B → C in a category C is
a monomorphism if, for any pair of C-arrows g : A→ B and h : A→ B, the
equality f ◦ g = f ◦ h implies g = h.

Definition 1.3.18 (Epimorphism): An arrow f : A → B in a category C is
an epimorphism if, for any pair of C-arrows g : B → C and h : B → C, the
equality g ◦ f = h ◦ f implies g = h.

In the category Set, the monomorphisms and epimorphisms are just the
injective and surjective functions, respectively.

Definition 1.3.19 (Isomorphism): An arrow f : A→ B in a category C is an
isomorphism if there is a C-arrow f−1 : B → A, called the inverse of f , such
that f−1 ◦ f = idA and f ◦ f−1 = idB. Two objects A and B are isomorphic
if there an isomorphism between them.

When referring to isomorphic objects A and B one says that A and B
are identical up to isomorphism. Similarly, an object A with some property
P is said to be unique up to isomorphism if every object satisfying P is
isomorphic to A.

Considering a category as a mathematical domain by itself one can for-
mulate a category whose objects are categories and its arrows are certain
structure-preserving maps between categories, called functor. In particular,
the category named Cat has categories as objects and functors as arrows.

Definition 1.3.20 (Functor): Let C and D be categories. A (covariant) func-
tor F : C → D is a map taking each C-object A to a D-object F (A) and
each C-arrow f : A → B to a D-arrow F (f) : F (A) → F (B), such that for
all C-object A and composable C-arrows f and g

1. F (idA) = idF (A)

2. F (g ◦ f) = F (g) ◦ F (f)

A contravariant functor is one that maps objects to objects as before, but
that maps arrows to arrows going to the opposite direction.





2. CONSTRUCTIVE NEGATION

From a theoretical point of view, problems related to the semantic definition
of normal programs have been studied from different points of view (see Apt
and Bol [2], and Shepherdson [56] for surveys). Clark-Kunen’s completion
[34] and well-founded semantics [61] provide two alternative approaches to
define the (model-based) meaning of programs. Intensional negation [7, 11]
provides a transformational or compilative approach where normal programs
are transformed into equivalent definite programs including explicit defini-
tions for the negation of predicates. The work of Kunen, Fages and, Lucio,
Orejas and Pino [34, 20, 40] provide fix-point operators to compute its logical
consequences (i.e. the set of correct answers). Finally, constructive negation,
as introduced by Chan [14], Stuckey [57] and Drabent [17], is accepted as a
complete and sound mechanisms to describe the operational semantics of the
whole class of normal programs. However, from an implementation point
of view, the proposed operational semantics for constructive negation (see
[17, 20, 57] for a representative group of them) are difficult to implement in a
practical way. In general, the core of the difficulties for developing practical
implementations are the need of (complex) subsidiary computations each
time a negative goal is selected during the computation and/or the need of
computing disjunctive normal forms.

In particular, most of the proposals share the following procedural in-
terpretation of constructive negation: When a negative goal is selected in
a given derivation the construction of a subsidiary derivation tree for its
positive counterpart is activated. Then, this tree must be built until some
required information is reached [17, 20, 57]. In addition, in some cases, this
information must be manipulated to compute disjunctive normal forms to
proceed with the original derivation.

In this chapter we present a sound and complete operational seman-
tics for normal logic programs based on constructive negation, called BCN .
This semantics was introduced in [50]. The main feature of BCN is that,
in contrast with the other operational proposals, it is neither based on con-
structing subsidiary trees for computing answers to negative queries nor on
computing disjunctive normal forms in the derivation process. Instead, a
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new SLD-like direct derivation step is defined to implement the construc-
tive negation meta-rule. Essentially, our method is based on using standard
SLD-resolution for positive goals while, for the negative ones, an execution
based on program completion is performed. That is, we exploit the defi-
nition of negative literals in the completion so that obtaining a procedural
interpretation of the constructive negation meta-rule.

The theoretical foundations of this proposal come from a result of Shep-
herdson [55]. In that paper, Clark-Kunen’s semantics based on the comple-
tion of programs, is characterized in terms of satisfaction of (equality) con-
straints. This result provides the ideas to define how to compute answers to
negative queries. Being slightly more concrete, answers to a negative goal
are computed by activating a simple symbolic manipulation process of its
completion definition, plus a constraint satisfaction checking process.

Summarizing, we find two main advantages in our proposal: First, BCN
is amenable to practical implementation because it only requires a new (sym-
bolic manipulation) process to deal with negative goals whilst positive goals
remain been dealt with as usual. Moreover, this approach enables us to
enhance existing practical implementation of logic programming languages
with constructive negation in a very modular way. Second, BCN provides
an extensible scheme to CNLP over arbitrary constraint domains. Indeed,
our proposal is actually an operational semantics for CNLP over the Her-
brand universe but it is extensible to other ones by generalizing the results
of Shepherdson [55] that we use in Section 2.1.

Throughout this chapter we assume the existence of an underlying signa-
ture Σ but, in general, for the sake of simplicity we do not write it explicitly
unless an ambiguity can occur. The rest of the chapter is organized as fol-
lows. Section 2.1 is devoted to introduce the BCN operational semantics
and in Section 2.2 soundness and completeness of BCN with respect to
Clark-Kunen’s completion are proved. Finally, in Section 2.3, a comparison
with other approaches is done.

2.1 The BCN operational semantics

In this section we introduce a new operational semantics to interpret con-
structive negation called BCN (Basic Constructive Negation). As we
pointed out in the introduction, the main feature of our proposal is that, in
contrast with the usual existing resolution procedures [17, 20, 57], BCN is
not based on constructing subsidiary trees for computing answers to nega-
tive queries. Instead, a new direct derivation step is defined to implement
(at the high level) the constructive negation mechanism.
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The idea behind the operational semantics we propose came from the
below reformulation, given by Drabent in [17], of Lemma 4.1 and Theorem
6 of Shepherdson in [55].

Theorem 2.1.1 ([55]): Let ϕ be a closed formula and P a program.

Comp(P ) |=3 ϕ iff FETΣ |= Tn(ϕ) for some n ∈ N
Comp(P ) |=3 ¬ϕ iff FETΣ |= Fn(ϕ) for some n ∈ N

where Tn(ϕ) and Fn(ϕ) are a couple of constraints defined for any formula
ϕ without ↔ and for any natural number n as follows.

(a) If c is a constraint: Tn(c) = c and Fn(c) = ¬c.

(b) For an atomic formula p(x) such that ∀x(p(x) ↔
∨m

i=1 ∃yi(ci ∧ `i)) ∈
P ∗:

T0(p(x)) = f F0(p(x)) = f

Tn+1(p(x)) =
m∨

i=1

∃yi(ci ∧ Tn(`i))

Fn+1(p(x)) =
m∧

i=1

∀yi(¬ci ∨ Fn(`i))

(c) For non-atomic formulas:

Tn(¬ϕ) = Fn(ϕ) Fn(¬ϕ) = Tn(ϕ)
Tn(ϕ1 ∧ ϕ2) = Tn(ϕ1) ∧ Tn(ϕ2) Fn(ϕ1 ∧ ϕ2) = Fn(ϕ1) ∨ Fn(ϕ2)
Tn(ϕ1 ∨ ϕ2) = Tn(ϕ1) ∨ Tn(ϕ2) Fn(ϕ1 ∨ ϕ2) = Fn(ϕ1) ∧ Fn(ϕ2)
Tn(ϕ1 → ϕ2) = Fn(ϕ1) ∨ Tn(ϕ2) Fn(ϕ1 → ϕ2) = Tn(ϕ1) ∧ Fn(ϕ2)
Tn(∀xϕ) = ∀xTn(ϕ) Fn(∀xϕ) = ∃xFn(ϕ)

In addition, for technical reasons, we consider that for each n ∈ N:
Tn(t) = Fn(f) = t and Tn(f) = Fn(t) = f

The following proposition is a reformulation of previous theorem useful
enough for our purposes.

Proposition 2.1.1: Given a program P , a normal flat goal ` and a constraint
c:
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1. Comp(P ) |=3 (Fn(`)→ ¬`)∀ for every n ∈ N

2. If Comp(P ) |=3 (c→ ¬`)∀ then FETΣ |= (c→ Fn(`))∀ for some n ∈ N

3. If Comp(P ) |=3 (c→ ` ∧ d)∀ then FETΣ |= (c→ Tn(` ∧ d))∀ for some
n ∈ N

Proposition 2.1.1.1 establishes that, for every n ∈ N, Fn(`) can be seen
as an approximation of a computed answer of ¬` (failure answer) w.r.t. P
while Proposition 2.1.1.2 guarantees that any computed answer of ¬` w.r.t.
P will be included at Fn(`), for some n ∈ N. Thus, if Fn(`)∧ c, is satisfiable
for some n > 0 , that constraint can be considered a computed answer of
the goal `�c. Finally, Proposition 2.1.1.3 considers positive goals `�d.

BCN uses the definition of Fn to compute failure answers while positive
answers are computed as in SLD-resolution or, strictly speaking, as in the
CLP -paradigm. Thereby, our proposal can be seen as an extension of SLD-
like resolutions. In fact, we think it is useful for enhancing existing practical
implementations of logic programming languages with constructive negation
in a modular way. Notice that Fn(`), n ≥ 0, are syntactical objects that can
be obtained from `, leaving the satisfaction-checking problem to a proper
constraint solver procedure.

Summing up the above ideas, we define the BCN operational semantics
as follows: Let P be a program. A BCN -derivation step is obtained by
applying one of the following derivation rules:

(R1) A goal G′ = `1, `, `2�d′ is BCN -derived+ from a goal G = `1, p(x), `2�c

with respect to P , if there exists a (renamed apart) clause p(x)← `�d
in defP (p(x)) such that the constraint d′ = c ∧ d is satisfiable.

(R2) A goal G′ = `1, `2�Fk(p(x)) ∧ c is BCN -derived− from a goal G =
`1, ¬p(x), `2�c with respect to P if there exists k > 0 such that the
constraint Fk(p(x)) ∧ c is satisfiable.

A BCN -derivation is a succession of BCN -derivation steps. Henceforth
the notationG n

 G′ means that the goalG′ is derived fromG in n derivation
steps. A finite BCN -derivation G

n
 G′ is a successful BCN -derivation if

G′ = �c and c is its BCN -computed answer. Finally, a goal G = `�c is a
BCN -failed goal if FETΣ |= (c→ Fk(`))∀ for some k > 0.

The first consequence of the above SLD-like definition is that, as SLD,
BCN is independent of the selection rule. A selection rule is a function
selecting a literal in a goal. As Lloyd in [36], we first prove the following
switching lemma.
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Lemma 2.1.1 (Switching lemma): Let P be a program, G a goal and G0 =

G
j−1
 Gj−1, Gj , Gj+1

n−(j+1)
 Gn = �cn a successful BCN -derivation of G

w.r.t P where Gj−1 = `1, . . . , `i−1, `i, `i+1, . . . , `r−1, `r, `r+1, . . . , `m�c and
the selected literal in Gj−1 is `i. Then there exists a successful BCN -

derivation of G w.r.t P , G0 = G
j−1
 Gj−1, G

′
j , G

′
j+1

n−(j+1)
 Gn = �c′ where

the selected literal in Gj−1 is `r and FETΣ |= (c↔ c′)∀.

Proof There are four cases for Gj .

1. `j = p(x) and `r = q(x)

Gj = `1, . . . , `i−1, `v, `i+1, . . . , `r−1, `r, `r+1, . . . , `m�c ∧ cv
where p(x)← `v�cv is a variant of a clause in defP (p(x)) and FETΣ |=
(c ∧ cv)∃. Suppose the selected literal in Gj is `r.

Gj+1 = `1, . . . , `i−1, `v, `i+1, . . . , `r−1, `w, `r+1, . . . , `m�c ∧ cv ∧ cw

where q(x)← `w�cw is a variant of a clause in defP (q(x)) and FETΣ |=
(c ∧ cv ∧ cw)∃. Consequently, there exists another successful BCN -
derivation

G0 = G
j−1
 Gj−1, G

′
j , G

′
j+1

n−(j+1)
 Gn = c′n

where

G′j = `1, . . . , `i−1, `i, `i+1, . . . , `r−1, `w, `r+1, . . . , `m�c ∧ cw

and

G′
j+1 = `1, . . . , `i−1, `v, `i+1, . . . , `r−1, `w, `r+1, . . . , `m�c ∧ cw ∧ cv

and FETΣ |= (c ∧ cv ∧ cw ↔ c ∧ cw ∧ cv)∀

2. `j = p(x) and `r = ¬q(x)

Gj = `1, . . . , `i−1, `v, `i+1, . . . , `r−1, `r, `r+1, . . . , `m�c ∧ cv
where k > 0 and FETΣ |= (c∧ cv)∃. Suppose the selected literal in Gj

is `r.

Gj+1 = `1, . . . , `i−1, `v, `i+1, . . . , `r−1, `r+1, . . . , `m�c ∧ cv ∧ Fk(q(x)
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where FETΣ |= (c ∧ cv ∧ Fk(q(x)))∃. Then there exists another suc-
cessful CN-derivation

G0 = G
j−1
 Gj−1, G

′
j , G

′
j+1

n−(j+1)
 Gn = c′n

where

G′
j = `1, . . . , `i−1, `i, `i+1, . . . , `r−1, `r+1, . . . , `m�c ∧ Fk(q(x))

and

G′
j+1 = `1, . . . , `i−1, `v, `i+1, . . . , `r−1, `r+1, . . . , `m�c ∧ Fk(q(x)) ∧ cv

and FETΣ |= (c ∧ cv ∧ Fk(q(x))↔ c ∧ Fk(q(x)) ∧ cv)∀

3. `j = ¬p(x) and `r = q(x)

Gj = `1, . . . , `i−1, `i+1, . . . , `r−1, `r, `r+1, . . . , `m�c ∧ Fk(p(x))

where k > 0 and FETΣ |= (c∧Fk(p(x)))∃. Suppose the selected literal
in Gj is `r.

Gj+1 = `1, . . . , `i−1, `i+1, . . . , `r−1, `w, `r+1, . . . , `m�c ∧ Fk(p(x)) ∧ cw

where q(x) ← `w�cw is a variant of a clause in defP (q(x)) and
FETΣ |= (c ∧ Fk(p(x)) ∧ cw)∃. Consequently, there exists another
successful BCN -derivation

G0 = G
j−1
 Gj−1, G

′
j , G

′
j+1

n−(j+1)
 Gn = c′n

where

G′j = `1, . . . , `i−1, `i, `i+1, . . . , `r−1, `w, `r+1, . . . , `m�c ∧ cw

and

G′
j+1 = `1, . . . , `i−1, `i+1, . . . , `r−1, `w, `r+1, . . . , `m�c ∧ cw ∧ Fk(p(x))

and FETΣ |= (c ∧ Fk(p(x)) ∧ cw ↔ c ∧ cw ∧ Fk(p(x)))∀

4. `j = ¬p(x) and `r = ¬q(x)

Gj = `1, . . . , `i−1, `i+1, . . . , `r−1, `r, `r+1, . . . , `m�c ∧ Fk(p(x))

where k > 0 and FETΣ |= (c∧Fk(p(x)))∃. Suppose the selected literal
in Gj is `r.

Gj+1 = `1, . . . , `i−1, `i+1, . . . , `r−1, `r+1, . . . , `m�c ∧ Fk(p(x)) ∧ Fk′(q(x))
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where k, k′ > 0 and FETΣ |= (c ∧ Fk(p(x)) ∧ Fk′(q(x)))∃.

Then there exists another successful CN-derivation

G0 = G
j−1
 Gj−1, G

′
j , G

′
j+1

n−(j+1)
 Gn = c′n

where

G′j = `1, . . . , `i−1, `i, `i+1, . . . , `r−1, `r+1, . . . , `m�c ∧ Fk′(q(x))

and

G′
j+1 = `1, . . . , `i−1, `i+1, . . . , `r−1, `r+1, . . . , `m�c ∧ Fk′(q(x)) ∧ Fk(p(x))

and FETΣ |= (c ∧ Fk′(q(x)) ∧ Fk(p(x)) ↔ c ∧ Fk(p(x)) ∧ Fk′(q(x)))∀

�

Theorem 2.1.2 (Independence of the selection rule): Let P be a program and
G a goalsuch that there exists a successful BCN -derivation of G w.r.t P with
computed answer c. Then for any selection rule R, there exists a successful
BCN -derivation with computed answer cR such that FETΣ |= (c↔ cR)∀.

Proof It is enough to apply the switching lemma repeatedly �

2.2 Soundness and completeness

In this section we prove the properties of soundness and completeness of the
BCN operational semantics with respect to Clark-Kunen’s semantics.

Theorem 2.2.1 (Soundness of the BCN operational semantics): Let P be a
program and `�c be a goal.

1. If `�c is a BCN -failed goal then Comp(P ) |=3 (c→ ¬`)∀

2. If there exists a successful BCN -derivation `�c
n
 �c′ then

Comp(P ) |=3 (c′ → ` ∧ c)∀.

Proof

1. Since `�c is a BCN -failed goal w.r.t. P , FETΣ |= (c → Fk(`))∀,
for some k > 0. Then, by Proposition 2.1.1.1, we can conclude that
Comp(p(x)) |=3 (c→ ¬`)∀
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2. Let P be a program, G = `�c be a goal where ` = `1, . . . , `m and
G;G1; . . . ;Gn be a successful BCN -derivation of G w.r.t P , where
Gn = �cn. We have to prove that Comp(P ) |=3 (cn → `∧ c)∀. We use
induction on the length of the derivation. For n = 0 it is trivial since
the derivation is just the goal �c and obviously Comp(P ) |=3 (c→ c)∀.

Next, suppose that propositions 2.1.1.1 and 2.1.1.2 hold for computed
answers which come from derivations of length n−1. Let G = `�c and
`�c; `1�c1

n−1
 �cn be a successful BCN -derivation of G with respect

to P . Thus, by the induction hypothesis Comp(P ) |=3 (cn → `1∧c1)∀.
Suppose `j is the selected literal in G. We have to prove the following
two cases:

(a) `j = p(x). Then, there exists a (renamed apart) clause p(x) ←
℘�d in defP (p(x)) such that c∧d is a satisfiable constraint. There-
fore, `1�c1 is BCN -derived+ from `�c and `1 = `1, . . . , `j−1,
℘, `j+1, . . . , `m and c1 = c ∧ d. Since by inductive hypothe-
sis Comp(P ) |=3 (cn → `1 ∧ c1)∀ and Comp(P ) |=3 (℘ ∧ d →
p(x))∀ we have that Comp(P ) |=3 (cn → `1 ∧ . . . ∧ `j−1 ∧ p(x)
∧`j+1 ∧ . . . ∧ `m ∧ c)∀ hence Comp(P ) |=3 (cn → ` ∧ c)∀.

(b) `j = ¬p(x). Then, `1�c1 is BCN -derived− from `�c and `1 =
`1, . . . , `j−1, `j+1, . . . , `m and c1 = Fk(p(x)) ∧ c for some k. Since
by inductive hypothesis we know Comp(P ) |=3 (cn → `1 ∧ c1)∀
that is Comp(P ) |=3 (cn → `1∧ . . . , `j−1∧ p(x) ∧`j+1∧ . . .∧ `m∧
Fk(p(x)∧c)∀ and by Proposition 2.1.1.1 Comp(P ) |=3 (Fk(p(x)→
¬p(x))∀ for every k ≥ 0, we have that Comp(P ) |=3 (cn → `1 ∧
. . .∧ `j−1 ∧Fk(p(x) ∧`j+1 ∧ . . .∧ `m ∧ c)∀, so Comp(P ) |=3 (cn →
` ∧ c)∀ �

Now we prove the completeness of BCN . For this purpose the definition
of Tk provides a useful theoretical foundation for proving completeness of
(positive) BCN -derivations. The next lemma establishes the existence of
BCN -computed answers for the goal `�d whenever Tk(`∧ d) can be proved
to be satisfiable.

Lemma 2.2.1: Let P be a program and `�d a goal. For each k ≥ 0, if Tk(`∧d)
is satisfiable, then there exist n > 0 BCN -computed answers d1, . . . , dn of
`�d with respect to P such that FETΣ |= (Tk(` ∧ d)→

∨n
i=1 di)∀.

Proof There are two cases to be proved.
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(a) ` = ¬p(x). If Tk(¬p(x) ∧ d) is satisfiable, then Fk(p(x)) is satisfiable
and, by (R2), there exists a successful BCN -derivation ¬p(x)�d

1
 

�Fk(p(x)) ∧ d and FETΣ |= (Tk(¬p(x) ∧ d)→ Fk(p(x)) ∧ d))∀.

(b) ` = p(x). We use induction on k. The base case k = 0 is trivial since, in
this case, T0(p(x)∧d) has to be just d and obviously FETΣ |= (d→ d)∀.

Suppose (b) holds for all k′<k. Assume Tk(p(x)∧d) is satisfiable. By
the definition Tk(p(x)) =

∨m
i=1 ∃yi(ci∧

∧ni
j=1 Tk−1(`

j
i )). Then Tk(p(x)∧

d) must be
m∨

i=1

∃yi(ci ∧
ni∧

j=1

Tk−1(`
j
i )) ∧ d

The fact that Tk(p(x) ∧ d) is satisfiable implies the existence of some
nonempty set I ⊆ {1, . . . ,m} such that:

∀i ∈ I : ∃yi(ci ∧
ni∧

j=1

Tk−1(`
j
i )) ∧ d is satisfiable (2.1)

FETΣ |= (Tk(p(x) ∧ d)↔
∨
i∈I

∃yi(ci ∧
ni∧

j=1

Tk−1(`
j
i )) ∧ d)

∀ (2.2)

Moreover, (2.1) implies the following:

∀i ∈ I : ∀j : 1 ≤ j ≤ ni : Tk−1(`
j
i ) ∧ d is satisfiable (2.3)

In such situation, we can apply the inductive hypothesis and (a) over
every Tk−1(`

j
i ) ∧ d. So, we can state the existence of the following

nonempty sets of BCN -computed answers:

Aj
i = {c | c is a BCN -computed answer of `ji �d w.r.t. P},

such that
FETΣ |= (Tk−1(`

j
i ∧ d)→

∨
c∈Aj

i

c)∀ (2.4)

and by (2.2)

FETΣ |= (Tk(p(x) ∧ d)→
∨
i∈I

∃yi(ci ∧
ni∧

j=1

∨
c∈Aj

i

c)∀ (2.5)
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Let |Aj
i | be the cardinality of Aj

i , i ∈ I and 1 ≤ j ≤ ni. Then, by
distribution of ∧ with respect to ∨, (2.5) can be rewritten as:

FETΣ |= (Tk(p(x) ∧ d)→
K∨

r=1

dr)∀ (2.6)

where K =
∑

i∈I

∏ni
j=1 |A

j
i |, K > 0 and for each r, 1 ≤ r ≤ K, dr =

∃yi(ci ∧
∧ni

j=1 d̂
j
i for some i ∈ I and d̂j

i ∈ A
j
i . To finish we prove

that each dr, corresponds to a BCN -computed-answer of p(x)�d with
respect to P .

Finally, since there exist (renamed apart) clauses {p(x) ← `i�ci, i ∈
I} ⊆ defP (p(x)), then, by the inductive hypothesis, (a), the inde-
pendence of the selection rule and applying (R1), there exist success-

ful BCN -derivations p(x)�d
>k
 �ci ∧

∧ni
j=1 d̂

j
i where d̂j

i is one of the
BCN -computed answers of `ji �d with respect to P �

The above lemma is a useful tool in order to prove the completeness of
BCN with respect to Clark-Kunen’s semantics. Next we prove this property.

Theorem 2.2.2 (Completeness of the BCN operational semantics): Let P be
a program and G = `�d a goal and c a satisfiable constraint.

1. If Comp(P ) |=3 (d→ ¬`)∀, then G is a BCN -failed goal.

2. If there exists a constraint c such that Comp(P ) |=3 (c → `�d)∀ then
there exist n > 0 BCN -computed answers c1, . . . , cn of `�d with re-
spect to P , such that FETΣ |= (c→

∨
1≤i≤n ci)

∀.

Proof

1. Directly from Proposition 2.1.1.2. That is, Comp(P ) |=3 G means
Comp(P ) |=3 (d→ ¬`)∀. So, FETΣ |= (d→ Fk(`))∀ for some k > 0.

2. Assume Comp(P ) |=3 (c→ `�d)∀ then, by Proposition 2.1.1.3, FETΣ |=
Tk((c → ` ∧ d)∀) for some k. Thus, FETΣ |= (c → Tk(` ∧ d))∀. Let
` = `1, . . . , `m, so

FETΣ |= (c→
m∧

i=1

Tk(`i) ∧ d)∀
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Then,
∀i : 1 ≤ i ≤ m, FETΣ |= (c→ Tk(`i ∧ d))∀

Since c is satisfiable, Tk(` ∧ d) must be satisfiable, hence, by Lemma
2.2.1, ∀i : 1 ≤ i ≤ m there existBCN -computed answers di

1, . . . , d
i
ni
, ni >

0 of `i�d with respect to P such that FETΣ |= (Tk(`i∧d)→
∨ni

j=1 d
i
j)
∀.

So, we can state the existence of nonempty sets of BCN -computed an-
swers

Ai = {d′ | d′ is a BCN -computed answer of `i�d w.r.t. P},

such that
FETΣ |= (Tk(`i ∧ d)→

∨
d′∈Ai

d′)∀

So, for every i, 1 ≤ i ≤ m,

FETΣ |= (c→
∨

d′∈Ai

d′)∀

That is,

FETΣ |= (c→
m∧

i=1

∨
d′∈Ai

d′)∀ (2.7)

Now, by the same reasoning used in proving Lemma 2.2.1 we have that
there exists a K > 0 such that (2.7) can be rewritten as

FETΣ |= (c→
K∨

r=1

dr)∀

where each dr corresponds to a BCN -computed answer of `�d with
respect to P �

2.3 Comparison with other approaches

In this section we compare our proposal to some well-known approaches in
the area. Most of the proposals share the following procedural interpreta-
tion of constructive negation: when a negative goal is selected in a given
derivation, the construction of a subsidiary derivation tree for its positive
counterpart is activated. Then, this tree must be built until some required
condition for resuming the original derivation is reached.
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The resolution procedure proposed by Drabent [17], SLDFA-resolution,
generalizes the (SLDNF ) standard notion of finitely failed trees. Drabent
defined the SLDFA-finitely failed trees of rank k. In such a trees, the chil-
dren of an internal node `1,¬p(x), `2�c are the goals `1, `2�d1; . . . ; `1, `2�dm,
m ≥ 0, whenever there exist c1, . . . , cn, n ≥ 0, which are some SLDFA-
computed answers for p(x)�c of rank < k and FETΣ |= (c → c1 ∨ . . . ∨
cn ∨ d1 ∨ . . . ∨ dm)∀. Notice that the process of computing an appropriate
c1 ∨ . . . ∨ cn ∨ d1 ∨ . . . ∨ dm (covering) of c is indeterministic. In particular,
a disjunctive normal form has to be computed. Specifically, in his paper,
Drabent proposed a method based on pruning the considered tree so that
it becomes a finitely failed tree, computing in this way a failure answer and
thus, resuming the main derivation.

Stuckey’s and Fages’s proposals [57, 20] have in common the use of fron-
tiers in the derivation trees respectively defined by each of them. In general,
a frontier in a derivation tree is a finite set of nodes in the tree, excluding
the root, such that every derivation in the tree is either finitely failed or
passes through exactly one node of the frontier.

Considering a goal G = `1,¬p(x), `2�c w.r.t. a program P , Stuckey’s
proposal generates an infinite tree since any considered normal form of the
frontiers contains the atom p(x). Stuckey’s method generalizes to CNLP
programs the constructive negation for logic programs introduced by Chan
[14]. In this approach, finitely failed trees are not defined, instead, this
method is based on selecting frontiers of derivation trees to compute answers
for negative goal so that the selection rule is extended to choose frontiers
too. In particular, the subsidiary tree is truncated for obtaining some infor-
mation required to build a first order formula in disjunctive normal which
is (logically) equivalent to the original goal. Then, one can use each of
the components of the disjunction to proceed with the original derivation.
Summarizing this method, when a negative literal ¬p(x) is selected in a
goal G, the construction of a (partial) derivation tree for p(x) is activated.
When the frontier, F , chosen by the selection rule is available in the tree, its
construction is stopped and the disjunctive normal form associated to the
negated disjunction of nodes in F is computed. Then, for each component
of that disjunctive form the goal G has a child. To implement Stuckey’s
scheme there are some hard problems to be addressed. Firstly the need of
computing a disjunctive normal form each time that a negative derivation
step has to be done (as in Drabent’s method). Also, the implementation
of the selection rule is overloaded since it is in charge of selecting frontiers.



2. Constructive negation 29

Moreover the manipulation of frontiers by itself complicates any implemen-
tation. Besides, when the chosen frontier is not a singleton a proliferation of
subgoals can occur in the original derivation tree depending on the obtained
disjuntive normal form.

In the proposal of Fages two trees are concurrently constructed, but,
essentially, to proceed with the original derivation a failure answer is re-
quired. To be more concrete, Fages proposes an scheme called constructive
negation by pruning for CNLP programs. This approach relies on a fron-
tier calculus which can be seen, at a low abstraction level, as a pruning
mechanism over standard SLD-derivation trees. The idea is that given the
goal G = `1,¬p(x), `2�c w.r.t. a program P , two SLD-derivation trees are
constructed concurrently. On one hand, the tree T1, for the goal G w.r.t. P
but selecting another literal. On the other hand, the tree T2 for p(x)�c w.r.t.
P . Whenever a successful derivation is found in T2, T1 is pruned with the
negation of the computed answer obtained from the successful derivation
in T2. In implementing this scheme we find two main problems. First, the
own problems of constructing derivation trees have to be dealt with twice.
Second, in presence of nesting of negations, actually, it would be necessary
to maintain more than two derivation trees and, in fact, the propagation
of the pruning process would not be a trivial process. Even considering a
powerful capacity of concurrency this problem remains.

Relating the two approaches above with our proposal, one can see that
actually the computation of a Fk(p(x)) for some k > 0 considers a frontier of
the (non-constructed) computation tree of the goal p(x) in which the deepest
node in the frontier is at level k. Hence, in some way, the computation of all
the Fk(p(x)), k > 0 corresponds to consider the answers given by selecting
some frontiers as Stuckey’s method does. The independence of the selection
rule of BCN , in contrast with the other mentioned proposals, eliminates one
source of incompleteness in implementing it without imposing any restriction
on the class of programs or literals to be selected. Indeed, the requirement
of a fair selection rule in SLDNF -resolution implies, in general, the need
of having a breadth-first strategic to select literals and this could imply
a less efficient implementation. SLDFA-resolution and Stuckey’s method
would have this problem since they also have the fairness requirement for the
selection function. Nevertheless, in an implementation of BCN , as in SLD-
resolution’s implementations, still remains the possibility of incompleteness
associated to the selection of the clause to be used for positive steps of
derivations.
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Summarizing, we have developed an operational semantics for CNLP
over the Herbrand universe. We believe that the main contribution herein
is that it provides a conceptually simple scheme of constructive negation.
We think that the fact that BCN is SLD-like and no disjunctive normal
form has to be computed simplifies its implementation. Indeed, in spite
of the various proposals to define an operational semantics for constructive
negation, to our knowledge, none of them has improved in a substantial way
the other ones from an implementation point of view. Additionally, BCN
is not based on a lazy unfolding of completion formulas [19, 54] that would
require complex procedures for manipulating them. In fact, only formulas
as complex as the completion ones need to be manipulated. Besides, since
the similarity of the BCN operational semantics with SLD-resolution and
the successful implementations of CLP languages, specifically of constraint
solvers [24, 31], we believe many of the features of implementing the BCN
are overcome yet so the responsibility of the success is almost transferred to
the process of computing the Fk, k > 0. This is, BCN provides a method
for enhancing existing practical implementations of logic programming lan-
guages with constructive negation in a very modular way. Moreover, BCN
is actually an operational semantics for CNLP over the Herbrand universe
but it is extensible to other ones by generalizing the results of Shepherdson
[55] that we use in Section 2.1. In fact, in Chapter 3, BCN operational
semantics is generalized in such a way that it can be used for any constraint
domain.

To conclude this chapter, we want to point out that a proper comparison
of BCN with others operational semantics would need experimental work.
There exists a prototype implementation of BCN ([1]), but we do not know
if the other approaches have been implemented. Anyhow, the pragmatic
virtues of the various operational approaches to constructive negation are
not a relevant issue in this dissertation.



3. A FUNCTORIAL FRAMEWORK FOR CONSTRAINT
NORMAL LOGIC PROGRAMS

Constraint logic programming was introduced in [30] as a powerful and con-
ceptually simple extension of logic programming. Following that seminal
paper, the semantics of definite (constraint) logic programs has been stud-
ied in detail (see, e.g. [31, 32]). As it is standard in logic programming, three
semantic definitions are provided for constraint logic programs. The logical
semantics provides the declarative meaning of a program. This means that,
according to the logical semantics, a (constraint) logic program is seen just
as a set of axioms (or, equivalently, as a specification of a class of mod-
els). The operational semantics provides the procedural interpretation of
programs, i.e. how we can execute a logic program and what kind of an-
swer we can get. Finally, the algebraic semantics bridges the gap between
the operational and the logical semantics by defining the meaning of a pro-
gram in terms of a model of the program that can be effectively defined. In
this context, a main result is the equivalence (in some well-defined sense)
of the three semantic definitions. In particular, proving the soundness and
completeness of the operational semantics with respect to the logical and
algebraic semantics.

In “standard” logic programming the constructions and results for defi-
nite programs (programs without negation) extend to normal programs (pro-
grams including negation in the tails of the clauses), although this extension
is not immediate [17, 57, 20, 40]. However, when dealing with constraint
logic programs, it has been impossible up to now to extend the construc-
tions from definite programs to normal programs in such a way that the
equivalence of the three semantics can be proved. The main problem is re-
lated to a well-known problem in the area of algebraic specification: if we
fix a constraint domain as a given model, its free extension by means of
a set of Horn clauses defining a set of new predicates is semicomputable.
Nevertheless, if the language of the extension is richer than Horn clauses
its free extension (if it exists) is not necessarily semicomputable [44]. Now,
when working without negation we are in the former case, but when working
with negation we are in the latter case. In particular, this implies that the
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results about the soundness and completeness of the operational semantics
with respect to the logical and algebraic semantics of a definite constraint
logic program do not extend to the case of programs with negation, except
when we impose some restrictions to these programs.

The only approach that we know that has dealt with this problem is
[57]. In that paper, Stuckey presents one of the first operational semantics
which is proven complete for programs that include (constructive) nega-
tion. Although we use a different operational semantics, that paper has
had an important influence in our work on negation. The results in [57]
were very important when applied to the case of standard (non-constrained)
logic programs because they provided some good insights about constructive
negation. However, we think that the general version (i.e., logic programs
over an arbitrary constraint domain) is not so interesting. The reason is
that the completeness results are obtained only for programs over admissi-
ble constraints and this restriction on the constraints that can be used in a
program is not properly justified.

In our opinion, the problem when dealing with negation is not in the
class of constraints considered, but rather, in the notion of constraint do-
main used. In particular, we argue that the notion of constraint domain
used in the context of definite programs is not adequate when dealing with
negation. Instead, we propose and justify a small reformulation of the no-
tion of constraint domain. To be precise, we propose that a domain should
be defined in terms of a class of elementarily equivalent models and not in
terms of a single model. With this variation we are able to show the equiv-
alence of the logical, operational, and fixpoint semantics of programs with
negation without needing to restrict the class of constraints.

The logical semantics that we have used is the standard Clark-Kunen
3-valued completion of programs (see, e.g. [57]). The fixpoint semantics
that we are using is a variation of other well-known fixpoint semantics used
to deal with negation [17, 57, 20, 40]. Finally, the operational semantics
that we are using is an extension of a semantics called BCN that we have
defined in previous chapter. for the case of programs without constraints.
The main reason for using this semantics and not Stuckey’s semantics is
that our semantics, is in our opinion, simpler. This implies having simpler
proofs for our results. In particular, we do not claim that our semantics is
better than Stuckey’s (nor that it is worse).

In addition, our semantics is functorial. We consider that a constraint
logic program is a program that is parameterized by the given constraint
domain. Then, we think that the semantics of a program should be some
kind of mapping. However, we also believe that working in a categorical
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setting provides some additional advantages that are shown in the paper.
The rest of this chapter is organized as follows. In the following section

we give a short introduction to the semantics of (definite)constraint logic
programs. In Section 3.2, we discuss the inadequacy of the standard notion
of constraint domain when dealing with negation and propose a new one.
In Section 3.3 we define several categories for defining the various semantic
domains involved. In Section 3.4 we define a functorial semanctics of logic
programs. Finally, in Section 3.5 we prove the equivalence of the logical,
fixpoint and operational semantics.

3.1 Preliminaries

3.1.1 Constraint Domains

A constraint logic program can be seen as a program where some function
and predicate symbols have a predefined meaning on a given domain, called
the constraint domain. To be more precise, a constraint domain determines
the interpretation of the given predefined symbols. In particular, according
to the standard approach for defining the class of CLP(X ) programs [31, 32],
a constraint domain X consists of five parts:

X = (ΣX ,LX , AxX ,DX , solvX )

where ΣX = (FSX ,PSX ) is the constraint signature, i.e., the set of symbols
that are considered to be predefined; LX is the constraint language, i.e.,
the class of ΣX -formulas that can be used in programs; DX is the domain
of computation, i.e., a model defining the semantics of the symbols in ΣX ;
AxX is an axiomatization of the domain, i.e., a decidable set of ΣX -sentences
such that DX |= AxX ; and, finally, solvX is a constraint solver, i.e., an
oracle that answers queries about constraints and that is used for defining
the operational semantics of programs. In general, constraint solvers are
expected to solve constraints, i.e., given a constraint c, one would expect
that the solver will provide the values that satisfy the constraint or that it
returns an equivalent constraint in solved form. However, in our case, we
just need the solver to answer (un)satisfiability queries. We consider that,
given a constraint c, solvX (c) may return F, meaning that c is not satisfiable
or it may answer T, meaning that c is valid in the constraint domain, i.e.,
that ¬c is unsatisfiable. The solver may also answer U meaning that either
the solver does not know the right answer or that the constraint is neither
valid nor unsatisfiable.

In addition, a constraint domain X must satisfy:
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• T,F, t1 = t2 ∈ LX (hence the equality symbol = belongs to PSX ) and
LX is closed under variable renaming, existential quantification and
conjunction. Moreover, the equality symbol = is interpreted as the
equality in DX , and AxX includes the equality axioms for =.

• The solver does not take variable names into account, that is, for all
renamings ρ, solvX (c) = solvX (ρ(c))

• AxX ,DX and solvX agree in the sense that:

1. For all c ∈ LX ∩ SentΣX : solvX (c) = T ⇒ AxX |= c.

2. For all c ∈ LX ∩ SentΣX : solvX (c) = F ⇒ AxX |= ¬c.

Moreover, solvX must be well-behaved, i.e., for any constraints c1 and
c2:

1. solvX (c1) = solvX (c2) if |= c1 ↔ c2.

2. If solvX (c1) = F and |= c1 ← c
∃rfree(c1)
2 then solvX (c2) = F.

In what follows, a constraint domain X = (ΣX ,LX , AxX ,DX , solvX ) will
be called a (ΣX ,LX )-constraint domain.

3.1.2 Constraint Logic Programs

A constraint logic program over a (ΣX ,LX )-constraint domain X can be seen
as a generalization of a definite logic program. In particular, a constraint
logic program consists of rules p ← q1, . . . , qn, where each qi is either an
atom or a constraint in LX and where atoms have the form q(t1, . . . , tn)
where q is a user-defined predicate and t1, . . . , tn are terms over ΣX . A
constraint logic program rule

p(t1, . . . , tn)← q1, . . . , qn

can be written, equivalently, in flat form

p(X1, . . . , Xn)← q1, . . . , qn, X1 = t1, . . . Xn = tn

where X1, . . . , Xn are fresh new variables. In what follows we will assume
that constraint logic programs consist only of flat rules. We will also assume
that the rules are written as follows:

p← q1, . . . , qn�c1, . . . , cm
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where the q1, . . . , qn are atoms and the c1, . . . , cm are constraints. Moreover
we will also assume that all clauses defining the same predicate p have exactly
the same head p(X1, . . . , Xm).

The semantics of a (ΣX ,LX )-logic program P can also be seen as a
generalization of the semantics of a (non-constrained) logic program. In
particular, in [31, 32], the meaning of P is given in terms of the usual three
kinds of semantics.

The operational semantics is defined in terms of finite or infinite deriva-
tions

S1  S2  . . . Sn . . .

where the states Si in these derivations are tuples Gi�Ci, where Gi is a goal
(i.e., a sequence of atoms) and Ci is a sequence of constraints (actually a
constraint, since constraints are closed under conjunction). In particular,
from a state S = G�C we can derive the state S′ = G′�C ′ if there is
an atom p(t1, . . . , tn) in G, and a rule p(X1, . . . , Xn) ← G0�C0, where
X1, . . . , Xn are fresh new variables not occurring in G�C, such that G′ =
〈G0, (G\p(t1, . . . , tn))〉 and C ′ = 〈C,C0, X1 = t1, . . . Xn = tn〉 is satisfiable.
Then, given a derivation S1  S2  . . .  Sn, with Sn = Gn�Cn, we say
that Cn is an answer to the query S1 = G1�C1 if Gn is the empty goal.

The logical semantics of P is defined as the theory presented by P ∪AxX .
Finally its algebraic semantics, M(P,X ), is defined as the least model of P
extending DX , in the sense that this model agrees with DX in the cor-
responding universe of values and in the interpretation of the symbols in
ΣX . It may be noted that Σ-structures extending DX can be seen as sub-
sets of BaseP (DX ), where BaseP (DX ) is the set of all atoms of the form
p(α1, . . . , αn), where p is a user-defined predicate and α1, . . . , αn are values
in DX .

As in the standard case, the algebraic semantics of P can be defined as
the least fix-point of the immediate consequence operator TXP : 2BaseP (DX ) →
2BaseP (DX ) defined as follows:

TXP (I) = {σ(p) | σ : free(p)→ DX is a valuation, p← a�c ∈ P, I |=σ a and
DX |=σ c}

In [32] it is proved that the above three semantics are equivalent in the
sense that:

• The operational semantics is sound with respect to the logical seman-
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tics. That is, if a goal G has answer c then

P ∪AxX |= c→ G

• The operational semantics is also sound with respect to the algebraic
semantics. That is, if a goal G has answer c then

M(P,X ) |= c→ G

• The operational semantics is complete with respect to the logical se-
mantics. That is, if

P ∪AxX |= c→ G

then G has answers c1, . . . , cn such that

AxX |= c↔ c1 ∨ . . . ∨ cn

• The operational semantics is complete with respect to the algebraic
semantics. That is, if

M(P,X ) |=σ G

where σ : free(G) → DX is a valuation, then G has an answer c such
that

DX |=σ c

3.1.3 A functorial semantics for constraint logic programs

The semantic definitions sketched in the previous subsection are, in our
opinion, not fully satisfactory. On one hand, a constraint logic program can
be seen as a logic program parameterized by the constraint domain. Then,
its semantics should also be parameterized by the domain. This is not
explicit in the semantics sketched above. On the other hand, we think that
the formulation of some of the previous equivalence results could be found
to be, in some sense, not fully satisfactory. Let us consider, for instance, the
last result, i.e., the completeness of the operational semantics with respect
to the algebraic semantics. In our opinion, a fully satisfactory result would
have said something like:

if M(P,X ) |=σ G where σ : free(G)→ DX is a valuation, then G has an
answer c such that solvX (c) 6= F
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However this property will not hold unless the constraint solver solvX is
also complete with respect to the computation domain. A similar situation
would occur with the result stating the completeness of the operational
semantics with respect to the logical semantics. In that case we would need
that solvX is complete with respect to the domain theory.

In our opinion, each of the three semantics (logical, algebraic and op-
erational semantics) of a constraint logic program should be some kind of
mapping. Moreover, we can envision that the parameters of the logical defi-
nitions would be constraint theories. Similarly, the parameters for algebraic
definitions would be computation domains. Finally, the parameters for the
operational definitions would be constraint solvers.

In this context, proving the soundness and completeness of one semantics
with respect to another would mean comparing the corresponding mappings.
In particular, a given semantics would be sound and complete with respect
to another if the two semantic mappings are in some sense equivalent. Or,
in more detail, if the two mappings when applied to the same (or equivalent)
argument return an equivalent result. On the other hand, these mappings
are better studied if the given domains and codomains are not just sets or
classes but categories, which means taking care of their underlying structure.
As a consequence, these mappings would be defined as functors and not just
as plain set-theoretic functions, which means that they must be structure-
preserving mappings.

In Section 3.4 the above ideas are fully developed for the case of con-
straint normal logic programs. Then, the case of constraint logic programs
can be seen as a particular case.

3.2 Domain constraints for constraint normal logic programs

In this section, we provide a notion of constraint domain for constraint nor-
mal logic programming. The idea, as discussed in the introduction, is that
this notion, together with a proper adaptation of the semantic constructions
used for (unconstrained) normal logic programs, will provide an adequate
semantic definition for constraint normal logic programs. In particular, the
idea is that the logical semantics of a program should be given in terms
of the (3-valued) Clark-Kunen completion of the program, the operational
semantics in terms of some form of constructive negation [57, 17, 20], and
the algebraic semantics in terms of some form of fixpoint construction (as,
for example, in [57, 20, 40]).

The main problem is that a straightforward extension (as it may be just
the inclusion of negated atoms in the constraint languages) of the notion
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of constraint domain introduced in Subsection 3.1.1 will not work, as the
following example shows.

Let P be the CLP(N ) program, where N is the constraint domain of
the naturals:

q(z)← �z = 0
q(v)← q(x)�v = x+ 1

and assume that its logical semantics is given by its completion:

∀z(q(z)↔ (z = 0 ∨ ∃x(q(x) ∧ v = x+ 1))).

This means, obviously, that q(n) should hold for every n. Actually, the
model defined by the algebraic semantics seen in Subsection 3.1.1 would
satisfy ∀zq(z).
Now consider that P is extended by the following definitions:

r ← ¬q(x)
s← ¬r

whose completion is:

(r ↔ ∃x(¬q(x))) ∧ (s↔ ¬r).

Now, the operational semantics, and also the ω-iteration of the Fitting’s
operator [22], would correspond to a three-valued structure extending
N , where both r and s are undefined and where, as before, q(n) holds
for every n. Unfortunately, such a structure would not be a model of
the completion of the program since this structure satisfies ∀zq(z) but it
does not satisfy either ¬r or s

The problem with the example above is that, if the algebraic semantics is
defined by means of the ω-iteration of an immediate consequence operator,
then, in many cases, the resulting structure would not be a model of the
completion of the program. Otherwise, if we define the algebraic semantics
in terms of some least (with respect to some order relation) model of the
completion extending N , then, in many cases, the operational semantics
would not be complete with respect to that model. Actually, this model
could be non (semi-)computable [8, 44].



3. A functorial framework for CNLP (X ) 39

The situation could be considered similar to what happens in the case
of (non-constrained) normal logic programs, where the least fixpoint of Fit-
ting’s operator may not agree with the operational semantics of a given
program. However, the situation is worse in the current case. On one hand,
in the non-constrained case one may define other immediate consequence
operators (e.g. [20, 40]) whose least fixpoint is equivalent to the operational
semantics of a given program and provides a model of the 3-valued comple-
tion of the program. Unfortunately these operators would not be adequate
in the constrained case. For instance, in the example above they would build
models which are not extensions of N . On the other hand, if when defining
the logical semantics of a program we restrict our attention to the struc-
tures extending N (i.e., if we consider that the class of models of a program
P is the class of all 3-valued structures satisfying Comp(P ) and extending
N ) then we cannot expect the operational semantics to be complete with
respect to the logical consequences of this class of models.

In our opinion, the problem is related to the following observation. Let
us suppose, in the example above, that the computation domain would have
been any other algebra which is elementarily equivalent to the algebra of the
natural numbers, instead of N itself. Then, no difference should have been
noticed, since both algebras satisfy exactly the same constraints, i.e., we may
consider that two structures that are elementarily equivalent should be con-
sidered indistinguishable as domains of computation for a given constraint
domain. As a consequence, we may consider that the semantics of a program
over two indistinguishable constraint domains should also be indistinguish-
able. However, if X = (Σ,L, Ax,D, solv) and X ′ = (Σ,L, Ax,D′, solv)
are two constraint domains such that D and D′ are elementarily equivalent
and P is a (Σ,L)-program, then M(P,X ) and M(P,X ′) are not necessarily
elementarily equivalent. In particular if we consider the program P of Ex-
ample 3.2 and we consider as constraint domain a non-standard model of
the natural numbers N ′, then we would have that M(P,N ) |= ∀zq(z) but
M(P,N ′) 6|= ∀zq(z).

In this sense, we think that this problem is caused by considering that
the domain of computation, DX , of a constraint domain is a single structure.
In the case of programs without negation this apparently works fine and it
seems quite reasonable from an intuitive point of view. For instance, if we are
writing programs over the natural numbers, it seems reasonable to think that
the computation domain is the algebra of natural numbers. However, when
dealing with negation, we think that the computation domain of a constraint
domain should be defined in terms of the class of all the structures which
are elementarily equivalent to a given one. To be precise, we reformulate
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the notion of constraint domain as follows:

Definition 3.2.1: A constraint domain X is a 5-tuple:

X = (ΣX ,LX , AxX , DomX , solvX )

where ΣX = (FSX ,PSX ) is the constraint signature, LX is the constraint
language, DomX = EQ(DX ) is the domain of computation, i.e., the class of
all ΣX -structures which are elementarily equivalent to a given structure DX ,
AxX is a decidable set of ΣX -sentences such that DX |= AxX , and solvX is
a constraint solver, such that:

• T,F, t1 = t2 ∈ LX (hence the equality symbol = belongs to PSX ) and
LX is closed under variable renaming, existential quantification, con-
junction and negation. Moreover, the equality symbol = is interpreted
as the equality in DomX and AxX includes the equality axioms for =.

• The solver does not take variable names into account, that is, for all
variable renamings ρ, solvX (c) = solvX (ρ(c))

• AxX , DomX and solvX agree in the sense that:

1. For all c ∈ LX ∩ SentΣ: solvX (c) = T ⇒ AxX |= c.

2. For all c ∈ LX ∩ SentΣ: solvX (c) = F ⇒ AxX |= ¬c.

In addition, we assume that solvX is well-behaved, i.e., that for any
constraints c1 and c2:

1. solvX (c1) = solvX (c2) if |= c1 ↔ c2.

2. If solvX (c1) = F and |= c1 ← c
∃rfree(c1)
2 then solvX (c2) = F.

As before, a constraint domain X = (ΣX ,LX , AxX , DomX , solvX ) is
called a (ΣX ,LX )-constraint domain. Then, in this context, normal logic
programs can be defined as follows:

Definition 3.2.2: Given a signature Σ = (PSΣ,FSΣ), a normal constraint
logic Σ-program over a constraint domain over a (ΣX ,LX )-constraint do-
main X , where FSX = FSΣ and PSX ⊂ PSΣ is a finite set of clauses of the
form:

a← `1, . . . , `m�c1, . . . , cn

where a and the `i, i ∈ {1, . . . ,m}, are a flat atom and flat literals, re-
spectively, whose predicate symbols belong to PSΣ \ PSX and the cj , j ∈
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{1, . . . , n} are constraints that belong to LX . In addition, we assume that all
clauses defining the same predicate p have exactly the same head p(X1, . . . ,
Xm).

3.3 Categories for Constraint Domains and Program Interpretations

As introduced in Subsection 3.1.3, one basic idea in this work is to formulate
the constructions associated to the definition of the operational, least fix-
point and logical semantics of constraint normal logic programs in functorial
terms. However, comparing these semantic functors is not straightforward
since, intuitively, their domains and codomains are different categories. In
particular, we can see the logical semantics of a (ΣX ,LX )-constraint logic
program P as a mapping (a functor), denoted by LOGP , whose arguments
are logical theories and whose results are also logical theories. The algebraic
semantics of P , denoted ALGP , can be seen as a functor that takes as argu-
ments logical structures and returns as results logical structures. Finally, the
operational semantics of P , denoted OPP can be considered to take as argu-
ments constraint solvers and return as results (for instance) interpretations
of computed answers.

Now, comparing the algebraic and the logical semantics is not too dif-
ficult, since we can consider logical theories not as sets of formulas but,
equivalently, as classes of logical structures. In this way, the domains and
codomains of LOGP and ALGP would be, in both cases, (classes of) logical
structures. Of course, we could also associate classes of models to solvers,
but giving this semantics to solvers would not be adequate. In particular,
this would be equivalent to closing the solver (the associated set of non un-
satisfiable constraints) up to logical consequence. The problem is that the
class of all models that satisfy a given set of formulas (constraints) would
also satisfy all its logical consequences. However, solvers may not show a log-
ical behaviour (even if they are well-behaved according to Section 3.1.1). A
solver may say that certain constraints are unsatisfiable but may be unable
to say that some other constraint is unsatisfiable, even if its unsatisfiability
is a logical consequence of the unsatisfiability of the former constraints.

We take actually the dual approach: we will represent all the seman-
tic domains involved in terms of sets of formulas. This is a quite standard
approach in the area of Logic Programming where, for instance, (finitely gen-
erated) models are often represented as Herbrand structures (i.e., as classes
of ground atoms) rather than as algebraic structures. One could criticize
this approach in the framework of constraint logic programming, since a
class does not faithfully represents a single model (the constraint domain of
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computation DX ) but a class of models. However, we have argued previ-
ously that, when dealing with negation, a constraint domain of computation
should not be a single model, but the class DomX of models which are el-
ementarily equivalent to DX . In this sense, one may note that a class of
elementarily equivalent models is uniquely represented by a complete the-
ory. However, since we are dealing with three-valued logic, we are going to
represent model classes, theories and solvers as pairs of sets of sentences,
rather than just as single sets. This poses a (minor) additional problem.
Our notion of logical consequence is defined for two-valued logic and sets of
sentences, but here we are dealing with three-valued logic and pairs of sets
of sentences. In this context, the extension is quite obvious. Given a set of
axioms Ax, the theory axiomatically presented by Ax consists of the sets of
formulas:

Th(Ax)+ = {ϕ ∈ SentΣ | Ax |= ϕ}
Th(Ax)− = {ϕ ∈ SentΣ | Ax |= ¬ϕ}

In what follows, we present the categorical setting required for our pur-
poses. Being more precise, first of all, we need to define the categories
associated to solvers, computation domains and theories (axiomatizable do-
mains). Then, we will define the category which properly represents the
semantics of programs. Finally, we will define the three functors that re-
spectively represent the operational, logical and algebraic semantics of a
constraint normal logic program.

Definition 3.3.1: Given a signature ΣX , a ΣX -pre-theory S is a pair of sets
of ΣX -sentences (S+,S−).

Remarks and Definitions 2:

1. Given a solver solvX of a given language LX of ΣX -constraints, we will
denote by SsolvX = (S+

solvX
,S−solvX

) the pre-theory associated to solvX ,
where

S+
solvX

= {c ∈ LX | solvX (c) = T}
S−solvX

= {c ∈ LX | solvX (c) = F}

2. Similarly, given a set of axioms AxX of a given language LX of ΣX -
constraints, we will denote by SAxX the theory associated to AxX .
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3. Finally, given a computation domain DomX of a given language LX of
ΣX -constraints, we will denote by SDomX = (S+

DomX
,S−DomX

) the pair
of sets such that S+

DomX
is the set of sentences satisfied by DomX and

S−DomX
is the set of sentences which are false inDomX . Note that, since

constraint domains are typically two-valued, S+
DomX

would typically be
a complete theory and, therefore, S−DomX

is the complement of S+
DomX

.

Now, according to the above ideas, we will define categories to represent
constraint solvers, computation domains and domain axiomatizations. Also,
following similar ideas we are going to define a category of semantic domains
for programs. In this case, we will define the semantics in terms of sets of
formulas. However, we will restrict ourselves to sets of successful and failed
answers, respectively represented by the truth value of sentences of the form
(c→ `)∀ and (c→ ¬`)∀, where c ∈ LX and ` is a conjunction of Σ-literals.

Definition 3.3.2: Given a signature ΣX we can define the following cate-
gories:

1. The category of ΣX -pre-theories, PreThΣX (or just PreTh if ΣX is
clear from the context) is defined as follows:

• Its class of objects is the class of ΣX -pre-theories.

• For each pair of objects S and S ′ there is a morphism from S to
S ′, noted just by S �c S ′, if S+ ⊆ S ′+ and S− ⊆ S ′−.

2. ThΣX (or just Th) is the full subcategory of PreThΣX whose objects
are theories (that is, closed under logical consequence).

3. CompThΣX (or just CompTh) is the full subcategory of ThΣX

whose objects are complete theories.

4. Given a constraint language LX and a signature Σ extending ΣX ,
ProgIntΣ

(ΣX ,LX ) (or just ProgInt if Σ,ΣX and LX are clear from the
context) is the category such that:

• Its objects are sets of sentences (c → `)∀ or (c → ¬`)∀, where
c ∈ LX and ` is a conjunction of Σ-literals.

• For each pair of objects A and A′ there is a morphism from A to
A′, noted just by A � A′ if A ⊆ A′.
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As pointed out before, this categorical formulation allows us to speak
about relations among solvers, domains and theories by establishing mor-
phisms among them in the common category PreTh, in such a way that
the morphism between two objects represents the relation “agrees with” (or
completeness if they are seen in the reverse sense). To be more precise, given
a constraint (domain) parameter X = (ΣX ,LX , AxX , DomX , solvX ), we can
reformulate the conditions (in Def. 3.2.1) required among solvX , DomX and
AxX as:

SsolvX �c SAxX �c SDomX

in PreTh. That is, since DomX must be a model of AxX , there is a mor-
phism from SAxX to SDomX . Moreover, since solvX must agree with AxX ,
there is a morphism from SsolvX to SAxX . Then, by transitivity, solvX agrees
with DomX , so there is a morphism from SsolvX to SDomX . In addition, we
can also reformulate other conditions in these terms:

• solvX is AxX -complete (respectively, DomX -complete) if, and only if,
SAxX �c SsolvX (respectively, SDomX �c SsolvX ).

• AxX completely axiomatizes DomX if, and only if, SDomX �c SAxX ,
so, as expected SAxX = SDomX .

3.4 Functorial semantic constructions for constraint normal logic
programs

We present the formulation of the constructions associated to definitions of
semantics of constraint normal logic programs in functorial terms. Specif-
ically, we will define three functors OPP , ALGP and LOGP representing,
for a given program P , its operational, its algebraic (or least fixpoint), and
its logical semantics, respectively. For this purpose, we will introduce the
corresponding semantic constructions they are based on.

Then, given a (ΣX ,LX )-program P , the semantics of P can be defined
as

[[P ]] = (OPP ,ALGP ,LOGP )

As we pointed out before, this formulation is parametric on the do-
main constraint. As we will show in Section 3.5, this allows us to separate
the study of the properties satisfied by these three semantic constructions,
from the classic comparisons of three kinds of semantics of programs over
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a specific constraint domain. Moreover, once the equivalence of semantic
constructions is (as intended) obtained, the classical soundness and com-
pleteness results that can be obtained depending on the relations among
solvers, theories and domains, are just consequences of the functorial prop-
erties.

3.4.1 Logical semantics

As it is well-known, the standard logical meaning of a Σ-program P is
its (generalized) Clark’s completion CompX (P ) = AxX ∪P ∗, where P ∗ in-
cludes a sentence

∀z(q(z)↔ ((G1 ∧ c1)∃rz ∨ . . . ∨ (Gk ∧ ck)∃rz))

for each q ∈ PSΣ\PSX , and where {(q(z)← G1�c1), . . . , (q(z)← Gk�ck)}
is the set1 of all the clauses in P with head predicate q. In what follows, this
set will be denoted byDef P (q). Intuitively, in this semantics we are consid-
ering that Def P (q) is a complete definition of the predicate q. A weaker
logical meaning for the program P is obtained by defining its semantics as
AxX ∪P ∀, where P ∀, is the set including a sentence

∀z(q(z)← ((G1 ∧ c1)∃rz ∨ . . . ∨ (Gk ∧ ck)∃rz))

for each q ∈ PSΣ \ PSX , and where Def P (q) is assumed to consist of the
same clauses as above.

Therefore, in general, we can define the parameterized logical semantics
of programs as follows:

Definition 3.4.1: (Functorial logical semantics) Let P be a Σ-program.
We can define the functor LOGP : Th→ ProgInt such that:

a) LOGP assigns objects S in its source category Th to objects in ProgInt,
in the following way

LOGP (S) = {(c→ `)∀ | c∃ 6∈ S− ∧ P ∗ ∪S |= (c→ `)∀}∪
{(c→ ¬`)∀ | c∃ 6∈ S− ∧ P ∗ ∪S |= (c→ ¬`)∀}

1 If there are no clauses in P with head predicate q, i.e., the set is empty, then the
above sentence is simplified to ∀z(q(z) ↔ F
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b) To each pair of objects S and S ′ such that S �c S ′ in the source
category Th, LOGP assigns the morphism LOGP (S) � LOGP (S ′) in
ProgInt.

It is easy to see that LOGP is a functor as a straightforward consequence
of the fact that morphisms are partial orders and the monotonicity of the
logic.

3.4.2 Operational semantics

In this subsection, we will define an functor OPP based on the operational
mechanism called BCN presented in Chapter 2 and refined in [1]. For this
purpose, we generalize BCN in such a way it parametrically uses any object
S ∈ PreTh as an oracle that evaluates (un)satisfability constraint sentences.

Definition 3.4.2: (Functorial semantics) Let P be a Σ-program. We can
define the functor OPP : PreTh→ ProgInt such that:

a) OPP assigns objects S in its corresponding source category PreTh to
objects in ProgInt, in the following way

OPP (S) = {(c→ `)∀ | c∃ 6∈ S− and there is a BCN(P,S)-derivation
for `�T with computed answer d such that (c→ d)∀ ∈ S+}
∪{(c→ ¬`)∀ | `�c is a BCN (P,S)− failed goal}

b) To each pair of objects S and S ′ such that S �c S ′ the correspond-
ing source category PreTh, OPP assigns OPP (S ′) � OPP (S) in
ProgInt. That is, OPP is contravariant.

The contravariance of OPP is a consequence of the fact that the BCN -
derivation process only makes unsatisfiability goals to prune derivations.
That is, as we will see in what follows, the oracle S is just used to check
conditions of the form c 6∈ S− to proceed with derivations. This means that
when S− is larger the derivation process prunes more derivation sequences.
Therefore, it is quite easy to see that if S �c S ′ in PreTh, then OPP (S ′) �
OPP (S) in ProgInt.

The BCN operational semantics is based on two operators originally in-
troduced by Shepherdson [55] to characterize Clark-Kunen’s semantics in
terms of satisfaction of (equality) constraints. Such operators exploit the
definition of literals in the completion of programs and associate a constraint
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formula to each query. As a consequence, the answers are computed, on one
hand, by a symbolic manipulation process that obtains the associated con-
straint(s) of the given query and, on the other hand, by a constraint checking
process that deals with such constraint(s). In particular, the original version
[50] of the BCN operational semantics works with programs restricted to
the constraint domain of terms with equality. In that case, BCN uses the
equality theory FETΣ, defined by Clark [15] (or any equation solver) as a
solver. Here, we generalize this semantics to arbitrary constraint domains.

Definition 3.4.3: For any program P , the operators TP
k and FP

k associate a
constraint to each goal, as follows:

Let Def P (q)={q(z)← `i�ci | 1 ≤ i ≤ m}

TP
0 (q(z)) = F TP

k+1(q(z)) =
∨m

i=1 ∃yi(ci ∧ TP
k (`i))

FP
0 (q(z)) = F FP

k+1(q(z)) =
∧m

i=1 ∀yi(¬ci ∨ FP
k (`i))

For all k ∈ IN :

TP
k (T) = T FP

k (T) = F

TP
k (¬q(z)) = FP

k (q(z)) FP
k (¬q(z)) = TP

k (q(z))

TP
k (

∧n
j=1 `j) =

∧n
j=1 T

P
k (`j) FP

k (
∧n

j=1 `j) =
∨n

j=1 F
P
k (`j)

For any c ∈ LX , for any k ∈ IN :

TP
k (c) = c FP

k (c) = ¬c

Definition 3.4.4: Let P be a program and S ∈ PreTh. A BCN (P,S)-
derivation step is obtained by applying the following derivation rule:

(R) `1, `2�d is BCN (P,S)-derived from `1, `(x), `2�c if there exists k > 0
such that d = (TP

k (`(x)) ∧ c) and d∃ 6∈ S−.

Definition 3.4.5: Let P be a program and S ∈ PreTh.

1. A BCN (P,S)-derivation from the goal G is a sequence of BCN (P,S)-
derivation steps of the form

G (P,S) . . . (P,S) G
′
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Then, G n
 (P,S)G

′ means that the goal G′ is BCN (P,S)-derived from
the goal G in n BCN (P,S)-derivation steps.

2. A finite BCN (P,S)-derivation G
n
 (P,S)G

′ is a successful BCN (P,S)-
derivation if G′ = �c. In this case, c∃\free(G) is the corresponding
BCN (P,S)-computed answer.

3. A goal G = `�c is a BCN (P,S)-failed goal if (c → FP
k (`))∀ ∈ S+ for

some k > 0 such that FP
k (`)∀ 6∈ S−.

Let S ∈ PreTh, we say that S is well-behaved (as in the sense of 3.1.1)
if for any constraints c1 and c2:

1. ((c1 ∈ S+∧c2 ∈ S+)∨(c1 ∈ S−∧c2 ∈ S−)∨(c1 6∈ S{+,−}∧c2 6∈ S{+,−}))
if |= c1 ↔ c2.

2. If c1 ∈ S− and |= c1 ← c
∃rfree(c1)
2 then c2 ∈ S−.

A selection rule is a function selecting a literal in a goal and, whenever S
is well-behaved, BCN (P,S) is independent of the selection rule used. To
prove this assertion we follow the strategy used in [36, 32], so we first prove
the next lemma.

Lemma 3.4.1 (Switching Lemma): Let P be a program and S ∈ PreTh be
well-behaved. Let G be a goal, `1, `2 be literals in G and let G  (P,S)

G1  (P,S) G
′ be a non-failed derivation in which `1 has been selected in G

and `2 in G1. Then there is a derivation G  (P,S) G2  (P,S) G
′′ in which

`2 has been selected in G and `1 in G2, and G′ and G′′ are identical up to
reordering of their constraint component.

Proof Let G be `1, `1, `2, `2, `3�c. Then, G1 = `1, `2, `2, `3�c ∧ TP
k (`1),

k > 0, and (c ∧ TP
k (`1))∃ 6∈ S− , and, G′ = `1, `2, `3�c ∧ TP

k (`1) ∧ TP
k′ (`2),

k > 0, k′ > 0 and (c ∧ TP
k (`1) ∧ TP

k′ (`2))
∃ 6∈ S−.

Now, to construct the derivation G  (P,S) G2  (P,S) G
′′ in which `2

is select first in G1 we choose G2 = `1, `1, `2, `3�c ∧ TP
k′ (`2) and G′′ =

`1, `2, `3�c ∧ TP
k′ (`2) ∧ TP

k (`1). Since (c ∧ TP
k (`1) ∧ TP

k′ (`2))
∃ 6∈ S− we know

that, by the well-behavedness property of S, it happens (c∧ TP
k′ (`2))

∃ 6∈ S−
and (c ∧ TP

k′ (`2) ∧ TP
k (`1))∃ 6∈ S−. Hence, G  (P,S) G2  (P,S) G

′′ is a valid
BCN (P,S)-derivation �
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Theorem 3.4.1 (Independence of the selection rule): Let P be a program and
S ∈ PreTh be well-behaved. Let G be a goal and suppose that there ex-
ists a successful BCN (P,S)-derivation from G with computed answer c.
Then, using any selection rule R there exists another successful BCN (P,S)-
derivation from G of the same length with an answer which is a reordering
of c.

Proof The proof follows by induction on the length, n, of the BCN (P,S)-
derivation. The base step, n = 0, trivially holds. Assume that the statement
holds for n′ < n. Now, to prove the inductive step, consider the BCN (P,S)-
derivation

G (P,S) G1  (P,S) . . . (P,S) Gn−1  (P,S) �c

Since this is a successful derivation, each literal in G is selected at some
point of the derivation. Let us consider the literal ` in G and suppose that
it is selected in Gi. By applying Lemma 3.4.1 i times we can reorder the
above derivation to obtain the following one L  (P,S) G

′
1  (P,S) . . .  (P,S)

G′n−1  (P,S) �c′, such that ` is selected in G and c′ is a reordering of c. As-
sume that the selection rule R selects literal ` when considering the singleton
derivation G. From the induction hypothesis, there is another BCN (P,S)-
derivation G′1

n−1
 (P,S)�c′′, using the selection rule R′, where R′ selects lit-

erals as they are selected by the rule R when considering the derivation
G  (P,S) G

′
1
n−1
 (P,S)�c′′. So, c′′ is a reordering of c′ and hence of c. Thus,

G (P,S) G
′
1  (P,S) . . . (P,S) G

′
n−1  (P,S) �c′′ is the BCN (P,S)-derivation

we were looking for �

Next, we establish the basis for relating the BCN (P,S) operational se-
mantics to the logical semantics of a particular class of constraint logic
programs. The propositions below provide the basis for proving soundness
and completeness of the semantics.

Proposition 3.4.1: Let Σ = (FSX ,PSX ∪PS ) be an extension of a given
signature of constraints ΣX = (FSX ,PSX ) by a set of predicates PS , and
let P be a Σ-program. Then, for every ΣX -theory S ∈ ThΣX ,

P ∗ ∪S |= (TP
k (`)→ `)∀

for every conjunction of Σ-literals ` and each k in IN .
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Proof Actually we are going to prove that for each k ∈ IN

P ∗ ∪S |= (TP
k (`)→ `)∀

since it is easy to see that the general case is a straightforward consequence
of Definition 3.4.3.

The proof follows by induction on k and it merely relies on standard
syntactical properties of first-order logic. For the base case, k = 0, the
proposition trivially holds. Assume that the statement holds for k′ < k.
Now we have to prove it for k. There are two situations: either TP

k (`) is
satisfiable or is not. The proof for the latter case is analogous to the base
step. Assume TP

k (`) is satisfiable. There are two cases:

1. ` = p(x). Then, applying twice the definition of TP
k , the first time for

atoms and the second time for the conjunction of literals, we obtain
the following:

TP
k (p(x)) =

m∨
i=1

∃yi(ci ∧ TP
k−1(`

i)) =
m∨

i=1

∃yi(ci ∧
ni∧

j=1

TP
k−1(`

i
j))

Now, from the induction hypothesis we have that, for all i ∈ {1, . . . ,m}
and for all j ∈ {1, . . . , ni}:

P ∗ ∪S |= (TP
k−1(`

i
j)→ `ij)

∀

Then, it follows logically that,

P ∗ ∪S |=
( m∨

i=1

∃yi(ci ∧
ni∧

j=1

TP
k−1(`

i
j))→

m∨
i=1

∃yi(ci ∧
ni∧

j=1

`ij)
)∀

And, again, applying the definition of TP
k we obtain the following:

P ∗ ∪S |=
(
TP

k (p)→
m∨

i=1

∃yi(ci ∧
ni∧

j=1

`ij)
)∀ (3.1)

In addition, by the completion of predicate p(x), we have that,

P ∗ ∪S |=
( m∨

i=1

∃yi(ci ∧
ni∧

j=1

`ij)→ p(x)
)∀ (3.2)

Hence, by (3.1) and (3.2), we can conclude that

P ∗ ∪S |= (TP
k (p(x))→ p(x))∀, k > 0

The proof for the second case is quite similar to the previous one.
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2. ` = ¬p(x). Then, TP
k (¬p(x)) = FP

k (p(x)), and applying the definition
of FP

k we obtain the following:

FP
k (p(x)) =

m∧
i=1

∀yi(¬ci ∨ FP
k−1(`

i)) =
m∧

i=1

∀yi(¬ci ∨
ni∨

j=1

FP
k−1(`

i
j))

Now, using the induction hypothesis we have that, for all i ∈ {1, . . . ,m}
and for all j ∈ {1, . . . , ni}:

P ∗ ∪S |= (FP
k−1(`

i
j)→ ¬`ij)∀

Therefore, it follows logically that,

P ∗ ∪S |=
( m∧

i=1

∀yi(¬ci ∨
ni∨

j=1

FP
k−1(`

i
j))→

m∧
i=1

∀yi(¬ci ∨
ni∨

j=1

¬`ij)
)∀

Again, applying the definition of FP
k , we have that,

P ∗ ∪S |=
(
FP

k (p(x))→
m∧

i=1

∀yi(¬ci ∨
ni∨

j=1

¬`ij)
)∀ (3.3)

Finally, as in the previous case, we use the completion of the predicate
p(x) to obtain:

P ∗ ∪S |=
( m∧

i=1

∀yi(¬ci ∨
ni∨

j=1

¬`ij)→ ¬p(x)
)∀ (3.4)

Hence, by (3.3) and (3.4), we can conclude that

P ∗ ∪S |= (FP
k (p(x))→ ¬p(x))∀, k > 0 �

Proposition 3.4.2 (Monotonicity of TP
k and FP

k ): Let Σ = (FSX ,PSX ∪PS )
be an extension of a given signature of constraints ΣX = (FSX ,PSX ) by a
set of predicates PS , and let P be a Σ-program. Then, for every ΣX -theory
S ∈ ThΣX , and every Σ-literal `:

1. S |= (TP
k (`(x))→ TP

k+1(`(x)))
∀

2. S |= (FP
k (`(x))→ FP

k+1(`(x)))
∀
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Proof The proof follows by induction on k. The base case, k = 0, trivially
holds. Assume the statement holds for k′ < k. To prove the inductive step
we have two cases:

1. If `(x) = p(x) then by the definition of TP
k we have that

TP
k (p(x)) =

m∨
i=1

∃yi(ci ∧
ni∧

j=1

TP
k−1(`

i
j))

and

TP
k+1(p(x)) =

m∨
i=1

∃yi(ci ∧
ni∧

j=1

TP
k (`ij))

Now, from the inductive hypothesis it follows that, for all i ∈ {1, . . . ,m}
and for all j ∈ {1, . . . , ni}:

S |= (TP
k−1(`

i
j)→ TP

k (`ij))
∀

Thus, it follows logically that,

S |= (∃yi(ci ∧
ni∧

j=1

TP
k−1(`

i
j))→ ∃yi(ci ∧

ni∧
j=1

TP
k (`ij)))

∀

And hence, applying the definition of TP
k we obtain the following:

S |= (TP
k (p(x))→ TP

k+1(p(x)))
∀

2. If `(x) = ¬p(x) then by the definition of FP
k we have that

FP
k (p(x)) =

m∧
i=1

∀yi(¬ci ∨
ni∨

j=1

FP
k−1`

i
j))

and

FP
k+1(p(x)) =

m∧
i=1

∀yi(¬ci ∨
ni∨

j=1

FP
k `

i
j))

Now, from the inductive hypothesis it follows that, for all i ∈ {1, . . . ,m}
and for all j ∈ {1, . . . , ni}:

S |= (FP
k−1(`

i
j)→ FP

k (`ij))
∀
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Thus, it follows that,

S |= (∀yi(¬ci ∨
ni∨

j=1

FP
k−1(`

i
j))→ ∀yi(¬ci ∨

ni∨
j=1

FP
k (`ij)))

∀

And hence, applying the definition of FP
k we obtain the following:

S |= (FP
k (p(x))→ FP

k+1(p(x)))
∀ �

3.4.3 Algebraic semantics

Finally, we introduce the functor ALGP which assigns to each complete
theory representing a computation domain (see Section 3.2) the algebraic
semantics of the given program. The definition is based on a new least
fixpoint construction that effectively computes the (intended) algebraic in-
terpretation of programs. Again, all definitions are parametric in the sense
that it can use any object from the category CompTh to ask for the satis-
faction of contraints.

Definition 3.4.6: (Functorial least fixpoint semantics) Let P be a Σ-
program. We can define the functor ALGP : CompTh → ProgInt such
that:

a) ALGP assigns objects S in its source category CompTh to objects in
ProgInt, in the following way

ALGP (S) = {(c→ `)∀ | c∃ 6∈ S− ∧ T Mod(S)
P ↑ω((c→ `)∀) = t} ∪

{(c→ ¬`)∀ | c∃ 6∈ S− ∧ T Mod(S)
P ↑ω((c→ ¬`)∀) = t}

b) To each pair of objects S and S ′ such that S �c S ′ in the source cate-
gory CompTh, ALGP assigns the morphism ALGP (S) � ALGP (S ′)
in ProgInt.

ALGP is a functor as a straightforward consequence of the fact that mor-
phisms are partial orders and of the monotonicity of the operator T Mod(S)

P

as we will see in what follows.

Notice that, since S is a complete theory, Mod(S) is a class of elementary
equivalence. Let us consider for the rest of this section, that DomX is that
class, i.e. DomX = Mod(S). Accordingly, (see also what we argued in
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Section 3.2), we consider a domain for computing immediate consequences
(DomΣ/≡,�) defined as follows:

Let DomΣ be the class of three-valued Σ-interpretations which are ex-
tensions of models in DomX . Then, as it is done in [57] to extend [35] to the
general constraint case, we consider the Fitting’s ordering on DomΣ inter-
preted in the following sense: For all partial interpretations A,B ∈ DomΣ,
for each ΣX -constraint c(x) and each Σ-literal `(x):

A � B iff A((c→ `)∀) = t ⇒ B((c→ `)∀) = t

It is quite easy to see that (DomΣ,�) is a preorder. Therefore, we consider
the equivalence relation ≡ induced by � (A ≡ B if, and only if, A � B and
B � A), and the induced partial order

[A], [B] ∈ DomΣ/≡: [A] � [B] iff A � B

to build a cpo (DomΣ/≡,�) with a bottom class [⊥Σ] such that for each
A ∈ [⊥Σ] we have that A((c → `)∀) 6= t for all ΣX -constraint c(x) and all
Σ-literal `(x). That is, the set of goals of the form (c→ `)∀ satisfied by the
models in [⊥Σ] is empty.

Proposition 3.4.3: (DomΣ/≡,�) is a cpo with respect to �, and the equiv-
alence class [⊥Σ] is its bottom element.

Proof To prove that (DomΣ/≡,�) is a cpo, we show that each increasing
chain {[Ai]}i∈I ⊆ DomΣ/≡

[A1] � . . . � [An] � . . .

has a least upper bound
⊔

[An]. Let [A] be such that A((c → `)∀) = t iff,
for some n, An((c→ `)∀) = t. Then, it is almost trivial to see that

• for each n, [An] � [A]

• for any other [B] such that [An] � [B] for each n, [A] � [B].

Finally, it is trivial to see that [⊥Σ] � [A] for all [A] ∈ DomΣ/≡ �

Remarks 3.4.1:

1. The relation ≡ builds classes of models which are indistinguishable
with respect to satisfaction of goal formulas.
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2. Moreover, it is easy to see that all the models in a ≡-class are elemen-
tarily equivalent in its restrictions to ΣX .

Definition 3.4.7 (Immediate consequence operator T DomX
P ): Let P be a Σ-

program, then the immediate consequence operator T DomX
P : DomΣ/≡→

DomΣ/≡ is defined for each [A] ∈ DomΣ/≡, as

T DomX
P ([A]) = [ΦDX

P (A)]

where DX is any distinguished domain model in the class DomX , A is any
model in [A], and [ΦDX

P (A)] is the ≡-class of models such that for each
ΣX -constraint c(x) and each Σ-atom p(x),

(i) ΦDX
P (A)((c → p)∀) = t if, and only if, there are (renamed versions

of) clauses {p(x) ← `i1, . . . , `
i
ni

�di | 1 ≤ i ≤ m} ⊆ Def P (p) and
DX -satisfiable constraints {cij | 1 ≤ i ≤ m ∧ 1 ≤ j ≤ ni} such that

– A((cij → `ij)
∀) = t

– DX ((c→
∨

1≤i≤m ∃yi(
∧

1≤j≤ni
cij ∧ di))∀) = t

(ii) ΦDX
P (A)((c → ¬p)∀) = t if, and only if, for each (renamed version

of a) clause in {p(x) ← `i1, . . . , `
i
ni

�di | 1 ≤ i ≤ m} = Def P (p(x))
there is a Ji ⊆ {1, . . . ni} and DX -satisfiable constraints {cij | 1 ≤ i ≤
m ∧ j ∈ Ji} such that

– A((cij → ¬`ij)∀) = t

– DX ((c→
∧

1≤i≤m ∀yi(
∨

j∈Ji
cij ∨ ¬di))∀) = t

where, for each i ∈ {1, . . . ,m}, yi are the free variables in {`i1, . . . , `ini
, di}

not in x.

Remarks 3.4.2:

1. In the definition of the operator ΦDX
P , we could choose any other model

in DomX , instead of DX , since all of them are elementarily equivalent,
and the domain is just used for constraint satisfaction checking. Sim-
ilarly, A could be any other model in [A] since it is used for checking
satisfaction of sentences of the form (c→ `)∀.
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2. Moreover, models in a ≡-class [ΦDX
P (A)] are elementarily equivalent

in its restrictions to ΣX . In fact, [ΦDX
P (A)] |ΣX= DomX since all

classes in DomΣ are (conservative) predicative extensions of DomX
and the operator T DomX

P does not compute new consequences from
LX . However, neither [A] nor T DomX

P ([A]) = [ΦDX
P (A)] are classes of

elementary equivalence in general.

In what follows we will prove that T DomX
P is continuous in the cpo

DomΣ/ ≡. As a consequence, it has an effectively computable least fix-
point:

lfp(T DomX
P ) = T DomX

P ↑ω =
⊔

[ΦDX
P ↑n]

However, in order to justify the introducction of our new operator T DomX
P ,

it is important to notice that⊔
[ΦDX

P ↑n] 6= [ΦDX
P ↑ω]

as we will show in the example below. In fact, the operator ΦDX
P can be

considered a variant of the Stuckey’s immediate consequence operator in
[57], so, it inherits its drawbacks. On one hand, ΦDX

P is monotonic but not
continuous. On the other hand, it will have different behavior depending
on the constraint domain in DomX that may be predicatively extended. As
argued in Section 3.2, the key to solve these problems is to use the whole
class DomX as domain of computation instead of a single model. In fact,
the key technical point is using its predicative extension, DomΣ, in defining
the target and the source, DomΣ/≡, of T DomX

P , as the following example
aims to illustrate.

Consider the following CNLP (N )-program:

q(z)← �z = 0
q(v)← q(x)�v = x+ 1
r ← ¬q(x)

First, let us look at the behaviour of the operator Φ:

• ΦN
P ↑ω would be the model extending N where r is undefined and

all the sentences

{(z = n→ q(z))∀ | n ≥ 0}
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are true, so, the sentence ∀z.q(z) will be evaluated as true in ΦN
P ↑ω.

This is not a fixpoint since we can iterate once more, to obtain a
different model ΦN

P ↑(ω + 1) where ¬r is true.
• In contrast, if we consider any non-standard modelM elementarily

equivalent to N , the sentence ∀z.q(z) will be evaluated as undefined
in ΦM

P ↑ω, so, no more consequences will be obtained if we iterate
once more.

Now we can compare with the behaviour of T :

Similar to the first case, T EQ(N )
P ↑ω is the class of ≡-equivalent models

extending EQ(N ), where r is undefined and all the sentences

{(z = n→ q(z))∀ | n ≥ 0}

are true. But now, this is a fixpoint in contrast to what happens with
any other operator working over just one standard model. In particular,
it is not difficult to see that the sentence ∀z.q(z) is never satisfied (by
models) in [ΦN

P ↑k] for any k. This is because we are considering also
non standard models (as the predicative extension of the above M) at
each iteration. Therefore, as a consequence of the definition of

⊔
, we

have that ∀z.q(z) is not satisfied in

T EQ(N )
P ↑ω =

⊔
[ΦN

P ↑k]

That is, ¬r is not a consequence that can be added (or satisfied) if the
iteration proceeds forward.

Theorem 3.4.2: T DomX
P is continuous in the cpo (DomΣ/≡,�), so it has a

least fixpoint T DomX
P ↑ω.

Proof First of all, T DomX
P is monotonic, that is, for all [A] and [B] in

DomΣ/≡
[A] � [B] ⇒ T DomX

P ([A]) � T DomX
P ([B])

as a consequence of the fact that ΦDX
P is monotonic:

[A] � [B] ⇒ A � B ⇒ ΦDX
P (A) � ΦDX

P (B) ⇒ [ΦDX
P (A)] � [ΦDX

P (B)]

Then, being T DomX
P monotonic, to prove that it is continuous it is

enough to prove that is is finitary. That is: For each increasing chain
{[An]}n∈I , [A1] � . . . � [An] � . . .

T DomX
P (

⊔
[An]) �

⊔
T DomX

P ([An])
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Let [A] =
⊔

[An] and [B] = T DomX
P (

⊔
[An]) = [ΦDX

P (A)]. Let us assume
B((c→ `)∀) = t. We have two cases:

(a) If ` = p(x) then, by the definition of the operator ΦDX
P , we know there

are (renamed versions of) clauses {p(x)← `i1, . . . , `
i
ni

�di | 1 ≤ i ≤ m}
in P and DX -satisfiable constraints {cij | 1 ≤ i ≤ m ∧ 1 ≤ j ≤ ni}
such that

– A((cij → `ij)
∀) = t

– A((c→
∨

1≤i≤m ∃yi(
∧

1≤j≤ni
cij ∧ di))∀) = t

In such a situation, by definition of
⊔

, we know that for each 1 ≤
i ≤ m and 1 ≤ j ≤ ni there is an [Ak] ∈ {[An] | n ∈ I} such that
Ak((cij → `ij)

∀) = t. Then, since (DomΣ/≡,�) is a cpo, we know that
each finite sub-chain has a least upper bound in {[An]}n∈I . Let it be
[As]. In addition, since all models in DΣ are elementarily equivalent
we can state that

– As((cij → `ij)
∀) = t

– As((c→
∨

1≤i≤m ∃yi(
∧

1≤j≤ni
cij ∧ di))∀) = t

Therefore, ΦDX
P (As)((c→ p(x))∀) = t so for all models C ∈ [ΦDX

P (As)]
we have that C((c → p(x))∀) = t. Thus, by definition of

⊔
, this

implies that for all C′ ∈
⊔

[ΦDX
P (An)] =

⊔
T DomX

P ([An]) we have that
C′(c→ p(x)))∀ = t.

(b) The proof for ` = ¬p(x) proceeds in the same way. That is, by the
definition of the operator ΦDX

P , we know that for each (renamed version
of a) clause in {p(x) ← `i1, . . . , `

i
ni

�di | 1 ≤ i ≤ m} = Def P (p(x)))
there is a Ji ⊆ {1, . . . ni} and DX -satisfiable constraints {cij | 1 ≤ i ≤
m ∧ j ∈ Ji} such that

– A((cij → ¬`j)∀) = t

– A((c→
∧

1≤i≤m ∀yi(
∨

j∈Ji
cij ∨ ¬di))∀) = t

Again, by definition of
⊔

, we know that for each j ∈ J there is an
[Aj ] ∈ {[An] | n ∈ I} such that Aj((cj → ¬`j)∀) = t. Then, as a
consequence of (DomΣ/≡,�) being a cpo, and all models in DΣ being
elementarily equivalent, there is a class [As] in the chain such that

– As((cij → ¬`j)∀) = t
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– As((c→
∧

1≤i≤m ∀yi(
∨

j∈Ji
cij ∨ ¬di))∀) = t

Therefore ΦDX
P (As)((c→ ¬p(x))∀) = t so, for all models C ∈ [ΦDX

P (As)]
we have that C((c → ¬p(x))∀) = t. And, finally, by definition of

⊔
,

this implies that for all C′ ∈
⊔

[ΦDX
P (An)] =

⊔
T DomX

P ([An]) we have
that C′(c→ ¬p(x)))∀ = t �

Finally, as a consequence of the continuity of T DomX
P , we can extend a

result from Stuckey [57] related to the satisfaction of the logical consequences
of the completion in any ordinal iteration of ΦDX

P , until the ω iteration of
T DomX

P , that is, until its least fixpoint:

Theorem 3.4.3: (Extended Theorem of Stuckey)
Let Th(DomX ) be the complete theory of DomX . For each Σ-goal `�c:

1. P ∗ ∪Th(DomX ) |=3 (c→ `)∀ ⇔ ∀A ∈ T DomX
P ↑ω : A((c→ `)∀) = t

2. P ∗ ∪Th(DomX ) |=3 (c→ ¬`)∀ ⇔ ∀A ∈ T DomX
P ↑ω : A((c→ ¬`)∀) =

t

Proof We prove that 1 and 2 hold for a goal `�c. Then, the general case for
`�c easily follows from the logical definition of the truth-value of (c → `)∀

and (c→ ¬`)∀.
Stuckey’s result states that P ∗ ∪Th(DomX ) |=3 (c→ `)∀ if, and only if,

ΦDX
P ↑ k((c→ `)∀) = t

for some finite k. So, by definition of T DomX
P , this is equivalent to

∀A ∈ T DomX
P ↑ k : A((c→ `)∀) = t

for some finite k. And, by definition of
⊔

, to

∀A ∈
⊔
T DomX

P ↑ k : A((c→ `)∀) = t �

3.5 Equivalence of semantics

We show that our functorial formulation allows us to separate the study
of the properties satisfied by these three semantic constructions, from the
classiccomparisons of three kinds of semantics of programs over a specific
constraint domain. Moreover, once the equivalence of semantic construc-
tions is (as intended) obtained, the classical soundness and completeness
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results that can be obtained depending on the relations among solvers, the-
ories and domains, are just consequences of the functorial properties.

First, we prove that the semantic constructions represented by the func-
tors OPP , ALGP and LOGP are equivalent in the sense that for each
object S in the common subcategory CompTh, OPP (S), ALGP (S), and
LOGP (S) are the same object in ProgInt.

Then, we will show the completeness of the operational semantics with
respect to the algebraic and logical semantics just as a consequence of the
fact that functors preserve the relations from its domains into its codomains.

Theorem 3.5.1 (Equivalence of semantics): Let P be a Σ-program. For each
object S in CompTh,

OPP (S) = ALGP (S) = LOGP (S)

in ProgInt.

Proof First of all, we have that LOGP (S) = ALGP (S) as a direct conse-
quence of Theorem 3.4.3 (Extension of Stuckey’s theorem).
In the following, we will prove that

• ALGP (S) ⊆ OPP (S) and

• OPP (S) ⊆ LOGP (S)

(a) To prove that ALGP (S) ⊆ OPP (S), we use induction on the number
of iterations of T Mod(S)

P . We just consider goals such that ` = p(x)
and ` = ¬p(x), since the general case follows from the properties of
operators TP

k and FP
k and the fact that BCN is independent of the

selection rule.

The base case n = 0 is trivial since T Mod(S)
P ↑0 = [⊥Σ] and [⊥Σ]((c→

`)∀) 6= t for all ΣX -constraint c(x) and all Σ-literal `(x).

Assume that for all k ≤ n, T Mod(S)
P ↑ k((c → `)∀) = t implies (c →

`)∀ ∈ OPP (S).

i) If ` = p(x) then, by the definition of T Mod(S)
P , we know there are

(renamed versions of) clauses {p(x)← `i1, . . . , `
i
ni

�di | 1 ≤ i ≤ m}
in P and Mod(S)-satisfiable constraints {cij | 1 ≤ i ≤ m ∧ 1 ≤
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j ≤ ni} such that T Mod(S)
P ↑ n((cij → `ij)

∀) = t and for every
modelM∈Mod(S)

M((c→
m∨

i=1

∃yi(
ni∧

j=1

cij ∧ di))∀) = t

or equivalently, (c→
∨m

i=1 ∃yi(
∧ni

j=1 c
i
j ∧di))∀ ∈ S, since all mod-

els in Mod(S) are elementarily equivalent as a consequence of S
being a complete theory.
Then, by inductive hypothesis we have that (cij → `ij)

∀ ∈ OPP (S)
for all 1 ≤ i ≤ m and 1 ≤ j ≤ ni. Thus, we know the existence
of successful BCN (P,S)-derivations for every 1 ≤ i ≤ m and
1 ≤ j ≤ ni:

`ij�di  (P,S) �TP
ki

j
(`ij) ∧ di

such that (TP
ki

j
(`ij)) ∧ di)∃ ∈ S and (cij → TP

ki
j
(`ij))

∀ ∈ S.

Let k > 0 be the greatest number in {ki
j | 1 ≤ i ≤ m ∧ 1 ≤ j ≤

ni}. Then, as a consequence of the monotonicity of the operator
TP
− , we know

(
ni∧

j=1

TP
k (`ij)) ∧ di)∃ ∈ S

And, since TP
k (

∧ni

j=1 `
i
j) =

∧ni

j=1 T
P
k (`ij) and (

∧ni
j=1 c

i
j → TP

k (
∧ni

j=1 `
i
j))

∀

∈ S we have that

(c→
m∨

i=1

∃yi(T
P
k (

ni∧
j=1

`ij) ∧ di))∀ ∈ S

That is, TP
k+1(p(x))

∃ ∈ S and (c→ TP
k+1(p(x)))

∀ ∈ S.
Therefore, we can guarantee the existence of a successful BCN (P,S)-
derivation:

p(x)�t  (P,S) �TP
k+1(p(x))

so that (c→ p(x))∀ ∈ OPP (S).

ii) The proof for ` = ¬p(x) proceeds in the same way. That is, by
the definition of the operator T Mod(S)

P , we know that for every
(renamed version of a) clause in {p(x) ← `i1, . . . , `

i
ni

�di | 1 ≤
i ≤ m} = Def P (p(x))) there is a Ji ⊆ {1, . . . ni} and Mod(S)-
satisfiable constraints {cij | 1 ≤ i ≤ m ∧ j ∈ Ji} such that:
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∗ T Mod(S)
P ↑n((cij → ¬`j)∀) = t

∗ (c→
∧

1≤i≤m ∀yi(
∨

j∈Ji
cij ∨ ¬di))∀ ∈ S

Again, by inductive hypothesis we have that for all 1 ≤ i ≤ m
and j ∈ Ji, (cij → ¬`ij)∀ ∈ OPP (S) so, for some ri

j > 0

(cij → FP
ri

j
(`ij))

∀ ∈ S

Let r > 0 be the greatest number in {ri
j | 1 ≤ i ≤ m ∧ j ∈ Ji}.

Then, as a consequence of the monotonicity of the operator FP
− ,

we know (
∨

j∈Ji
cij → FP

r (`ij))
∃ ∈ S. And, since FP

r (
∨

j∈Ji
`ij) =∨

j∈Ji
FP

r (`ij) and (
∨

j∈Ji
cij → FP

r (
∨

j∈Ji
`ij))

∀ ∈ S we have that

(c→ FP
r+1(p(x)))

∀ ∈ S

Therefore, we can guarantee that p(x)�c is a BCN (P,S)-failure,
so (c→ ¬p(x))∀ ∈ OPP (S).

(b) Finally, we prove that OPP (S) ⊆ LOGP (S). Again we have two cases:

(i) Suppose that (c→ ¬`)∀ ∈ OPP (S) so, `�c is a BCN (P,S)-failed
goal. Hence, (c → FP

k (`))∀ ∈ S, for some k > 0. Therefore, by
Proposition 3.4.1, we can conclude that P ∗ ∪S |= (c→ ¬`)∀.

(ii) Suppose now that (c → `)∀ ∈ OPP (S). Again we will prove the
case ` = p(x) since the general case will follow from the properties
of TP

k and the fact that BCN is independent of the selection rule.
So we assume p(x)�c has a BCN (P,S)-derivation

p(x)�t  (P,S) �TP
k (p(x))

such that (c→ TP
k (p(x)))∀ ∈ S. Then, again as a consequence of

Proposition 3.4.1, we can conclude that P ∗ ∪S |= (c→ p(x))∀ �

Finally, we present the usual completeness results of the operational
semantics that can be obtained when the domains, theories and solvers are
not equivalent. As we pointed out before, these results can be obtained just
as a consequence of working with functors.

Corollary 3.5.1: (Completeness of the operational semantics) For any
program P , OPP is complete with respect to ALGP and with respect to
LOGP . That is, for each constraint domain (ΣX ,LX , AxX , DomX , solvX ):
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• ALGP (SDomX ) �c OPP (SsolvX )

• LOGP (SAxX ) �c OPP (SsolvX )

Proof Given a program P , and given a constraint domain (ΣX ,LX , AxX , DomX ,
solvX ) we have:

• Since SsolvX �c SDomX , the contravariance ofOPP implies thatOPP (SDomX )
�c OPP (SsolvX ). Then, according to the previous theorem, OPP (SDomX ) =
ALGP (SDomX ). Therefore, ALGP (SDomX ) �c OPP (SsolvX ).

• Similarly, since OPP (SDomX ) �c OPP (SsolvX ) and OPP (SDomX ) = LOGP (SDomX ),
we have LOGP (SAxX ) �c OPP (SsolvX ) �





4. NORMAL LOGIC PROGRAMS EXTENDED WITH
EMBEDDED IMPLICATION

In this chapter we provide semantics for normal logic programs enriched
with structuring mechanisms and scoping rules. Specifically, we consider
constructive negation and the extension that consists in having expressions
of the form Q ⊃ G in goals, where Q is a program unit, G is a goal and
⊃ stands for the so-called embedded implication. These expressions can
be seen as blocks of programs where Q is used for proving the goal G. In
particular, we consider both static and dynamic visibility rules. Therefore,
we actually deal with a dynamic class and a static class of normal logic
programs. When considering structured normal logic programming, provid-
ing semantics to program units is, in general, a difficult task due to the
non-monotonic nature of negation. In particular, non-monotonicity makes
difficult to show compositionality of the program units and constructions.
However, we do not want to impose any kind of syntactic restriction (e.g.
stratification) that simplify most constructions and proofs at the cost of
strongly limiting generality. In order to overcome problems we provide new
semantics definitions for the class of dynamic normal logic programs as well
as for the class of static normal logic programs.

The dynamic and static (also called lexical) schemes are two well-known
schemes in procedural programming. In adapting them to logic program-
ming, the language presented by Miller follows the dynamic approach.

In the dynamic scheme, both implications, clausal implication and em-
bedded implication, are interpreted as intuitionistic implications. So, the
operational semantics is given by the deduction theorem

P ∪Q `d G

P `d Q ⊃ G

Fig. 4.1: Dynamic rule (D-rule)
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The intuitive idea is that, given a program P , to prove the query Q ⊃ G
it is necessary to load Q and proceed the inference process with P ∪Q.
Once G succeeds or fails, Q must be discarded. From a software engineering
point of view, Miller’s proposal allows us to organize collections of program
units without the need of explicit composition operations. A main result
of Miller’s approach is that the proof-theoretic semantics for this kind of
programs can be given in terms of intuitionistic logic.

Giordano, Martelli and Rossi [28] proposed a variation of Miller’s ap-
proach in which the clausal and the embedded implications can be inter-
preted in different ways. In particular, the clausal implication can be inter-
preted as the classical one, and, for instance, in [12] the following general
inference rule is given to explain the interpretation of embedded implication:

P ∗ ∪Q `s G

P `s Q ⊃ G

where P ∗ = {a : a is atomic and P `s a}

Fig. 4.2: Static rule (S-rule)

To give the intuition behind the S-rule, let us remind the static visibility
rule in procedural programming. This rule establishes that local definitions
in a block are visible in that block and in the innermost blocks (but not
in the outermost ones). Considering the S-rule (Figure 4.2), P corresponds
to the outermost block of definition of predicates and Q corresponds to the
innermost one. As well as in procedural programming with static visibility
rule, the S-rule establishes that the definitions in P , in fact, the observable
results obtained (only) from the definitions in P , called P ∗, are visible in Q.

The example below, borrowed from [12], illustrates the difference be-
tween the dynamic and the static interpretation of the embedded implica-
tion. That is, the difference between the D-rule and the S-rule, respectively.

Example 3: Let P = {p ← q}. To prove P `d {q} ⊃ p we have to see if
P ∪{q} `d p and this holds if P ∪{q} `d q which is a tautology. However, in
the static case, P `s {q} ⊃ p holds if P ∗ ∪{q} `s p, but P ∗ = ∅.

In this example it is clear that, by using the D-rule, a successful deriva-
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tion is obtained, while, by using the S-rule, there is no a definition of the
literal p visible in P ∗ ∪{q}. Therefore, the query succeeds only in the dy-
namic approach.

In [5] this matter is addressed and some considerations for implementing
both static and dynamic languages are discussed. The algebraic semantics
proposed in [28] is basically the one proposed by Miller but extended to be
able to interpret the clausal implication in a classical way. Considering clas-
sical and intuitionistic implications together rises some problems because
the new semantics fits neither in classical logic nor in intuitionistic logic.
This has been addressed in [4, 38] where a complete logic (extending clas-
sical first order logic with the intuitionistic implication) is presented as the
underlying logic of such static programming language.

As far as we know most of the attempts for extending normal logic
programming with embedded implication have been done by considering
negation as finite failure, sometimes with some additional restrictions, such
as stratification. Gabbay [25], McCarty [41, 42], Bonner and McCarty [9],
and Giordano and Olivetti [29] have worked in this direction. The rule for
combining dynamic logic programs with finite failure is the following

P ∪Q `d ¬p
P `d Q ⊃ ¬p

and the sequent P ∪Q `d ¬p is considered an initial sequent when for each
clause p← G there exists a finitely failed tree of G with respect to P ∪Q.

When considering static normal programs, the intuitive idea behind the
derivation rules is that only the positive knowledge inferred from outermost
blocks and the last activated definitions must be considered. In particular,
the rule for combining static logic programs with finite failure is the following

P ∗ ∪Q `s ¬p
P `s Q ⊃ ¬p

and the sequent P ∗ ∪Q `s ¬p is considered an initial sequent when for each
clause p← G there exists a finitely failed tree of G with respect to P ∗ ∪Q.
Let us consider the following propositional normal logic programs and the
derivations in both dynamic and static approaches:



4. Normal logic programs extended with embedded implication 68

Let P = {t← q} and Q = {q; p← ¬t}

Dynamic Static
P 0d Q ⊃ p P `s Q ⊃ p
P `d Q ⊃ ¬p P 0s Q ⊃ ¬p

The rest of this chapter is organized in three sections: in the first one
we establish the syntax and give some preliminary definitions. In Section
4.2 we define the semantics of the class of dynamic normal logic programs.
Finally, in the last section, we define a transformational semantics of the
class of static normal logic programs.

4.1 Syntax and preliminary definitions

We consider normal constraint logic programs with constructive negation
extended with embedded implications with a dynamic visibility rule and
a static visibility rule in Section 4.2 and Section 4.3, respectively. This
classes of programs combine the expressive power of normal programs with
the capability to organize and to enhance dinamically their sets of clauses.
In what follows we assume the existence of an underlying signature Σ =
(FSΣ, PSΣ).

Definition 4.1.1: An extended Σ-literal, denoted G, is either a normal Σ-
literal, b or ¬b, where b is a Σ-atom; or a Σ-expression of the form Q ⊃ G′

where Q is a Σ-program and G′ is an extended Σ-literal.

Definition 4.1.2: An extended Σ-goal is either the logical constant t or a
sequence of extended Σ-literals.

Definition 4.1.3: Normal logic program with embedded implications over a
signature Σ are finite sets of clauses

a← G1, . . . , Gk, k ≥ 0

being a a Σ-atom and G1, . . . , Gk an extended Σ-goal (also written as
(G1, . . . , Gk) if needed for readability).

We denote with CΣ (resp. GΣ) and C⊃Σ (resp. G⊃Σ ) to the sets of all the
normal Σ-clauses (resp. Σ-goals) and all the normal Σ-clauses (resp. Σ-
goals) in which embedded implication occurs. Programs are denoted by P
and Q.
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We consider that any Σ-program is written following the structure of
constraint normal Σ-programs, with flat head. That is, the clauses are
constrained clauses of the form

p(x1, . . . , xn)← G1, . . . , Gk�c1, . . . , cn, k ≥ 0

where the constraints c1, . . . , cn are equality Σ-constraints.

Free variables in a clause are assumed to be implicitly quantified uni-
versally. This means that the scope of a variable is the clause where it
is defined. For example, the clause p(x) ← {q(x)} ⊃ r(x) is interpreted
as ∀x(p(x) ← {∀yq(y)} ⊃ r(x)) and the clause p ← {q(y)} ⊃ r(y) as
p← ∃y({∀zq(z)} ⊃ r(y))

Definition 4.1.4: The set of definitions of a predicate p is established with
respect to a given program P as follows:

Def(P, p) ≡ {p(x)← G�c ∈ P}

For the sake of simplicity, in what follows, we drop the prefix Σ− when
it is clear from the context.

4.2 Semantics of dynamic normal logic programs

In [40], Lucio, Orejas and Pino defined a new declarative compositional
semantics for a general class of normal logic program units, in terms of a class
of models called ranked. As the authors pointed out in that paper, ranked
models are, intuitively, quite close to Beth models. This lead us to think
that both connectives could have a natural and reasonably simple semantics
in terms of intuitionistic (Beth) models. Moreover, this semantics would
make more explicit the intuitionistic nature of negation in logic programming
already pointed out by other authors (e.g. [56]). To be precise, in this section
we follow these ideas with the aim of defining a model-theoretic semantics
of normal logic programs with embedded implications. In this sense, we
first propose a quite simple operational semantics for this class of programs
whose negation mechanism is the constructive negation [17, 20, 57]. This
semantics is used to prove the adequacy of the model-theoretic semantics.
Then we define a declarative semantics for this class of programs in terms of
Beth models and show that in the model class associated to every program
there is a least model that can be seen as the semantics of the program,
which may be built upwards as the least fix-point of a continuous immediate
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consequence operator. Finally, it is proved that the operational semantics
is sound and complete with respect to the least fix-point semantics.

In the following section we introduce the operational semantics of dy-
namic normal programs with embedded implication. Section 4.2.2 defines
the Beth models used in this chapter and their associated forcing relation.
The next section introduces the immediate consequence operator showing
that it is monotonic and continuous. Section 4.2.4, defines an ordering re-
lation on the class of models of a program and shows that the least model
coincides with the least fix-point of the immediate consequence operator.
Finally, in Section 4.2.5, the operational semantics is proved to be sound
and complete with respect to the least model semantics.

4.2.1 Operational semantics

In this section we introduce an operational semantics for the class of normal
logic programs with embedded implication. This semantics is presented in
terms of a derivation relation over sequents of the form P `d G�c, where P
is a Σ-program and G�c is a Σ-goal. It may be noted that our semantics
is very simple, but not very useful for practical purposes, since it is too
non-deterministic to be directly implemented. Its main aim is to show the
adequacy of the model-theoretic semantics defined below. The following
mutually recursive definitions establish our semantics.

Definition 4.2.1: Let P be a Σ-program and G�c a Σ-goal. P `d G�c can be
proved with computed answer c′ if and only if there exists a finite derivation
of P `d G�c. That is, P `d G�c

n
 P `d �c′, where n

 corresponds to
n applications (derivation steps) of the relation  over sequents, n ≥ 0,
FETΣ |= c′∃ and FETΣ |= (c′ → c)∃.

Definition 4.2.2: The derivation relation  over sequents is defined as fol-
lows:

1. P `d G1, p(x), G2�c P `d G1, G,G2�c∧d if there exists a (renamed
apart) clause p(x)← G�d ∈ Def(P, p) and FETΣ |= (c ∧ d)∃

2. P `d G1,¬p(x), G2�c  P `d G1, G2�c′ if for every (renamed apart)
clause p(x) ← G1, . . . , Gm�d there exists J ⊆ {1, . . . ,m} such that
∀j ∈ J : P `d ¬Gj�d can be proved with computed answer dj and
FETΣ |= (c′ → ¬d ∨

∨
j∈J dj)∀.
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3. P `d G1, Q ⊃ G,G2�c  P `d G1, G2�c′ if P ∪Q `d G�c can be
proved with computed answer c′.

4. P `d G1,¬(Q ⊃ G), G2�c P `d G1, G2�c′ if P ∪Q `d ¬G�c can be
proved with computed answer c′.

We assume that whenever a constrained Σ-atom ¬¬a�c occurs in the
right part of a sequent, it denotes a�c. To finish this section we present an
example to illustrate the previous notions.

Example 4: Given the following programs:

P =
{
p(x)← p(x)�x = a;
q(x)← �x = a

}
Q = {r ← p(x),¬q(x)}

P `dQ ⊃ ¬r → P `d �t (def. 4.2.2.3)because:
P ∪Q `d¬r → P ∪Q `d �t (def. 4.2.2.2)

P ∪Q `d ¬p(x)→ P ∪Q `d �x 6= a (def. 4.2.2.2)
and
P ∪Q `d q(x)→ P ∪Q `d �x = a (def. 4.2.2.1)
and FETΣ |= (t→ x 6= a ∨ x = a)∀

4.2.2 Model theory semantics

In this section, we introduce a class of Beth models, and an associated
forcing relation, to define the semantics of our programs. In particular,
Beth models and Kripke models are based on a similar intuition [59]. Both
kinds of models are defined as a family of logical structures, where each
structure, (corresponding to a world) denotes the amount of knowledge one
has at a certain moment. Worlds are (partially) ordered, where the ordering
relation denotes the increase of knowledge. In these models a forcing relation
plays the role of satisfaction. Forcing is defined for each world and defines
what one can expect to be true in the given world. The key difference
between Kripke and Beth models is in the definition of the forcing relation.
In Kripke models an atomic formula is forced in a world w if it is satisfied
by the associated structure. In Beth models, an atomic formula is forced in
w if we may be sure that it will be satisfied in the future. This is formalized
saying that the formula is satisfied by all the structures in a bar for that
world. Where a bar for w is a set of worlds such that any increasing sequence
of worlds starting in w would contain a world in the bar.
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In our case, worlds are pairs (P,L), where P is a program and L is a set
of constrained atoms. The structure associated to a world is also represented
(as a variation of Herbrand structures) as a set of constrained atoms. The
intuition, in this case, is that for a given world (P,L), assuming that the
given program includes all the clauses in P , we know that the atoms in
L are false and the ones in the associated structure are true. Moreover,
worlds can be seen as stages in computation, where additional computation
provides additional knowledge. To be precise, the idea is that the atoms in
L, for a world (P,L), should be supported by the given program and by the
knowledge in the previous worlds. In this context, forcing should be defined
like for Beth models: an atomic formula is forced in a world if it will hold
in the future.

Example 5: To illustrate the ideas above, let us consider the program:

P = {p← ¬q; q ← ¬r; s← ¬p}

A model for that program may include, for instance, the worlds:

(∅, ∅), (∅, {r}), (∅, {p, r})

with the associated structures

(∅), ({q}), ({q, s})

In this model, for instance, the world (∅, {r}) together with its associated
structure {q} represent that, at certain stage, we may know that q is true
but r is not. The fact that the program in these worlds is empty means
that we may have this knowledge without assuming that we have additional
clauses (different than the ones in P). However, we may consider that the
atom s is forced in this world, because it holds in the following (larger)
world. In what follows we denote the set of all the constrained atoms by
LΣ(X).

Definition 4.2.3: Let Σ = (PSΣ, FSΣ) be a signature.

1. A Σ-world w is a pair (Pw, Lw) where Pw is a Σ-program up to re-
naming and Lw ⊆ LΣ(X). The set of all the Σ-worlds is denoted
WΣ.

2. A Σ-structure is a 3-tuple B = (W,�, I), where W ⊆WΣ and

(a) For every Σ-program P , (P, ∅) ∈W
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(b) � is a partial order on W , such that ∀v, w ∈ W : v � w if, and
only if, Pv = Pw and Lv ⊆ Lw. The strict order associated to �
is denoted ≺.

(c) The interpretation function I : W → 2LΣ(X) satisfies the follow-
ing properties:

i. ∀v ∈W, t�c ∈ I(v) if FETΣ |= c∃

ii. (Monotonicity) ∀v, w ∈W , if v � w then I(v) ⊆ I(w)
In addition, we consider that ∀w ∈W , the following proper-
ties hold:

iii. (Closed under renaming) If p(x)�c(x) ∈ I(w) then for all
renaming of variables ρ, p(ρ(x))�c(ρ(x)) ∈ I(w)

iv. (Closed under disjunction) If p�c ∈ I(w) and p�d ∈ I(w)
then p�c∨d ∈ I(w)

v. (Closed under less general constraint) If p�d ∈ I(w) and
FETΣ |= (c→ d)∀ then p�c ∈ I(w)

Also, B(P ) = 〈W (P ),�, I(P )〉 corresponds to the ordered structure asso-
ciated to P occurring in B such that W (P ) = {w ∈ W | (P, ∅) � w} and
I(P ) = {I(w) | w ∈ W (P )}. The collection of the all Σ-structures defined
in this way is denoted Struct(Σ).

For simplicity, we will assume the following notational conventions: `�c ∈
(I(w),Lw) means a�c ∈ I(w) if ` = a, and a�c ∈ Lw if ` = ¬a. Moreover,
on the contrary, we may write ¬`�c ∈ (I(w), Lw) to denote ¬a�c ∈ Lw if
` = a, and a�c ∈ I(w) if ` = ¬a.

The definition of the forcing relation follows the intuition discussed above
for atomic formulas. In the case of non-atomic formulas, the definition
provided is the most obvious extension.

Definition 4.2.4: (Bar)

1. Let B = (W,�, I) be a Σ-structure. We say that B ⊆ W is a bar
w.r.t. a world v ∈ W if, and only if, for each �-increasing chain
of worlds v0, v1, . . . in W such that v0 = v, there exists k ≥ 0 and
w ∈ B such that vk � w � vk+1. The bar B is strict if, and only if,
∀v, w ∈ B, v � w and w � v.

2. Let B1 = (W1,�, I1) and B2 = (W2,�, I2) be Σ-structures, P be
a Σ-program and B1 ⊆ W1 and B2 ⊆ W2, strict bars w.r.t (P, ∅),
respectively. B1 ≡ B2 if, and only if, B1 = B2 and ∀w ∈ B1 : I1(w) =
I2(w).
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Definition 4.2.5: (Forcing) Let B = (W,�, I) be a Σ-structure. The forcing
relation , on the Σ-structure B is inductively defined for every world as
follows. Let v ∈W , then:

1. For all satisfiable constraints c and d: v,B  c�d, iff I(v) |= (c ∧ d)∃.

2. v,B  `�c, iff there exists a bar B ⊆ W with respect to v such that
for all w ∈ B : `�c ∈ (IB(w), Lw).

3. v,B  G1, G2�c iff v,B  G1�c, v,B  G2�c.

4. v,B  ¬(G1, . . . , Gm)�c iff v,B  ¬Gj�cj for some j ∈ J ⊆ {1, . . . ,m}
and FETΣ |= (c→

∨
j∈J cj)

∀.

5. v,B  P ⊃ G�c iff there exists a satisfiable constraint c′, FETΣ |=
(c′ → c)∀ such that (Pv ∪P, ∅),B  G�c′

6. v,B  ¬(P ⊃ G�c) iff there exists a satisfiable constraint c′, FETΣ |=
(c′ → c)∀ such that (Pv ∪P, ∅),B  ¬G�c′

7. v,B  p(x)← G�d iff ∀w : v � w if w,B  G�d then w,B  p(x)�d.

Now, a program P can be seen as an intuitionistic theory. As a conse-
quence, one could just define the class of models defined by P as the subclass
of all the structures such that P is forced by the world (∅, ∅) (or, perhaps, by
the world (P, ∅)). However, this is not satisfactory for our purposes. Many
models in that class would not agree with the computational interpretation
of our models discussed above. In particular, according to the definition
below, a structure is a model of a program P if two conditions are satisfied.
The first one is that the structure associated to a world (P ′, L) should sat-
isfy all the consequences that could be computed from the clauses in P and
in P ′ and the negative information in L. The second condition states that
the negative information, L, in a world (P ′, L) must be supported by the
clauses in P and in P ′ and the information included in previous worlds.

Now, in order to formalize these intuitions we will define a notion of local
forcing, which can be seen as a kind of local satisfaction on a given world.
There are two key ideas in this definition. The first one is to consider that
a positive literal ` is locally forced in a world w if ` is in the interpretation
of w, and a negative literal ` is locally forced in w = (P,L) if ` is in L. The
second idea is to consider that a formula P ′ ⊃ ` is locally forced in a world
w = (P,L) if ` is locally forced in a bar for the world (P ∪P ′, ∅) consisting of
worlds (P ∪P ′, L′) where L′ is included in L. This means that in L we have
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enough negative information to compute `. The extension to other kind of
formulas is the obvious one.

Definition 4.2.6 (Local forcing): The local forcing relation, l, on a Σ-structure
B = (W,�, I) is inductively defined for every world as follows. Let v ∈ W ,
then:

1. v,B l `�c iff `�c ∈ (IB(v), Lv).

2. v,B l P
1 ⊃ . . . ⊃ Pn ⊃ `�c iff there exists a satisfiable constraint c′,

FETΣ |= (c′ → c)∀ and there exists a barB w.r.t. (Pv ∪P 1 ∪ . . .∪Pn, ∅)
such that ∀v′ ∈ B, Lv′ ⊆ Lv and `�c′ ∈ (IA(v′), Lv′).

3. v,B l ¬(P 1 ⊃ . . . ⊃ Pn ⊃ `)�c iff v,B l P
1 ⊃ . . . ⊃ Pn ⊃ ¬`�c.

4. v,B l G1, G2�c iff v,B l G1�c, v,B l G2�c.

5. v,B l p(x)← G�d iff ∀w, v � w if w,B l G�d then w,B l p(x)�d.

Obviously, the relation l is included in , i.e. if v,B l G�c then
v,B  G�c.

Definition 4.2.7 (Models): B ∈ Struct(Σ) is a model of P , written B |=d P ,
if, and only if, the following two conditions hold:

1. ∀w ∈WB,∀p(x)← G�d ∈ P ∪Pw : w,B l p(x)← G�d

2. Supported worlds:

∀w ∈WB, if p�c ∈ Lw then ∀p(x)← G1, . . . , Gm�d ∈ Def(P ∪Pw, p),
there exist satisfiable constraints {dj}j∈J , J ⊆ {1, . . . ,m} such that
for all j ∈ J there exists v ∈ WB, v ≺ w with v,B l ¬Gj�dj and
FETΣ |= (c→ ¬d ∨

∨
j∈J dj)∀.

For every program P , we define the class of its models as:

Mod(P ) = {B | B |=d P}

The following example aims to illustrate the previous definition.

Example 6: Consider the program: P = {r ← {p ← ¬q} ⊃ s; s ← p}. A
model of P could include any of the ordered structures B1 or B2 described
below.
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B1 =


(∅, {p, q, s}){r}

|
(∅, {p, q}){r} ({p← ¬q}, {q}){p, r, s}

| |
(∅, ∅)∅ ({p← ¬q}, ∅)∅



B2 =

 (∅, {q}){p, s, r}
|

(∅, ∅){p, s, r} ({p← ¬q}, ∅){p, q, r, s}


As usual when representing ordered structures graphically, B1 and B2

must be read from bottom-up. In both of them the increasing chains cor-
respond to the substructures B1(∅) and B1({p ← ¬q}), and B2(∅) and
B2({p ← ¬q}), respectively. Additionally, the sets at the right hand side
of the worlds denote their interpretations. Is easy to see that B1 and B2

are models of P . For instance, considering B1, one can see that the world
(∅, {p, q, s}) is supported by the world (∅, {p, q}) and this later one is (triv-
ially) supported by the world (∅, ∅). Additionally, each world locally forces
each clause in P .

4.2.3 Least fix-point semantics

In this section, we define an immediate consequence operator TP that can
be used, as usual, to build (bottom-up) a least fix-point of the operator,
which is shown to be a model of the given program P . In particular, this
fix-point will be shown to be the least model in Mod(P ), with respect to
an ordering that will be defined in the following section. Moreover, the
operational semantics defined above will be shown to be sound and complete
with respect to that model. However, TP is not defined on all Σ-structures
as one would expect, since the class Struct(Σ) includes some structures that
are not constructive. Instead, TP is defined on the subclass of Noetherian
Σ-structures, which is enough for our purposes. In particular, we show that
our operator is monotonic and continuous for this subclass.

In particular, TP is an embedding in which all the worlds in A remain the
same but new worlds that include the negative information that is supported
by the existing worlds in A can be added. The interpretation of these
additional worlds just includes the positive information that we have at this
point. Besides, each iteration of the TP updates the interpretation (positive
information) for every world in A.
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To define the immediate consequence operator TP , we require the fol-
lowing two operators, NegAP and PosAP . The first one, NegAP from worlds
in A into Σ-worlds, will give us the new worlds (if any) including negative
information supported by the maximal ones (and their corresponding inter-
pretations) in A. The second one, PosAP , from worlds in A into subsets of
constrained Σ-atoms that correspond to the positive information obtained
from the interpretation of the considered world and the negative information
of previous ones.

Definition 4.2.8: Let A ∈ Struct(Σ) and let P be a Σ-program. The map-
ping NegAP : WA →WΣ is defined as follows.

NegAP ((P ′, L)) = (P ′, L′), where

L′ = {p�c | for all p(x)← G1, . . . , Gm�d ∈ P ∪P ′,
there exist satisfiable constraints {dj}j∈J , and
for every j ∈ J ⊆ {1, . . . ,m},
(P ′, L),A l ¬Gj�dj , and FETΣ |= (c→ ¬d ∨

∨
j∈J dj)∀}

Definition 4.2.9: Let A ∈ Struct(Σ) and let P be a Σ-program. The map-
ping PosAP : WA → 2LΣ(X) is defined as follows.

PosAP ((P ′, L)) = {p�c | there is {p(x)← G
k

�dk | 1 ≤ k ≤ n} ⊆ P ∪P ′, and
for each k, 1 ≤ k ≤ n,
(P ′, L),A l G

k
�dk and FETΣ |= (c→

∨n
k=1 d

k)∀}

Definition 4.2.10: Let P be a Σ-program. The mapping TP : Struct(Σ) →
Struct(Σ) is defined as follows. For each A = 〈WA,�, IA〉 ∈ Struct(Σ),
TP (A) is the structure 〈W ′,�′, I ′〉 where

1. W ′ = WA ∪{NegAP (w) | w ∈WA}

2. For each w ∈W ′ :

I ′(w) =
{
PosAP (w) if w ∈WA
IA(v) such that v l w otherwise

Where v l w means that w covers v in A. That is, if v ≺ w and
v � v′ ≺ w implies v′ = v [16]

3. The order relation, �′, remains the same (Definition 4.2.3.2b)
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Notice that the definition of the relation �′ imposes that all the new worlds
will be maximals in the resulting Σ-structure.

In order to illustrate the way in which TP works, let us consider the
following example:

Example 7: Let us see the construction of the least fix-point of the program
P given in example 6. That is, P = {r ← {p← ¬q} ⊃ s; s← p}.

As we will see below, the bottom Σ-structure is just a structure where,
for every program P ′, we just have a world (P ′, ∅) whose interpretation is
the empty set of atoms. In the rest of the example, we will just show how
the operator acts on the worlds associated to the empty program and on the
program {p← ¬q}:

TP (⊥) =

 (∅, {p, q})∅ ({p← ¬q}, {q})∅
| |

(∅, ∅)∅ ({p← ¬q}, ∅)∅



T 2
P (⊥) = T 3

P (⊥) =


(∅, {p, q, s}){r}

|
(∅, {p, q}){r} ({p← ¬q}, {q}){p, s, r}

| |
(∅, ∅)∅ ({p← ¬q}, ∅)∅


Σ-structures can be ordered according to the amount of information

they contain. In particular, given two structures A and B, we consider that
A �F B if the positive and negative information in a world w inA is included
in the positive and negative information of the corresponding worlds in B.

Definition 4.2.11: For all A and B ∈ Struct(Σ), A �F B if, and only if,

1. WA ⊆WB

2. it is monotonic: ∀w ∈WA: IA(w) ⊆ IB(w)

The previous relation is, actually, not an ordering when defined over the
class of all Σ-structures. The problem, as discussed above, is that this class
contains structures that are not constructive. In particular, antisymmetry
may fail when considering structures where there are infinite descending
sequences of worlds. However, the following theorem shows that this re-
lation is indeed an ordering when restricted to the subclass of Noetherian
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Σ-structures i.e. structures that do not include infinite descending sequences
of worlds.

Theorem 4.2.1: The relation �F is a complete partial order on Noetherian
Σ-structures.

Proof The reflexive, antisymmetric and transitive properties are straight-
forward from the inclusion relation over the worlds and because monotonicity
property of Definition 4.2.11 is preserved under composition.

Now, to prove that �F is complete, consider that the bottom is ⊥ =
〈W⊥,�⊥, I⊥〉, where W⊥ = {(P, ∅) |P is a Σ−program}, �⊥= {(w,w) |w ∈
W⊥} and ∀w ∈W⊥, I⊥(w) = {t�c | FETΣ |= c∃}. Note that this bottom is
trivially Noetherian.

The least upper bound for every increasing chain of structures A1 �F

A2 �F . . ., can be described as follows:

At = 〈Wt,�, It〉

where Wt = ∪
i
WAi and ∀w ∈ Wt : It(w) = ∪

i
IAi(w). Finally, we have to

prove that At is the least upper bound. That is, if there exists a Σ-structure
A such that ∀i Ai � A, then At � A. Let A be a Σ-structure such that
∀i Ai � A. Hence, ∀i : WAi ⊆ WA and ∀w ∈ WAi : IAi(w) ⊆ IA(w). This
implies that ∪

i
WAi ⊆ WA and ∀w ∈ WAi : I∪

i
Ai(w) ⊆ IA(w). Therefore,

Wt ⊆WA and ∀w ∈Wt : It(w) ⊆ IA(w). Consequently, At �F A �

In what follows, we will prove that TP is monotonic and continuous and,
therefore, it has a least fix-point at the ω iteration over the ⊥ structure.
Firstly, we prove the next lemma in order to establish the monotonicity and
continuity of PosAP with respect to �F .

Lemma 4.2.1: For any Σ-program P and any Σ-structure A, PosAP is a
monotonic and continuous operator with respect to �F .

Proof To prove monotonicity we have to prove the following. Let P be a
Σ-program and let A and B two Σ-structures such that A �F B. Then, for
each w ∈ WA : PosAP (w) ⊆ PosBP (w). Since A �F B, WA ⊆ WB and for
each w ∈WA: IA(w) ⊆ IB(w). Thus, by the definitions of PosAP and PosBP ,
and the monotonicity of logical consequence, PosAP (w) ⊆ PosBP (w).

Since PosAP is monotone, to prove continuity it is enough to prove that
for any infinite chain of Σ-structures A1 �F A2 �F . . ., we have that, for
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each w ∈ Wt
i
Ai : Pos

t
i
Ai

P (w) ⊆ t
i
PosAi

P (w). Let w = (P ′, L) ∈ Wt
i
Ai

and let p�c ∈ Pos
t
i
Ai

P (w). Therefore, there is {p(x) ← G
k

�dk | 1 ≤ k ≤
n} ⊆ P ∪P ′, and for each k, 1 ≤ k ≤ n, (P ′, L),A l G

k
�dk and FETΣ |=

(c →
∨n

k=1 d
k)∀. By the definition of Wt

i
Ai , there exists Aj (in the chain)

such that (P ′, L) ∈ Aj and, hence, p�c ∈ PosAj

P (w). Consequently, p�c ∈
t
i
PosAi

P (w) �

Theorem 4.2.2: For any Σ-program P , TP , when restricted to the class of
Noetherian Σ-structures, is a monotonic and continuous operator with re-
spect to �F so, it has a least fix-point TP ↑ ω.

Proof First of all, monotonicity is proved by showing that for all A and
B ∈ Struct(Σ) such that A �F B then TP (A) �F TP (B). Let w ∈ WA.
By definition of the TP operator, NegAP (w) ⊆ WTP (A) and, since w ∈
WB, NegAP (w) = NegBP (w) ⊆ WTP (B). Therefore, {NegAP (w) | w ∈ WA}
⊆ {NegBP (w) |w ∈WB}. Hence, WTP (A) ⊆WTP (B). Additionally, the mono-
tonicity of PosAP and PosBP ) trivially implies that the monotonicity property
holds. Hence, TP (A) �F TP (B).

Then, since TP is monotonic, to prove continuity it is enough to prove
that TP is finitary, that is for any infinite chain of Σ-structures A1 �F

A2 �F . . ., we have that TP (t
i
Ai) �F t

i
TP (Ai) = t

i
Ai. Actually, we have

to prove the following:

1. WTP (t
i
Ai) ⊆ Wt

i
Ai . That is, we have to prove that for each w, if

w ∈ t
i
Ai, then NegAi

P (w) ∈ t
i
Ai. Let w ∈ t

i
Ai, therefore there exists

i such that w ∈ WAi and, hence, NegAi(w) ∈ WTP (Ai) = WAi+1 .

Consequently, WTP (t
i
Ai) = {Neg

t
i
Ai(w) | w ∈Wt

i
Ai} ⊆Wt

i
Ai

2. ∀w ∈ WTP (t
i
Ai) : ITP (t

i
Ai)(w) ⊆ It

i
Ai(w). This is straightforward

from the continuity of PosAP �

4.2.4 Least model semantics

In this section we will prove that the least fix-point of the immediate con-
sequence operator TP ↑ω is the least model in Mod(P ) with respect to a
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proper notion of ordering. The key issue here is to define an ordering rela-
tion in Mod(P ), which we will denote by v, such that it adequately captures
the intuition that the “best model” is the least one. The definition of this
ordering is based, first, on the definition of an ordering between ordered
structures associated to a given program P . Then this ordering is extended
to compare Σ-structures by comparing the ordered structures included.

Now, one may notice that, in an ordered structure associated to a pro-
gram P , (if this structure is part of a model of a program P ′) the negative
information associated to a given world will contain, at most, the negative
information supported by the worlds below. Similarly, the positive informa-
tion associated to a given world will contain, at least, all the consequences
that can be computed from the clauses in P and in P ′ and the negative infor-
mation in the world. In this sense, one may consider that the ”best ordered
structure is one in which the negative and positive information associated
to each world is, respectively, the maximum and the minimum amount of
possible information. This means that the ordering between ordered struc-
tures should be based on an extension of the, so-called, standard ordering
of 3-valued structures. However, given two ordered structures B1(P ) and
B2(P ), we should not try to compare pairwise all the worlds in one struc-
ture with the associated worlds in the other. For instance, let us suppose
that P consists of the clause r ← ¬q and P ′ is empty. If q is not included in
the interpretation of the world (P, ∅) in B1(P ) then the world above may be
(P, {q}) and its interpretation would include r. However, if q is included in
the interpretation of (P, ∅) in B2(P ) then the world above can be (P, {r}).
Obviously, B1(P ) should be considered better than B2(P ). This can be
done by defining this ordering among ordered structures as some kind of
lexicographic extension of the standard ordering.

However, the fact that ordered structures may be not linear poses some
small additional difficulty: two worlds may be incomparable but, at the same
time, be defined over the same set of worlds. Nevertheless, with the intuition
discussed above, to compare B1(P ) and B2(P ) we proceed as follows. First,
we look for two bars B1 and B2 in B1(P ) and B2(P ), respectively, in each
structure, such that all the worlds and interpretations below coincide and
such that all the worlds and/or interpretations in both bars are different.
Then, if all the worlds and interpretations in B1 are smaller (w.r.t. the
standard ordering) than all the worlds and interpretations in B2, then we
consider B1(P ) smaller than B2(P ). The following definitions capture these
intuitions:
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Definition 4.2.12:

1. Given a Σ-structure B = 〈W,�, I〉, a Σ-program P and a strict bar
B ⊆ W w.r.t. (P, ∅), we define B↓= 〈WB↓,�, IB↓〉 such that WB↓ =
{v ∈W (P ) | ∃w ∈B and v ≺w} and IB↓ = {I(w) | w ∈WB↓}.

2. Let B1 = 〈W1,�, I1〉 and B2 = 〈W2,�, I2〉 be Σ-structures, P a Σ-
program, B1(P ) and B2(P ) the ordered structures associated to P , in
B1 and B2, respectively. Let Bi ⊆ Wi(P ), i ∈ {1, 2} be strict bars
w.r.t. (P, ∅). Then, B1 and B2 are separator bars w.r.t. B1(P ) and
B2(P ) if, and only if, B1 6≡ B2, B1↓= B2↓ and for any other strict
bars B′

i ⊆ Wi(P ) w.r.t. (P, ∅) such that ∀vi ∈ Bi ∃v′i ∈ B′
i: vi � v′i,

i ∈ {1, 2}, B′
1↓6= B′

2↓.

Separator bars are the bars, discussed above, that define where the dif-
ferences in two ordered structures start. Separator bars are uniquely deter-
mined:

Lemma 4.2.2: Let B1 and B2 be Σ-structures, P be a Σ-program and, B1(P )
and B2(P ) be the ordered structures associated to P in B1 and B2, respec-
tively. Let B1 and B2 be separator bars w.r.t. B1(P ) and B2(P ). If there
exist separator bars B′

1 and B′
2 w.r.t. B1(P ) and B2(P ) then B1 = B′

1 and
B2 = B′

2.

Proof Suppose there exist separator bars w.r.t. B1(P ) and B2(P ) B′
i ⊆

Wi(P ) such that Bi 6= B′
i, i ∈ {1, 2}. The most general case is Bi∩WB′

i↓ 6= ∅
or B′

i ∩ WBi↓ 6= ∅, i ∈ {1, 2}. Here we have to consider the following
possibilities:

1. Bi ∩B′
i = ∅. This directly contradicts the definition of separator bars.

2. Bi ∩ B′
i 6= ∅. This situation implies there exist bars w.r.t. (P, ∅),

Bi = (Bi ∩ B′
i)∪(Bi \ (Bi ∩ WB′

i↓))∪(B′
i \ (B′

i ∩ WBi↓)) and B1 ↓=
B1 ↓ ∪B′

1 ↓= B2 ↓. Note that ∀vi ∈ Bi ∃wi ∈ Bi : vi � wi and
∀v′i ∈ B′

i ∃w′i ∈ Bi : v′i � w′i. This is contradictory with the fact that
B1 and B2 are separator bars �

Notice that given a Σ-structure B, each bar B w.r.t. (P, ∅) in B(P )
induces a substructure 〈WB↓ ∪B,�, IB↓ ∪{I(w)|w ∈ B}〉 which corresponds
to an initial segment of the ordered structure B(P ). For simplicity in what
follows we will refer to this substructure as B↓ ∪B.
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Definition 4.2.13: Let B1 and B2 be Σ-structures, P a Σ-program and B1(P )
and B2(P ) the ordered structures associated to P in B1 and B2, respectively.
B1(P ) vs B2(P ) if, and only if, one of the following conditions hold:

1. B2(P ) subsumes B1(P ) (denoted by B1(P ) ⊆ B2(P )). That is,W1(P ) ⊆
W2(P ) and ∀w ∈W1(P ), I1(P )(w) ⊆ I2(P )(w).

2. There exist separator bars Bi ⊆ Wi(P ), i ∈ {1, 2} w.r.t. B1(P ) and
B2(P ) such that considering the �-increasing chains v0, . . . , vk, w1 and
v0, . . . , vk, w2 in B1(P ) and B2(P ), respectively, where v0 = (P, ∅) and
wi ∈ Bi, i ∈ {1, 2}, the following condition holds:

I1(w1) ⊆ I2(w2) and Lw2 ⊆ Lw1

The strict order associated to this definition is denoted @b.

Theorem 4.2.3: The relation vs over ordered structures associated to a Σ-
program P is a partial order.

Proof Reflexivity holds trivially. To prove antisymmetry, let B1 = 〈W1,�
, I1〉 and B2 = 〈W2,�, I2〉 be Σ-structures, and let B1(P ) = 〈W1(P ),�
, I1(P )〉 and B2(P ) = 〈W2(P ),�, I2(P )〉 be ordered structures associated to
a Σ-program P in the Σ-structures B1 and B2, respectively. Suppose that
B1(P ) vs B2(P ) and B2(P ) vs B1(P ). Because of the definition of the
subsume relation over ordered structures and, by the definition of separa-
tor bars and the Lemma 4.2.2, the only case to consider is the following:
B1(P ) ⊆ B2(P ) and B2(P ) ⊆ B1(P ). Therefore, B1(P ) = B2(P ). To prove
transitivity, let B1 = 〈W1,�, I1〉, B2 = 〈W2,�, I2〉 and B3 = 〈W3,�, I3〉 be
Σ-structures, and let B1 = 〈W1(P ),�, I1(P )〉, B2 = 〈W2(P ),�, I2(P )〉 and
B3 = 〈W3(P ),�, I3(P )〉 be ordered structures associated to a Σ-program
P in the Σ-structures B1, B2 and B3, respectively. Suppose that B1(P ) vs

B2(P ) and B2(P ) vs B3(P ). This implies that considering the �-increasing
chains v0, . . . , vk, w1, v0, . . . , vk, w2 and v0, . . . , vk, w3 in B1(P ), B2(P ) and
B3(P ), respectively, where v0 = (P, ∅) and wi ∈ Bi, i ∈ {1, 2, 3}, we have
the following. On one hand, I1(w1) ⊆ I2(w2) and I2(w2) ⊆ I3(w3). Hence,
I1(w1) ⊆ I3(w3). On the other hand, Lw3 ⊆ Lw2 , Lw2 ⊆ Lw1 . Thus,
Lw3 ⊆ Lw1 , Consequently, B1(P ) vs B3(P ) �

Example 8: Revisiting Example 6, we can see that B1(∅) vs B2(∅) and
B1({p ← ¬q}) vs B2({p ← ¬q}). In the first case, the separator bars
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are B1 = {(∅, {p, q})} and B2 = {(∅, {q})}. Hence, B1(p) vs B2(P ) be-
cause the negative information of the world in B2, {q}, is included in the
negative information of the world in B1, {p, q}, and, the positive infor-
mation of the world in B1, {r} is included in the positive information
of the world in B2, {p, q, r}. In the other case, the separator bars are
B′

1 = B′
2 = {({p ← ¬q}, ∅)} and B1({p ← ¬q}) vs B2({p ← ¬q}) be-

cause I1(({p← ¬q}, ∅)) = ∅ ⊂ I2(({p← ¬q}, ∅)) = {p, q, r, s} even though
the negative information in the worlds of the separator bars is the same.

Now, we may define the order relation between Σ-structures. One ob-
vious possible definition for such an ordering would consist in saying that
B1 is smaller than B2 if for every program P B1(P ) is smaller than B2(P ).
However, this definition would not be adequate. The problem is that, to
decide what there should be in a given world for a program P we may need
to look what information is included in the worlds associated to a different
program P ′. The reason is that a certain clause in P may include an embed-
ded implication. This means that before comparing the ordered structures
associated to P one should compare the ordered structures associated to P ′.
Again, this means that the ordering over Σ-structures should be a extension
of the ordering on the structures associated to programs.

Definition 4.2.14: Let P be a Σ-program. The set of Σ-programs occurring
in embedded implications in some clause of P is defined as follows:

H(P ) = {Q | a← G1, . . . , Gm�c, m > 0 ∈ P and ∃j : 1 ≤ j ≤ m
such that Gj = Q1 ⊃ . . . ⊃ Qk ⊃ `j and Q = Qi, 1 ≤ i ≤ k}

Definition 4.2.15: Given Bi ∈ Struct(Σ), i ∈ {1, 2}, B1 v B2 if, and only if,
for every Σ-program P the following two conditions hold:

1. B1(P ) vs B2(P )

2. For each Q ∈ H(P ), B1(Q) vs B2(Q)

Theorem 4.2.4: The relation v over Struct(Σ) is a partial order.

Proof Reflexivity is a consequence of reflexivity of vs. To prove antisym-
metry, let Bi ∈ Struct(Σ), i ∈ {1, 2}, such that B1 v B2 and B2 v B1.
Therefore, for each Σ-program P :

1. B1(P ) vs B2(P ) and B2(P ) vs B1(P ); and
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2. For each Q ∈ H(P ), B1(Q) vs B2(Q) and B2(Q) vs B1(Q)

Hence, because of 1 and 2, we have that for each Σ-program P , B1(P ) =
B2(P ), and for each Q ∈ H(P ), B1(Q) = B2(Q). Consequently, B1 = B2.

To prove transitivisity, let Bi ∈ Struct(Σ), i ∈ {1, 2, 3}, such that B1 v
B2 and B2 v B3. Therefore, for each Σ-program P :

1. B1(P ) vs B2(P ) vs B3(P ). Thus B1(P ) vs B3(P ) and, because of the
transitivity of vs, B1(P ) vs B3(P ); and

2. For each Q ∈ H(P ), B1(Q) vs B2(Q) vs B3(Q). Thus, for each
Q ∈ H(P ), B1(Q) vs B3(Q).

Consequently, B1 v B3 �

Now we can state the main result of this section:

Theorem 4.2.5: For any Σ-program P , TP↑ω is thev-least model inMod(P ).

Proof The proof uses induction on the iterations of the immediate con-
sequence operator TP to prove that for every B ∈ Mod(P ) and for ev-
ery k ∈ N: T k

P (⊥) v B. The base case is straightforward since ⊥ v B
for every B ∈ Mod(P ). Suppose that the theorem holds for each nat-
ural less or equal than k. Suppose that T k

P (⊥) = 〈Wk,�, Ik〉 and let
B = 〈WB,�, IB〉 ∈Mod(P ) and let T k+1

P (⊥) = 〈W,�, I〉. On one hand, by
the definition of the TP operator,

1. Wk ⊆W and,

2. For each w ∈W , either Ik(w) ⊆ I(w) if w ∈Wk, or I(w) = Ik(v), vlw
otherwise.

On the other hand, by the induction hypothesis, T k
P (⊥) v B. Therefore, by

the definition of v, For each Σ-program P ′:

3. T k
P (⊥)(P ′) vs B(P ′); and

4. For each Q ∈ H(P ′), T k
P (⊥)(Q) vs B(Q)

Hence, by the definition of vs, either T k
P (⊥)(P ′) = B(P ′) or there exist

separator bars B⊥ and B w.r.t. T k
P (⊥)(P ′) and B(P ′), respectively, such

that considering the �-increasing chains v0, . . . , vk, w1 and v0, . . . , vk, w2 in
T k

P (⊥)(P ′) and B(P ′), respectively, where v0 = (P, ∅) and, w1 ∈ B⊥ and
w2 ∈ B: I⊥(w1) ⊆ IB(w2) and Lw2 ⊆ Lw1 . The same happens for each
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Q ∈ H(P ′) when considering T k
P (⊥)(Q) and B(Q). Therefore, by 1 and 2,

and by the definition of separator bars, those ones considered above still
remain to establish the relation between T k+1

P (⊥)(P ′) and B(P ′) for each
Σ-program P ′ and between T k+1

P (⊥)(Q) and B(Q) for each Q ∈ H(P ′).
Consequently, T k+1

P (⊥) v B �

4.2.5 Soundness and completeness

In this section we will prove the equivalence between the operational and the
model-theoretic semantics defined above. In particular this means showing
the soundness and completeness of the operational semantics of a program
P with respect to the least fix-point of the immediate consequence operator
TP . We start by proving soundness:

Lemma 4.2.3: Let P be a Σ-program and G�c a Σ-goal. For every Σ-
program Q, if P ∪Q `d G�c can be proved with computed answer c′, then
(Q, ∅), TP↑ω  G�c′.

Proof We proceed by induction on the number of derivation steps, k =
n +

∑m
j=1 nj , where m is the number of subderivations, n the number of

derivation steps in the main derivation, and nj the number of derivation
steps in the subderivation j. The base step is when k = 0. So, what we have
is that P ∪Q `d �c and, by the definition of Σ-structures, (Q, ∅), TP↑ω  �c.

Suppose that for all Σ-program Q, if P ∪Q `d G�c can be proved with
computed answer c′ with a number of derivation steps < k, then (Q, ∅), TP↑
ω  G�c′.

For simplicity, in the rest of the proof we assume, without loss of gener-
ality, that the derivation steps are induced by the first extended Σ-literals
in the right part of sequents. Now we prove for k = n + k′. There are 4
cases to consider depending on the derivation step:

1. P ∪Q `d p(x), G�c can be proved with computed answer c′. Therefore,
there exists a (renamed apart) clause p(x) ← G

′
�d ∈ Def(P ∪Q, p)

such that FETΣ |= (c∧d)∃ and P ∪Q `d G
′
, G�c∧d n−1

 P `d �c′. By
inductive hypothesis, (Q, ∅), TP↑ω  G

′
, G�c′ and, by the definition of

forcing, (Q, ∅), TP ↑ω  G
′
�c′ and (Q, ∅), TP ↑ω  G�c′. Thus, by the

definition of PosTP ↑ω
P , (Q, ∅), TP ↑ω  p(x)�c′. Hence, (Q, ∅), TP ↑ω 

p(x), G�c′.

2. P ∪Q `d ¬p(x), G�c can be proved with computed answer c′. There-
fore, for all (renamed apart) clause p(x)← G1, . . . , Gm�d ∈ Def(P ∪Q,
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p) there exists J ⊆ {1, . . . ,m} such that ∀j ∈ J : P ∪Q `d ¬Gj�d
with computed answers dj and FETΣ |= (d′ → ¬d ∨

∨
j∈J dj)∀ and,

P `d G�d′
n−1
 P `d �c′ (therefore, FETΣ |= (c′ → d′)∃). By in-

ductive hypothesis, ∀j ∈ J : (Q, ∅), TP ↑ ω  ¬Gj�dj and by the
definition of NegTP ↑ω

P , (Q, ∅), TP ↑ω  ¬p(x)�c′. In addition, by in-
ductive hypothesis we also have that (Q, ∅), TP ↑ω  G�c′. Hence,
(Q, ∅), TP↑ω  ¬p(x), G�c′

3. P ∪Q `d (Q′ ⊃ G′), G�c can be proved with computed answer c′.

Therefore, P ∪Q∪Q′ `d G
′
�c

≤k′
 P ∪Q∪Q′ `d �d and P `d G�d

n−1
 

P `d �c′. By inductive hypothesis (Q∪Q′, ∅), TP ↑ ω  G′�d and
FETΣ |= (d → c)∀. Thus, by the definition of forcing, (Q, ∅), TP ↑
ω  (Q′ ⊃ G)�c. So, (Q, ∅), TP ↑ω  (Q′ ⊃ G)�c′. In addition, by
inductive hypothesis, (Q, ∅), TP ↑ω  G�c′. Hence, (Q, ∅), TP ↑ω 
(Q′ ⊃ G), G�c′.

4. P ∪Q `d ¬(Q′ ⊃ G′), G�c can be proved with computed answer

c′. Therefore, P ∪Q∪Q′ `d ¬G′�
≤k′
 P ∪Q∪Q′ `d �d and P `d

G�d
n−1
 P `d �c′. By inductive hypothesis (Q∪Q′, ∅), TP↑ω  ¬G′�d,

FETΣ |= (d → c)∀. Thus, by the definition of forcing, (Q, ∅), TP↑ω 
¬(Q′ ⊃ G)�c. Thus, (Q, ∅), TP ↑ω  ¬(Q′ ⊃ G)�c′. In addition, by
inductive hypothesis, (Q, ∅), TP ↑ω  G�c′. Hence, (Q, ∅), TP ↑ω 
¬(Q′ ⊃ G), G�c′ �

Theorem 4.2.6 (Soundness of the operational semantics): Let P be a Σ-pro-
gram and G�c a Σ-goal. If P `d G�c can be proved with computed answer
c′, then (∅, ∅), TP↑ω  G�c′.

Proof Straightforward from previous lemma �

Now we prove completeness.

Lemma 4.2.4: Let P be a Σ-program and G�c a Σ-goal. For all Σ-program
Q if (Q, ∅), TP↑ω  G�c, then P ∪Q `d G�c can be proved with computed
answers c1, . . . , cn such that FETΣ |= (c→

∨n
i=1 ci)

∀.

Proof We will prove by induction on k that ∀k ≥ 0 such that (Q, ∅), Tp ↑
k  G�c implies P ∪Q `d G�c.
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The base step is k = 0. Then, for each satisfiable constraint c, (Q, ∅), TP↑
0  �c. Therefore, P ∪Q `d �c can be proved with computed answer c.
Suppose that for all Σ-program Q, if (Q, ∅), TP ↑ j  G�c, j < k then
P ∪Q `d G�c can be proved with computed answers c1, . . . , cn such that
FETΣ |= (c →

∨n
i=1 ci)

∀. Now we prove for k. To do this, we have to
consider the following cases:

1. Assume (Q, ∅), TP ↑k  p(x)�c. This implies that there exists a bar
B w.r.t (Q, ∅) such that for all v ∈ B : p(x)�c ∈ ITp↑k(v). By the

definition of ITP ↑(k−1)(v). This implies that p(x)�c∈ Pos
TP↑(k−1)
P (v).

Therefore, ∃{p(x)← G
i
�di | 1 ≤ i ≤ m} ⊆ Def(P ∪Q, p) and w, TP ↑

(k−1) l G
k

�di, FETΣ |= (c →
∨m

i=1 d
i)∀ and, therefore, w, TP ↑

(k−1)  Gk
�di. Now, for each i ∈ {1, . . . ,m} we have the following.

On one hand, by the inductive hypothesis, P ∪Q `d G
i
�di can be

proved with computed answer d′1, . . . , d
′
ni

such that FETΣ |= (di →∨ni
i=1 d

′
i)
∀. On the other hand, since FETΣ |= (c →

∨m
i=1 d

i)∀, we can
construct the derivation P ∪Q `d p(x)�c `d G

i
�c ∧ di `d . . . `d �ci.

Consequently, P ∪Q `d p(x)�c can be proved with computed answers
c1, . . . , cn such that FETΣ |= (c→

∨n
i=1 ci)

∀.

2. Assume (Q, ∅), TP ↑k  ¬p(x)�c. This implies that there exists a bar
B w.r.t (Q, ∅) such that for all v ∈ B : p(x)�c ∈ Lv. By the defini-
tion of NegTP ↑k

P , for all (renamed apart) clause p(x)← G1, . . . , Gm�d ∈
Def(P ∪Q, p) there exists satisfiable constraints {dj}j∈J , J ⊆ {1, . . . ,m}
such that ∀j ∈ J : (Q, ∅), TP ↑(k−1) l ¬Gj�dj and FETΣ |= (c →
¬d ∨

∨
j∈J dj)∀. Therefore, by the inductive hypothesis P ∪Q `d

¬Gj�dj can be proved with computed answers dj
1, . . . , d

j
nj and ∀i ∈

{1, . . . , nj} : FETΣ |= (dj
i → dj)∀. Hence, considering each clause

p(x) ← G1, . . . , Gm�d ∈ Def(P ∪Q, p), we can construct the fol-
lowing derivation: P ∪Q `d ¬p(x)�c `d �c′ where FETΣ |= (c′ →
¬d ∨

∨
j∈J dj)∀. Consequently (since FETΣ |= (c → ¬d ∨

∨
j∈J dj)∀

and FETΣ |= (c′ → c)∀), P ∪Q `d ¬p(x)�c can be proved with com-
puted answers c1, . . . , cn such that FETΣ |= (c→

∨n
i=1 ci)

∀.

3. Assume (Q, ∅), TP ↑k  Q′ ⊃ G�c. Without loss of generality we can
consider the flatten extended Σ-expression of Q′ ⊃ G�c, say P1 ⊃
. . . ⊃ Pm ⊃ `�c. Hence, what we have is that (Q, ∅), TP ↑k  P1 ⊃
. . . ⊃ Pm ⊃ `�c. This implies (Q∪P1 ∪ . . .∪Pm, ∅), TP↑k  `�c. Since
` is a normal literal this case can be reduced to previous two cases.
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Thus, it is easy to see that P ∪Q `d Q
′ ⊃ G�c can be proved with

computed answers c1, . . . , cn and FETΣ |= (c→
∨n

i=1 ci)
∀.

4. Assume (Q, ∅), TP↑k  ¬(Q′ ⊃ G)�c. The proof in this case proceeds
analogously to the previous one.

5. Assume (Q, ∅), TP ↑k  G1, . . . , Gm�c. This implies ∀i ∈ {1, . . . ,m} :
(Q, ∅), TP ↑k  Gi�c and Gi corresponds to one of the Σ-goals dealt
with in previous cases. Thus, P ∪Q `d Gi�c can be proved with com-
puted answers di

1, . . . , d
i
ni

and FETΣ |= (di →
∨ni

j=1 d
i
j)
∀. Therefore,

FETΣ |= (c→
∧m

i=1

∨ni
j=1 d

i
j)
∀ and this guarantees that we can build a

derivation of P ∪Q `d G1, . . . , Gm�c with computed answers c1, . . . , cn
and FETΣ |= (c→

∨n
i=1 ci)

∀ �

Theorem 4.2.7 (Completeness of the operational semantics): Let P be a Σ-
program and G�c a Σ-goal. If (∅, ∅), TP ↑ω  G�c, then P `d G�c can be
proved with computed answers c1, . . . , cn such that FETΣ |= (c→

∨n
i=1 ci)

∀.

Proof Straightforward from the previous lemma �

4.3 A transformational semantics of static embedded implications of
normal logic programs

In Section 4.2 we studied the extension of normal logic programs, with con-
structive negation, with embedded implications with dynamic visibility. In
particular, we used a kind of complex Beth models to provide an algebraic se-
mantics, obtaining soundness and completeness results. Now, in this section,
we consider the same kind of programs, but with static scoping. However,
we follow a more pragmatic approach. Instead of developing a new frame-
work to define the declarative semantics of this class of programs, we show
how these programs can be transformed into standard normal programs.
Moreover, we prove that this translation is sound and complete with respect
to the operational semantics of the extended programs. In addition, it must
be pointed out that this transformation is easy to implement, which means
that we can easily build this kind of extension on top of a standard logic
programming language. This approach has been used in [47] to deal with
positive propositional static programs. Indeed, herein we actually extend
that work. This approach has also been used in [6] to translate modal logic
programs with embedded implication into Horn programs.
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This section is organized as follows. Firstly, we introduce an operational
semantics for the class of static normal logic programs with embedded im-
plications. Section 4.3.2 presents the transformation semantics and, finally,
in Section 4.3.3, we prove the soundness and completeness of the transfor-
mation.

4.3.1 Operational semantics

In this section, we propose an operational semantics which can be seen
as a combination of the operational semantics defined in [28] and SLDFA
resolution [17]. This semantics is obviously quite close to the one defined
in [48] for normal logic programs with embedded implications when using
dynamic scoping. The semantics is presented in terms of a derivation relation
over sequents of the form S `s G�c, where S is a stack of programs and G�c
is a goal. Here below we present a definition of stack.

Definition 4.3.1: (Stack of programs) Given the programs P1, . . . , Pk, k > 0,
a stack of programs Sk is a sequence 〈∅, P1, . . . , Pk〉 written as P1| . . . |Pk. A
stack of programs increases/decreases following a LIFO strategy, assuming
that the last added program is Pk. The length of Sk is k.

For technical reasons we assume that every stack includes the empty
program at the bottom. The basic idea is quite simple. If we want to solve
a positive goal p(x)�c, given the stack of programs P1| . . . |Pk, we can choose
a rule from one of the programs in the stack Pi, p(x) ← G�d, and then
solve all the goals in the rule using the stack P1| . . . |Pi. If we want to solve
a negative goal ¬p(x)�c, given the stack of programs P1| . . . |Pk, then for
every rule p(x)← G�d in Pi (for any i), we have to prove that some subset
of the goals in G�c∧ d can be refuted in the stack P1| . . . |Pi. Obviously, an
implication goal P ⊃ G�c can be solved in the stack P1| . . . |Pk if G�c can be
solved in the stack P1| . . . |Pk|P and ¬(P ⊃ G)�c can be solved in the stack
P1| . . . |Pk if ¬G�c can be solved in the stack P1| . . . |Pk|P . It may be noted
that this semantics follows the intuition of static visibility, i.e. for solving
a goal in a rule of a given program unit, we can only use rules from more
external program units.

Our semantics is given by the following mutually recursive definitions.

Definition 4.3.2: Let S be a stack of programs and G�c a goal. S `s G�c
can be proved with computed answer c′ if and only if, there exists a finite
sequence of applications of the derivation relation of the form S `s G�c 
. . . . S `s �c′, FETΣ |= c′∃ and FETΣ |= (c′ → c)∀.
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Definition 4.3.3: The derivation relation  over sequents is defined as fol-
lows:

1. P1| . . . |Pk `s G1, p(x), G2�c  P1| . . . |Pk `s G1, G2�c′ if there ex-
ists i ∈ {1, . . . , k} such that there exists a (renamed apart) clause
p(x) ← G�d ∈ Def(Pi, p) and P1| . . . |Pi `s G�c ∧ d can be proved
with computed answer c′.

2. P1| . . . |Pk `s G1,¬p(x), G2�c  P1| . . . |Pk `s G1, G2�c′ if, and only
if, the following two conditions hold:

(a) For every i ∈ {1, . . . , k} there exists a satisfiable constraint ci,
FETΣ |= (ci → c)∀ such that for every (renamed apart) clause
p(x)← Gi

1, . . . , G
i
mi

�di ∈ Def(Pi, p) there exists Ji ⊆ {1, . . . ,mi}
such that ∀j ∈ Ji : P1| . . . |Pi `s ¬Gi

j�di can be proved with com-
puted answer di

j and FETΣ |= (ci → ¬di∨
∨

j∈Ji
di

j)
∀. This means

that P1| . . . |Pi `s ¬p(x)�c P1| . . . |Pi `s �ci.

(b) FETΣ |= (c′ →
∧k

i=1 c
i)∀.

3. P1| . . . |Pk−1 `s G1, Pk ⊃ G,G2�c  P1| . . .|Pk−1 `s G1, G2�c′ if
P1| . . . |Pk `s G�c can be proved with computed answer c′.

4. P1| . . . |Pk−1 `s G1,¬(Pk ⊃ G), G2�c  P1| . . . |Pk−1 `s G1, G2�c′ if
P1| . . . |Pk `s ¬G�c can be proved with computed answer c′.

Each item in this definition is called a derivation step.

We assume that whenever an expression of the form ¬¬a�c occurs in
the right-hand side of a sequent, it denotes a�c. Next we give the intuition
behind our operational semantics. In particular, we present some examples
to show how the operational semantics works.

Example 9: Let P = {p(x) ← �x = a} and Q = {p(x) ← �x = b}. The
derivation P `s Q ⊃ ¬p(x)  P `s �x 6= a ∧ x 6= b is justified because the
following subderivations:

• P |Q `s ¬p(x) P |Q `s �x 6= b.

• P `s ¬p(x) P `s �x 6= a

The following example adapts the one presented in [17].
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Example 10: Let P = {r ← Q1 ⊃ ¬p(x), Q2 ⊃ ¬q(x)}, Q1 = {p(x) ←
p(x); p(x)← �x = a} and Q2 = {q(x)← q(x)�x = a; q(x)← ¬s(x); s(x)←
�x = a}. The derivation P `s ¬r  P `s �t does exist because, considering
the clause defining r in P and condition (a) in Definition 4.3.3.2, we have
that P `s ¬(Q1 ⊃ ¬p(x)) can be proved with computed answer x = a,
P `s ¬(Q2 ⊃ ¬q(x)) can be proved with computed answer x 6= a and
FETΣ |= (t→ x = a ∨ x 6= a)∀.

The following example shows a failed derivation.

Example 11: Let P = {p(x) ← �x = a} and Q = {p(x) ← ¬r(x); r(x) ←
�x = a} Starting a derivation from the sequent P `s Q ⊃ ¬p(x) we can not
obtain a computed answer. The reason is that P |Q `s r(x) P |Q `s �x =
a, therefore P |Q `s ¬p(x)  P |Q `s �x = a and P `s ¬p(x)  P `s �x 6=
a. Hence, condition (b) in Definition 4.3.3.2 does not hold because there is
not a satisfiable constraint less general than x = a ∧ x 6= a.

4.3.2 A transformational semantics

In this section we define the semantics of extended programs in terms of a
translation into the class of (standard) normal programs. This approach has
several advantages. On one hand, we can (indirectly) provide a declarative
semantics of extended programs, without having to use a more complex logic
(see, e.g. [27] where a modal logic is used). In particular, it is enough to
consider the declarative semantics of the translated program. On the other
hand, this transformational semantics is easy to implement. This means
that we can easily build this kind of extension on top of a standard logic
programming language.

The idea underlying this translation is quite simple. On one hand, we
rename all the predicates inside the implications to new fresh names. In
addition, we add rules of the form pi(x) ← pj(x) where pi and pj are the
names for the same predicate p in the program units Pi and Pj , respectively,
and where Pj includes Pi.

Hereafter we assume that programs are defined over the signature Σ =<
FS, PS >. In the following definitions PS′ is a set of “fresh” predicates,
that is, PS ∩ PS′ = ∅.

Definition 4.3.4: Let P be a program. Then, a renaming for predicates with
respect to P is a substitution of the form σ : PS ∪PS′ → PS ∪PS′, such
that for all p ∈ PS ∪PS′

σ(p) =
{
gen(p) if Def(P, p) 6= ∅
p otherwise

(4.1)
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where gen : PS ∪PS′ → PS′ is a function such that whenever it is applied
returns a new predicate symbol in PS′ never used before. This definition
is extended in order to apply a renaming to goals, clauses and programs
as follows σ(p(x)) = σ(p)(x), σ(¬p(x)) = ¬σ(p)(x), σ(P ⊃ G) = σ(P ) ⊃
σ(G), σ((G1, . . . , Gm)) = (σ(G1), . . . , σ(Gm)), σ(p(x)← G�c) = σ(p)(x)←
σ(G)�c, and σ({C1, . . . , Cn}) = {σ(C1), . . . , σ(Cn)}.

Notice that the function gen is a generator of “fresh” predicate symbols.
Also, one can compose σ1σ2 . . . σk(p) even though each σi, for i ∈ {1, . . . , k},
is not necessarily defined with respect to the same program. Moreover, the
definition of gen ensures that a never used before predicate symbol will be
obtained each time.

For the sake of simplicity we adopt the variable substitution notation.
This means we denote σ(p) as pσ and similarly for goals, clauses and pro-
grams. Also, we denote the composition of renamings σ1 . . . σi as σi.

Definition 4.3.5: The translation function T : P(C⊃Σ′) → P(CΣ′), where
Σ′ =< FS,PS ∪PS′ > is defined in terms of the functions Tκ : C⊃Σ′ →
P(CΣ′) and Tγ : G⊃Σ′ → GΣ′ × P(CΣ′) as follows. For every program P ,

T(P ) = ∅ if P = ∅
T(P ) = ∪n

i=1 Tκ(Ci) if P = {C1, . . . , Cn}

such that

1. Tκ(p(x)← G�c) = {p(x)← G
′
�c}∪P ′ where Tγ(G) = 〈G′, P ′〉

2. If G = t then Tγ(G) = 〈t, ∅〉

3. If G = p(x) then Tγ(G) = 〈p(x), ∅〉

4. If G = ¬p(x) then Tγ(G) = 〈¬p(x), ∅〉

5. If G = Q ⊃ G0 then Tγ(G) = 〈G′,T(QσG)∪Q′ ∪ ext(σG)〉 where

(a) σG is a renaming w.r.t. Q

(b) Tγ(G0σG) = 〈G′, Q′〉
(c) ext(σG) = {pσG(x)← p(x) | σG(p) 6= p ∧Def(Q, p) 6= ∅}

6. For all extended goals G, G′ occurring in P , if G 6= G′ then for each p
in PS either σG(p) 6= σG′(p) or σG(p) = σG′(p) = p
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This definition is extended to G = (G1, . . . , Gm) as follows
Tγ(G) = 〈(G′1, . . . , G′m),∪m

i=1 P
′
i 〉 where for each i in {1, . . . ,m} Tγ(Gi) =

〈G′i, P ′i 〉

Notice that the set ext(σ) links renamed predicates with their “old”
names in such a way that the visibility through innermost to outermost
program is preserved. The following example illustrates how the translation
algorithm works.

Example 12: Let P = {p(x) ← �x = a; q ← {p(x) ← �x = b} ⊃ ¬p(x)}.
The translation of P is the following:

1. T(P ) = Tκ(p(x)← �x = a)∪Tκ(q ← {p(x)← �x = b} ⊃ ¬p(x))

2. Tκ(p(x)← �x = a) = {p(x)← �x = a}

3. Tκ(q ← {p(x)← �x = b} ⊃ ¬p(x)) = {q ← G′}∪P ′
where Tγ({p(x)← �x = b} ⊃ ¬p(x)) = 〈G′, P ′〉
Now, let us see how to obtain Tγ({p(x)← �x = b} ⊃ ¬p(x)). In this
case, we have to use Definition 4.3.5.5. On one hand, it is necessary
a renaming w.r.t. the program {p(x) ← �x = b}. Let σ be such
a renaming. Therefore, σ(¬p(x)) ≡ ¬pσ(x) and σ({p(x) ← �x =
b}) = {pσ(x)← �x = b}. On the other hand, using Definition 4.3.5.4,
Tγ(¬pσ(x)) = 〈¬pσ(x), ∅〉, ext(σ) = {pσ(x)← p(x)} and T({pσ(x)←
�x = b}) = {pσ(x) ← �x = b}. So, we obtain Tγ({p(x) ← �x =
b} ⊃ ¬p(x)) = 〈¬pσ(x), {pσ(x) ← �x = b; pσ(x) ← p(x)}〉 and,
consequently, we have that

T(P ) = {p(x)← �x = a; q ← ¬pσ(x); pσ(x)← �x = b; pσ(x)← p(x)}

Since derivation steps are defined in terms of sequents in which stacks
of programs occur, it is necessary to extend the function T.

Definition 4.3.6: Let S and Sk = P1| . . . |Pk, k ≥ 1, be the set of all the
possible sequences of programs and a sequence of programs, respectively.
Then, T̂ : S → P(CΣ′) is inductively defined, as follows:

1. T̂(P1) = T(P1)

2. T̂(Sk−1|Pk) = T̂(Sk−1)∪T(Pkσk)∪ ext(σk) where σ1 is the identity
renaming and σk, k > 1, is a renaming with respect to Pkσk−1
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The following example illustrates how T̂ works.

Example 13: Let P1 = {p← q} and P2 = {s; p← ¬t; p← s}
T̂(P1|P2) = T̂(P1)∪T(P2σ1σ2)∪ ext(σ2) where σ2 is a renaming with respect
to P2σ1. From Definition 4.3.6 is easy to see that

T̂(P1|P2) = {p← q}∪{sσ2; pσ2 ← ¬t; pσ2 ← sσ2}∪{sσ2 ← s; pσ2 ← p}

4.3.3 Soundness and completeness

In this section we prove the soundness and completeness of the transfor-
mational semantics defined in previous section with respect to SLDFA op-
erational semantics. First, we slightly remind SLDFA-resolution. This
approach to constructive negation is based on computing failed answers of
goals of the form ¬`�c with respect to a normal program P . To do it,
Drabent proposes a nondeterministic method useful for our purposes. The
idea is to construct an SLDFA-finitely failed tree starting with an (pre-
failed) SLDFA-derivation tree with root `�c. Let us call this tree T . The
method proceeds by choosing a finite set of nodes of T , called cross-section
of T , such that every successful or infinite branch intersects with this set.
Next step is to instantiate T by a constraint c′ such that c ∧ c′ is satisfi-
able and FV (c′)∪FV (T ) ⊆ FV (`�c). That is, for each node `′�d in T , if
d∧ c′ is satisfiable, to change it into `′�d∧ c′ otherwise, to prune the subtree
whose root is `′�d. Whenever the instantiated (prefailed) tree is finite and
has no successful branches it becomes into an SLDFA-finitely failed tree.
Thus, to transform T into an SLDFA-finitely failed tree it is enough to
choose a cross-section and ”find” an adequate constraint c′ such that after
instantiating T , the subtrees whose roots are in the selected cross-section
have been pruned. In particular, considering a (prefailed) tree of a�c, to
prune all the nodes in a cross-section {`1�d1, . . . , `m�dm}, the tree must be
instantiated with a constraint c′ such that FETΣ |= (c′ → ¬d1∧ . . .∧¬dm)∀.
A most general c′ satisfying this is (equivalent to) ¬d1∧ . . .∧¬dm. Hence, if
c∧¬d1∧ . . .∧¬dm is satisfiable, the tree becomes into an SLDFA-tree and,
therefore c ∧ ¬d1 ∧ . . . ∧ ¬dm is a failed answer of a�c with respect to the
considered program. Drabent [17] proved that this operational semantics,
SLDFA-resolution, is sound and complete with respect to Comp(P ).

Theorem 4.3.1: Let Sk = P1| . . . |Pk, k ≥ 1 and G be a stack of programs
and a goal, respectively. Then, Sk `s G�c can be proved with computed
answer c′, then there exist c1, . . . , cm SLDFA-computed answers of G′�c
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with respect to T̂(Sk)∪P ′ and FETΣ |= (c′ → c1 ∨ . . . ∨ cm)∀, where
Tγ(Gσk) = 〈G′, P ′〉.

Proof We proceed by induction on the number of derivation steps, n which
is the sum of the number of derivation steps in the main derivation and the
number of derivation steps in each subderivation. The theorem trivially
holds when n = 0. Assume the theorem holds for a number of derivation
steps ≤ n. Let us prove for n+ 1. We proceed by case analysis on G.

1. G = p(x). Thus, there exists i ∈ {1, . . . , k} such that there exists a (re-
named apart) clause p(x) ← G

i
�di ∈ Def(Pi, p) and Si `s G

i
�c ∧ di

can be proved with computed answer c′. By the induction hypoth-
esis there exist c1, . . . , cmi SLDFA-computed answers of G′i�c ∧ di

with respect to T̂(Si)∪P ′i and FETΣ |= (c′ → c1 ∨ . . . ∨ cmi)
∀ where

Tγ(Gi
σi) = 〈G′i, P ′i 〉. Additionally, we have that for each clause

p(x)← G
i
�di in Def(Pi, p) there exists the corresponding translated

clause in T̂(Sk). That is, pσi(x)← G
′i

�di, where Tγ(Gi
σi) = 〈G′i, P ′i 〉,

P ′i ⊆ T̂(Sk). Thus, since Tγ(pσk(x)) = 〈pσk(x), ∅〉 and using (if
needed) those clauses in ext(σj), for j ∈ {i + 1, . . . , k}, we can con-
struct the following SLDFA-derivations of pσk(x)�c with respect to
T̂(Sk):

pσk(x)�c;
k − i steps︷︸︸︷. . . ; pσi(x)�c;G′i�c ∧ di; . . . �cj

where j ∈ {1, . . . , mi} and FETΣ |= (c′ → c1 ∨ . . . ∨ cmi)
∀

2. G = ¬p(x). Therefore Sk `s ¬p(x)�c with computed answer c′.
That is for every i ∈ {1, . . . , k} there exists a satisfiable constraint
ci, FETΣ |= (ci → c)∀ such that for every (renamed apart) clause
p(x) ← Gi

1, . . . , G
i
mi

�di ∈ Def(Pi, p) there exists Ji ⊆ {1, . . . ,mi}
such that for each j ∈ Ji : Si `s ¬Gi

j�di can be proved with com-
puted answer di

j , FETΣ |= (ci → ¬di ∨
∨

j∈Ji
di

j)
∀ and FETΣ |=

(c′ →
∧k

i=1 c
i)∀. By the induction hypothesis, for every i ∈ {1, . . . ,

k}, for each clause p(x) ← Gi
1, . . . , G

i
mi

�di in Def(Pi, p) and for
each j ∈ Ji there exists an SLDFA finitely failed tree of G′ij �di

with respect to T̂(Si)∪P ′ij ⊆ T̂(Sk) where Tγ(Gi
jσ

i) = 〈G′ij , P ′ij 〉.
Additionally, there exists a clause pσi(x) ← G′i1 , . . . , G

′i
mi

�di, where
Tγ((Gi

1, . . . , G
i
mi

)σi) = 〈(G′i1 , . . . , G′imi
),

⋃mi
l=1 P

′i
l 〉 and

⋃mi
l=1 P

′i
l ⊆ T̂(Sk).

Now, using these clauses and (if needed) those ones in ext(σl), for
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l ∈ {i + 1, . . . , k}, we can construct an SLDFA finitely failed tree of
pσk(x)�c with respect T̂(Sk) as follows. First, we construct the corre-
sponding prefailed tree and then, we select any cross section of this tree
and instantiate it by

∧k
i=1 c

i obtaining an SLDFA finitely failed tree of
pσk(x)�c with respect T̂(Sk). Hence, since FETΣ |= (c′ →

∧k
i=1 c

i)∀,
there exists an SLDFA-derivation of ¬pσk(x)�c with respect to T̂(Sk)
with computed answer c′.

3. G = Q ⊃ GQ. Therefore, Sk `s Q ⊃ GQ�c with computed answer c′

and the number of derivation steps used in this derivation is n + 1.
Thus, Sk|Q `s GQ�c can be proved with computed answer c′ in a num-
ber of steps less or equal than n and by the induction hypothesis, there
exist c1, . . . , cm SLDFA-computed answers of G′Q�c with respect to
T̂(Sk|Q)∪P ′Q and FETΣ |= (c′ → c1∨. . .∨cm)∀ where Tγ(GQσkσQ) =
〈G′Q, P ′Q〉. By definition of T̂, T̂(Sk|Q) = T̂(Sk)∪T(QσkσQ)∪ ext(σQ),
and, by definition of Tγ , Tγ((Q ⊃ GQ)σk) = Tγ(Qσk ⊃ GQσk) =
〈G′Q, P ′′〉, where P ′′ = T(QσkσQ) ∪P ′Q ∪ ext(σQ). Consequently, there
exist c1, . . . , cm SLDFA-computed answers of G′Q�c with respect to
T̂(Sk)∪P ′′ and FETΣ |= (c′ → c1∨. . .∨cm)∀ where Tγ((Q ⊃ GQ)σk) =
〈G′Q, P ′′〉.

4. G = (G1, . . . , Gl). Therefore, for each i ∈ {1, . . . , l}, Sk `s Gi�c can be
proved with computed answer c′i, FETΣ |= (c′ → c′i)

∀ in a number of
derivation steps less or equal than n. By the induction hypothesis, for
every i ∈ {1, . . . , l}, there exist ci1, . . . , c

i
li
SLDFA-computed answers

of G′i�c with respect to T̂(Sk)∪P ′i where Tγ(Giσk) = 〈G′i, P ′i 〉 and
FETΣ |= (c′i → ci1 ∨ . . . ∨ cili)

∀. Then, there exist c1, . . . , cm SLDFA-
computed answers of G′1, . . . , G

′
l �c with respect to T̂(Sk)∪

⋃l
i=1 P

′
i .

By definition of Tγ , Tγ((G1, . . . , Gl)σk) = 〈(G′1, . . . , G′l),
⋃l

i=1 P
′
i 〉 and,

additionally FETΣ |= (c′ → ci1 ∨ . . . ∨ cili)
∀. Consequently, there exist

c1, . . . , cm SLDFA-computed answers of G′1, . . . , G
′
l �c with respect

to T̂(Sk)∪
⋃l

i=1 P
′
i and FETΣ |= (c′ → c1 ∨ . . . ∨ cm)∀ �

In particular, when the sequence Sk is a simple program P and the goal
is of the form `�c the next corollary is obtained:

Corollary 4.3.1: Let P be a program and `�c a goal. If P `s `�c can
be proved with computed answer c′, then there exist c1, . . . , cm SLDFA-
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computed answers of `�c with respect to T(P ), and FETΣ |= (c′ → c1 ∨
. . . ∨ cm)∀

This corollary establishes that given a program P , for each normal goal
that can be (statically) proved from P there exists a successful SLDFA
derivation with respect to the translated program T(P ). This result can be
directly generalized to goals of the form `�c. In the case of goals in which
embedded implications occur it is necessary to prove the following corollary.

Corollary 4.3.2: Let P and G be a program and a goal, respectively. If
P `s G�c can be proved with computed answer c′, then there exist c1, . . . , cm
SLDFA-computed answers of G′�c with respect to P ′, where Tγ(P ⊃ G) =
〈G′, P ′〉 and FETΣ |= (c′ → c1 ∨ . . . ∨ cm)∀

Proof From the deduction theorem [38] and the Definition 4.3.1, we have
that P `s G implies ∅ `s (P ⊃ G). The proof follows from Definition 4.3.6.1
and Theorem 4.3.1 �

The following theorem establishes the soundness of the transformational
semantics.

Theorem 4.3.2: Let Sk = P1| . . . |Pk, k ≥ 1 and G be a stack of programs
and a goal, respectively. If Tγ(Gσk) = 〈G′, P ′〉 and there exist c1, . . . , cm
SLDFA-computed answers of G′�c with respect to T̂(Sk)∪P ′, then Sk `s

G�c can be proved with computed answer c′ and FETΣ |= (c′ → c1 ∨ . . . ∨
cm)∀

Proof As in previous theorem, we proceed by induction on the number of
SLDFA-derivation steps, n. The base step is when n = 0. In this case the
theorem trivially holds.

Assume the theorem holds whenever the number of SLDFA-derivation
steps is ≤ n. Let us prove for n+ 1. We proceed by case analysis on G.

1. G = p(x). Therefore, Tγ(Gσk) = 〈pσk(x), ∅〉, whereDef(T̂(Sk), pσk) 6=
∅ and there exists c1, . . . , cm SLDFA-computed answers of pσk(x)�c
with respect to T̂(Sk) in n + 1 derivations steps. Then, there exists
a (renamed apart) clause pσk(x)← `�d ∈ Def(T̂(Sk), pσk) such that
c∧ d is a satisfiable constraint and thus the considered derivations are
of the form:

pσk(x)�c; `�c ∧ d; . . . ; �cl, l ∈ {1, . . . ,m}
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There are two cases:

(a) There exists a (renamed apart) clause p(x)← Gp�d ∈ Def(Pk, p)
and Tγ(Gpσk) = 〈`, P ′p〉 and P ′p ⊆ T̂(Sk). Hence, there exist
c1, . . . , cm SLDFA-computed answers of `�c ∧ d with respect to
T̂(Sk) in a number of derivations steps less or equal than n. Ap-
plying the induction hypothesis we obtain that Sk `s Gp�c ∧ d
can be proved with computed answer c′.

(b) Def(Pk, p) = ∅ and there exists i ∈ {1, . . . , k}, i 6= k such
that p(x) ← G

i
�d ∈ Def(Pi, p) and Tγ(Gi

σk) = 〈`i, P ′〉 and
P ′ ⊆ T̂(Sk). Then, considering those clauses in ext(σj), j ∈
{i+ 1, . . . , k}, the considered derivations are of the form:

pσk(x)�c; pσk−1(x)�c;
k − i steps︷︸︸︷. . . ; pσi(x)�c; `i�c ∧ d; . . . �cl,

where l ∈ {1, . . . ,m}
Hence, there exist c1, . . . , cm SLDFA-computed answers of `i�c∧
d with respect to T̂(Si) in a number of derivations steps less
or equal than n and by the induction hypothesis it follows that
Si `s G

i
�c ∧ d with computed answer c′.

Consequently, Sk `s p(x)�c can be proved with computed answer c′

and FETΣ |= (c′ → c1 ∨ . . . ∨ cm)∀.

2. G = ¬p(x). Therefore, Tγ(Gσk) = 〈¬pσk(x), ∅〉. Thus, there ex-
ists an SLDFA-finitely failed tree of pσk(x)�c with respect to T̂(Sk).
Let c′ the corresponding failed answer. This implies that for each i ∈
{1, . . . , k} and for all clause p(x)← Gi

1, . . . , G
i
mi

�di in Def(Pi, p), con-
sidering their corresponding translated clauses pσi(x) ← `i1, . . . , `

i
mi

�di ∈ T̂(Sk), where Tγ((Gi
1, . . . , G

i
mi

)σk) = 〈(`i1, . . . , `imi
),

⋃mi
l=1 Pl〉,⋃mi

l=1 Pl ⊆ T̂(Sk) there exists Ji ⊆ {1, . . . , mi} such that for each
j ∈ Ji, there exists an SLDFA-finitely failed tree of `ij�di with re-
spect to T̂(Sk). Let di

j the corresponding failed answers, then there
exists ci such that FETΣ |= (ci → ¬di ∨

∨
j∈Ji

di
j)
∀ and FETΣ |=

(c′ →
∧k

i=1 c
i)∀. The constraint ci is one of those constraints that can

be used to instantiate the SLDFA-subtree whose root is pσi(x)�c.
Besides, by the definition of failed answer and the by the induction
hypothesis Sk `s ¬Gi

j�di can be proved with computed answers di
j .

Therefore, Sk `s ¬p(x)�c can be proved with computed answer c′.
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3. G = Q1 ⊃ . . . ⊃ Qm ⊃ `. Therefore, there exist c1, . . . , cm SLDFA-
computed answers of `σk+m(x)�c with respect to T̂(Sk)∪

⋃m
i=1Q

′
i in

n + 1 derivations steps where Tγ(Gσk) = 〈`σk+m,
⋃m

i=1Q
′
i〉. Hence,

there are two possibilities depending on the kind, either positive or
negative, of the literal `σk+m and using similar arguments as in cases
1 and 2 of this proof, we obtain that Sk|Q1| . . . |Qm `s `σk+m�c can
be proved with computed answer c′ and FETΣ |= (c′ → c1 ∨ . . . ∨
cm)∀. Consequently, Sk `s Q1 ⊃ . . . ⊃ Qm ⊃ `�c can be proved with
computed answer c′ and FETΣ |= (c′ → c1 ∨ . . . ∨ cm)∀.

4. G = (G1, . . . , Gl). Then, there exist c1, . . . , cm SLDFA-computed
answers of `1σk+j1 , . . . , `lσk+jl

�c with respect to T̂(Sk)∪
⋃l

i=1Qi in
n+1 derivations steps, where T̂((G1, . . . , Gl)σk) = T̂((G1σk, . . . , Glσk)) =
〈(`1σk+j1 , . . . , `lσk+jl

),
⋃l

i=1 Qi〉. That is, for i ∈ {1, . . . , l} Tγ(Giσk) =
〈`iσk+ji

, Qi〉 with ji ≥ 0. By definition of the SLDFA operational se-
mantics, there exist c11, . . . , c

1
m1

SLDFA-computed answers of `1σk+j1

�c with respect to T̂(Sk)∪Q1 in a number of derivation steps less
or equal than n. Thus, by induction hypothesis, Sk `s G1�c can
be proved with computed answer d and FETΣ |= (d → c11 ∨ . . . ∨
c1m1

)∀. Additionally, there exist d1, . . . , dm′ SLDFA-computed answers
of `2σk+j1 , . . . , `lσk+jl

�d with respect to T̂(Sk)∪
⋃l

i=2Qi in a number of
derivations steps less or equal than n, where for every j ∈ {1, . . . ,m′}
FETΣ |= (dj → c1 ∨ . . . ∨ cm)∀. Hence, by induction hypothesis,
Sk `s G2, . . . , Gl�d can be proved with computed answer c′ and
FETΣ |= (c′ → d1 ∨ . . .∨ dm′)∀. Consequently, Sk `s G1, . . . , Gl�c can
be proved with computed answer c′ and FETΣ |= (c′ → c1∨ . . .∨ cm)∀

�



5. CONCLUSIONS

5.1 Contributions

In this thesis we make contributions to the semantics of normal logic pro-
grams in different directions. To be exact, we consider that the main con-
tributions are the following.

Regarding constraint normal logic programs over the Herbrand domain, we
first propose a new operational semantics for normal logic programs, called
BCN (Basic Constructive Negation). This semantics is based on the con-
structive negation mechanism and in particular it is based on two operators
introduced by Shepherdson in [55]. As a singularity with respect to other
operational semantics, this semantics does not need to deal with subsidiary
trees when negated goals are reached. A preliminary version of this work
was published in the paper referred as [50].

We also present a framework that allows us to deal with semantical prob-
lems of constraint normal logic programming in a novel way. In this sense,
we have studied the semantics of constraint normal logic programs from a
new perspective. On the one hand, we have defined constraint domains, not
in terms of a single model, but in terms of a class of elementarily equivalent
models. This has allowed us to prove the equivalence of the logical, alge-
braic and operational semantics of normal programs. Actually, we have seen
that if one follows the standard approach (i.e., defining constraint domains
in terms of a single model) this kind of equivalence proof is not possible.
On the other hand, we have defined the semantics of a program, not set-
theoretically, but functorially. We believe that this agrees better with the
intuition that constraint logic programs are parameterized by the given con-
straint domain. Moreover, the functorial definition of the semantics has
allowed us to prove the soundness and completeness of the semantics in a
simple and more adequate manner. This work was published in the paper
referred as [39].
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We provide semantics for the class of structured normal languages in which
the negation mechanism is constructive negation. In particular, we con-
sider constraint normal logic programs over the Herbrand domain and we
deal with the class of dynamic normal logic programs as well as the class of
static normal logic programs. More precisely, for the dynamic language we
follow the classical approach. This means we first propose an operational
semantics. Then, we define a model-theoretic semantics in terms of a sort
of ordered structures. In particular, these ordered structures are an adap-
tation of the intuitionistic Beth structures. Finally, an (effective) fixpoint
semantics is provided and we prove the equivalence between the semantics
mentioned above. In order to deal with the static language, we first define
an operational semantics and then we present an alternative semantics in
terms of a transformation of the given structured program into a flat one.
We finish by showing that this transformation preserves the computed an-
swers of the given static program. Preliminary versions of this work were
published in the papers referred as [48, 49].

5.2 Further Work

There are two obvious lines to continue with this work. From a theoretical
point of view, the results concerning the semantics of structured programs
could be generalized to structured constraint programs over an arbritrary
domain. From a practical point of view, the efficient implementation of some
of the techniques included in the thesis may be interesting.
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1995.

[38] P. Lucio. Structured sequent calculi for combining intuitionistic and
classical first-order logic. In Proc. of the Third International Workshop
on Frontiers of Combining Systems, FroCoS ’00. LNAI 1794, pages
88–104. Springer–Verlag, 2000.

[39] P. Lucio, F. Orejas, E. Pasarella, and E. Pino. A functorial framework
for constraint normal logic programming. Applied Categorical Struc-
tures, 16(3):421–450, 2008.

[40] P. Lucio, F. Orejas, and E. Pino. An algebraic framework for the
definition of compositional semantics of normal logic programs. Journal
of Logic Programming, 40:89–123, 1999.

[41] L.T. McCarty. Clausal intuitionistic logic I. Fixed point semantics.
Journal of Logic Programming, 5:1–31, 1988.

[42] L.T. McCarty. Clausal intuitionistic logic II. Tableau proof procedures.
Journal of Logic Programming, 5:93–132, 1988.

[43] L.T. McCarty. A language for legal discourse I: Basic features. In
ICAIL, pages 180–189, 1989.

[44] J. Meseguer and J.A. Goguen. Initiality, induction, and computability.
In Algebraic methods in semantics, pages 459–541. Cambridge Univer-
sity Press, 1986.

[45] D. Miller. A logical analysis of modules in logic programming. Journal
of Logic Programming, 6:79–108, 1989.

[46] G. Nadathur and D. Miller. Higher–order logic programming. In Hand-
book of Logic in Artificial Intelligence and Logic Programming, vol-
ume 5, pages 499–590. Clarendon Press, 1998.



Bibliography 107

[47] M. Navarro. From modular Horn programs to flat ones: a formal proof
for the propositional case. In Proc. of the Second International Sym-
posium on Innovation in Information and Communication Technology,
ISIICT2004, 2004.

[48] F. Orejas, E. Pasarella, and E. Pino. Semantics of normal logic pro-
grams with embeddded implications. In Philippe Codognet, editor,
Logic Programming. Proceedings of the 17th International Conference,
ICLP 2001., pages 255–268. Springer Verlag, 2001.

[49] E. Pasarella, F. Orejas, E. Pino, and M. Navarro. A transformational
semantics of static embeddded implications of normal logic programs.
In Proc. of the 15th International Symposium on Logic-based Program
Synthesis and Transformation LOPSTR 2005. LNCS 3901, pages 133–
146. Springer Verlag, 2006.

[50] E. Pasarella, E. Pino, and F. Orejas. Constructive negation without
subsidiary trees. In Alpuente M., editor, Proceedings of the 9th Interna-
tional Workshop on Functional and Logic Programming, WFLP’2000.,
pages 195–209. Universidad Politécnica de Valencia, España, 2000.
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